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Summary

The Habilitation Thesis, entitled

GEOMETRIC STRUCTURES ON (PSEUDO-)RIEMANNIAN MANIFOLDS AND THEIR
SUBMANIFOLDS

put together the largest part of my research work after completing my Ph.D., when the direc-
tions of studies ramified and developed, but still remained in the field of (pseudo)-Riemannian
geometry endowed with some special geometric structures.

I have started my work by studying new books and papers, but also I used classical mono-
graphs. Most of them are written in the Bibliography of the Thesis, which contains over 300
titles.

The Thesis is divided into 4 Chapters, the Bibliography and 2 Annexes with related results.

In the first three Chapters, I present three principal directions: Riemannian invariants in
submanifold theory, Structures in (pseudo-)Riemanian geometry and Complex contact geometry.
The last Chapter contains discussions and further developments.

Chapter 1 presents results on Riemannian invariants, mainly on Chen invariants, for dif-
ferent types of submanifolds of complex space forms and Sasakian space forms. Riemannian
invariants of a Riemannian manifold are the intrinsic characteristics of the Riemannian mani-
fold. Among them, Chen invariants are playing an important role. More precisely, this theory
was initiated by B.Y. Chen in 1993 in Some pinching and classification theorems for minimal
submanifolds [Arch. Math. (Basel) 60 (1993), 568-578]. R. Osserman [Curvature in the eight-
ies, Amer. Math. Monthly 97 (1990), 731-756] says that the introduction of Chen invariants
was the main contribution in classical Riemannian Geometry in the last decade.

We present below the motivation of introduction of Chen invariants, given by B.Y. Chen:

In the introduction of the article Strings of Riemannian invariants, inequalities, ideal im-
mersions and their applications [The Third Pacific Rim Geometry Conference (Seoul, 1996),
7–60, Monogr. Geom. Topology, 25, Int. Press, Cambridge, MA, 1998], B.Y. Chen translates
some problems of the world into mathematical problems. A ”best world” means ”a surrounding
space which has the highest degree of homogeneity at every point”. Almost everyone desires
to live in a ”best world” without tension from the surrounding space. The question is whether
”to live in a best world without tension” is a real posibility.

The final target of this area of research is to solve the following:

World Problem. Determine the best ways of living for all individuals who live in a best
world.

The main problem is the following:

Problem. Up to what degree, do one’s own intrinsic invariants prevent one to live in such
luxurious way?
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More precisely, B.Y. Chen has investigated the following basic problems:

Problem 1. Can one live in a best world without tension?

If the answer to Problem 1 is negative, then one searches for the answers of the following
problems:

Problem 2. Do there exist direct relationships between one’s intrinsic invariants and the
tension one receives from the surrounding world?

Problem 3. Is there a least amount of tension which one must receive from the surrounding
space?

Problem 4. Does every intrinsic invariant relate directly with the least amount of tension
one must receives?

Problem 5. For a given individual, what is a ”best way” to live in a best world?

Problem 6. Does every individual can really achieve a best way of living in a best world?

In order to apply differential geometry effectively, one assumes that the investigated objects
are Riemannian manifolds (it needs to have metric in order to distinguish the shapes of different
individuals). According to work of Lie, Klein and Killing, the family of Riemannian manifolds
with the highest degree of homogeneity consists of Euclidean spaces, Riemannian spheres,
real projective spaces and real hyperbolic spaces. Such spaces have the highest degree of
homogeneity because they have the largest groups of isometries. Hence, a best world in terms
of differential geometry is nothing but a Riemannian space form M̃(c) with constant sectional
curvature, say c.

”An individual M lives in a best world M̃(c)” is equivalent to ”an isometric embedding of
M in M̃(c)”. It is guaranteed by Nash’s embedding theorem that every individual can live in
a best world in such way.

On the other hand, it is a well-known fact since the time of Laplace that the tension field
of a submanifold is nothing but the mean curvature vector field. Hence, the amount of tension
applied to an individual at a point is simply measured by the squared mean curvature at that
point.

With this specifications, the problems of the world can be translated into the following
mathematical problems:

Problem 1. Given a Riemannian manifold M , does there exist an isometric embedding
x : M → M̃(c) such that the squared mean curvature is zero everywere?

Problem 2. Given an arbitrary isometric immersion of a Riemannian manifold M into a
Riemannian space form, what are the relationships between the intrinsic invariants of M and
the main extrinsic invariant, the squared mean curvature?

Problem 3. Does there exist a sharp lower bound of the squared mean curvature for an
isometric embedding of a Riemannian manifold in a Riemannian space form?

Problem 4. Does every intrinsic invariant relate directly with the squared mean curvature
for a submanifold in a Riemannian space form?

In 1968, S.S. Chern [Minimal submanifolds in a Riemannian manifold, Univ. of Kansas,
Lawrence, 1968] asked to search for further necessary conditions for a Riemannian manifold
(M, g) to admit a minimal isometric immersion into a Euclidean space.
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Let x : M → Em be an immersion from an n-dimensional manifold into a Euclidean space.
Denote by ∆ the Laplace operator on M with respect to the induced metric. Then we have
the following formula of Beltrami:

∆x = −nH,

where H is the mean curvature vector of M in Em.
From this relation it follows that an immersed submanifold in a Euclidean space is a minimal

submanifold if and only if all the coordinate functions are harmonic functions relative to induced
metric. In particular, one has the following necessary condition for the immersion to be minimal.

Condition 1. If x : M → Em is a minimal immersion from a manifold into a Euclidean
m-space, then M is non-compact.

Beside Condition 1, the well-known equation of Gauss yields the second necessary condition:

Condition 2. If x : M → Em is a minimal immersion from a manifold into a Euclidean
m-space, then the Ricci tensor of M is negative semi-definite.

In Some pinching and classification theorems for minimal submanifolds [Arch. Math. (Basel)
60 (1993), 568-578], B.Y. Chen proved a third necessary condition:

Condition 3. The sectional curvature K(π) of a plane section π ⊂ TpM, p ∈M, satisfies

K(π) ≥ τ(p),

for any plane section π ⊂ TpM, p ∈M , where τ(p) is the scalar curvature at p.

Afterwards, further necessary conditions were obtained in terms of Chen invariants.

In Chapter 1, I present Chen inequalities for different submanifolds in complex and
Sasakian space forms. The chapter is divided into 3 sections.

In the first section the basics on submanifolds in complex space forms and Sasakian space
forms are recalled.

In the second section (which has 4 subsections), first we state the most important Chen
inequalities in real space forms. I give a general construction method for purely real submani-
folds and present the geometric inequalities for purely submanifolds in complex space forms. I
obtain an improved Chen-Ricci inequality for Kaehlerian slant submanifolds in complex space
forms. Works on DDVV conjecture are also presented. The second subsection contains re-
sults on submanifolds in Sasakian manifolds. I prove first Chen inequality for contact slant
submanifolds in Sasakian space forms. I define Chen-type Sasakian invariants, obtain sharp
inequalities for these invariants and derive characterizations of the equality case in terms of
the shape operator. I generalize a result of Chen and obtain a Chen-Ricci inequality for purely
real submanifolds with T parallel with respect to the Levi-Civita connection. The 3-rd subsec-
tion contains the results obtained for submanifolds with semi-symmetric metric (respectively
non-metric) connections. Subsection 4 deals with statistical submanifolds, their behaviour in
statistical manifolds of constant curvature is studied.

The last section of Chapter 1 presents results on warped product submanifolds in complex
space form, generalized complex space forms and quaternion space forms.

Many proofs are written explicitely. I would like to point-out that, even the technique
seems similar, each case has its particularity and geometrical meaning, and for this reason I
give significant proofs to almost each situation.
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In 2006, I published the monograph Modern Topics in Submanifold Theory, Ed. Univ.
Bucureşti; it is the first book published in Romania devoted to the theory of Chen invariants
and Chen inequalities.

Chapter 2, divided in 5 sections, presents the results obtained in pseudo-Riemannian
geometry.

In section 2.1 basic definitions and notations in this field are recalled. Section 2.2, entitled
Distinguished vector fields on Riemannian manifolds, presents properties of torse forming vec-
tor fields and exterior concurrent vector fields on Riemannian manifolds and some applications,
by interrelating the concepts. Riemannian manifolds carrying a pair of skew symmetric Killing
vector fields, and, respectively, a pair of skew symmetric conformal vector fields, are considered.
Skew-symmetric vector fields on a CR-submanifold of a para-Kaehlerian manifold and prop-
erties of biconcircular gradient vector fields are proved. Section 2.3 deals with almost contact
manifolds endowed with special vector fields, more precisely closed concircular almost contact
manifolds are considered. Also, properties of locally conformal almost cosymplectic manifolds
endowed with a skew-symmetric Killing vector fields are stated. Results on a framed f -manifold
endowed with a vertical skew symmetric almost contact 3-structure are given. Section 2.4 deals
with skew-symmetric Killing vector fields on Lorentzian manifolds. First, Lorentzian manifolds
having the Killing properties are studied. Results on a class of Einstein space-time manifold
are recalled. The last section 2.5 presents some applications: the study of the solutions of the
localized induction equations in the pseudo-Galilean space (subsection 2.5.1) and translation
hypersurfaces and Tzitzeica translation hypersurfaces of a Euclidean space (subsection 2.5.2).

Part of this chapter represents results which I obtained during my postdoctoral studies at
the University of Bucharest. Also, many contributions were obtained in collaboration with Koji
Matsumoto, during my Japan Society for the Promotion of Science Postdoctoral Fellowship at
Yamagata University, Japan, 2002-2004.

Chapter 3 is devoted to my work in complex contact geometry; it contains 3 sections.
After the introduction (section 3.1), I give in section 3.2 the complete proofs of the theorems
concerning the symmetry in complex contact geometry. For example, I prove that a locally
symplectic normal complex contact manifold is locally isometric to the complex projective
space and I study reflections in the integral submanifolds of the vertical subbundle. In section
3.3, I consider homogeneity and local symmetry of complex (k, µ)-spaces.

The results from this chapter are based on the 2 joint papers with D.E. Blair, during
my Senior Fulbright Award (2009) at Michigan State University. These 2 articles were part
of the the group of papers ”Curvature Properties of Complex and Real Metric Manifolds.
Applications”, published in 2012, for which I received the ”Gheorghe Tzitzeica” Prize of the
Romanian Academy (2014).

Chapter 4 is devoted to discussions on the new proposals to develop the field. It contains
two parts. In the first part are presented research directions as natural prolongation of Chapters
1-3. In the second part new proposals are stated, apart from the previous mentioned chapters.

The Bibliography contains 322 titles.

Annex 1 presents a result in classical differential geometry: In Flat tensor product surfaces
of pseudo-Euclidean curves (jointly written with B. Heroiu) [Ann. Polonici Math. 111 (2014),
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137-143] we determined the flat tensor product surfaces in pseudo-Euclidean spaces of arbitrary
dimensions.

Annex 2 gives an example of the applications of differential geometry in economics. More
precisely, I attach the paper Classification of quasi-sum production functions with Allen deter-
minants (jointly written with M.E. Aydin) [Filomat 29 (6) (2015), 1351-1359]. An explicit
formula for the determinant of Allen’s matrix of quasi-sum production function is derived;
we completely classified the quasi-sum production function by using their Allen determinants
and gave some geometric applications on Allen determinants (in terms of hypersurfaces of a
4-Euclidean space).

Summarizing, the following contributions are included in the Habilitation Thesis:

- As single author:

1. Geometry of purely real submanifolds:

i) Improved first Chen inequality for purely real submanifolds in complex space forms.
Minimality of ideal Kaehlerian slant submanifolds in the sense of the improved Chen inequality
[Results Math. 2009].

ii) Optimal estimation of the scalar curvature for purely real submanifolds in complex space
forms [Results Math. 2009].

2. Warped product submanifolds:

i) Optimal geometric inequalities for warped products isometrically immersed in quaternion
space forms. Obstructions to minimal immersions of warped products in quaternion space
forms. Examples of warped product submanifolds satisfying the equality case of the previous
inequalities [Rev. Roum. Math. Pures Appl. 2005].

ii) Estimate of the mean curvature of the warped product submanifolds in manifolds of
constant holomorphic sectional curvature with respect to its warping function. Characterization
of the equality case of the previous inequality, examples and obstructions [Acta. Sci. Math.
Szeged 2004].

3. Chen-type geometric inequalities:

i) Definition of the elliptic curvature of a totally real surface in a complex space form;
optimal estimate, characterization of the equality case, non-trivial examples [Kragujevac J.
Math. 2004].

ii) Proof of the DDVV conjecture for 3-dimensional Lagrangian submanifolds in complex
space forms [Proc. PADGE 2007].

4. Distinguished vector fields on pseudo-Riemannian manifolds:

i) Definition of biconcircular gradient vector fields, proof of their existence, examples, de-
composition of the Riemannian manifolds endowed with such vector fields [Proc. Estonian
Acad. Sci. 2009].

ii) Study of Lorentzian manifolds endowed with a pair of null skew-symetric Killing vector
fields. Foliations. Classification for dimension 4 [Reports Math. Phys. 2012].

5. Ricci curvature of submanifolds:
Improved Chen-Ricci inequalities for Lagrangian submanifolds in complex space forms and

Legendrian submanifolds in Sasakian space forms, respectively, with a semi-symmetric metric
connection [Journal Math. Ineq 2015].
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6. Derived connections from semi-symmetric metric connections:
Construction and study of such connections [Math. Slovaca 2017].

- In collaboration:

1. Complex contact geometry:

i) Symmetry in complex contact geometry [Rocky Mountain J. Math. 2012].
ii) Homogeneity and local symmetry of (k, µ)-complex spaces [Israel J. Math. 2012].

2. Geometry of purely real submanifolds:

i) Classification of ideal purely real submanifolds in non-flat complex space forms [Results
Math. 2009].

ii) Study of purely real surfaces with harmonic Wirtinger function [Kyushu Math. J. 2010].

3. Chen and Chen-type inequalities:

i) Chen inequalities for slant submanifolds in Sasakian space forms [Rend. Circ. Sem. Mat.
Palermo 2003].

ii) Chen inequalities for submanifolds in real space forms, complex space forms, respectively
Sasakian space forms endowed with semi-symmetric metric (respectively non-metric) connection
[Taiwanese J. Math. 2010], [Rocky Mountain J. Math. 2011].

iii) Definitions of some Chen-type invariants for Sasakian manifolds. Optimal estimates of
such invariants for Sasakian submanifolds in Sasakian space forms. Characterizations of the
equality cases. Examples and counter-examples [Publ. Math. Debrecen 2013].

iv) Improved Chen-Ricci inequality for Kaehlerian slant submanifolds in complex space
forms. Characterization of the equality case. Classification of ideal submanifolds in the sense
of the previous inequality. Examples [Taiwanese J. Math. 2012].

v) Improved inequalities for scalar curvature and Ricci curvature of special contact slant
submanifolds in Sasakian space forms. Examples for the equality cases [Adv. Geom. 2014].

4. Geometry of (pseudo-)Riemannian manifolds endowed with f -structures:

i) Canonical CR-structure. Applications to mechanics: Hamiltonian vector fields on a f -
manifold. Properties of skew-symmetric vector fields on a Riemannian manifold. Existence
conditions of a pair of skew-symmetric vector fields. 3-dimentional foliations [J. Geometry
2005].

ii) Geometry of CR-submanifolds in para-Kaehlerian manifolds admitting J-skew-symmetric
vector fields. Getting Hamiltonian vector fields and, respectively, infinitesimal transformations
[Internat. J. Math. Math. Sci. 2004].

iii) Geometry of almost cosymplectic locally conformal manifolds: getting isoparametric
functions and, respectively, eigenfunctions of the Laplace operator [Bull. Yamagata Univ.
2004].

5. Geometry of space-time manifolds:

Construction of a new Einstein space-time manifold of hyperbolic type. Space-type folia-
tions. Infinitesimal transformations on Einstein space-time manifolds [Publ. Math. Debrecen
2005].

6. Distinguished vector fields on (pseudo)-Riemannian manifolds:

Relations between torse-forming vector fields (defined by K. Yano) and exterior concurrent
vector fields (defined by R. Rosca). Necessary and sufficient condition for a torse-forming vector



Summary Adela MIHAI 7

field to be 2-exterior concurrent. Applications of the existence of torse-forming vector fields on
Sasakian and Kenmotsu manifolds [J. Geom. Phys. 2013].

7. Translation hypersurfaces and Tzitzeica translation hypersurfaces:
Classification of the translation hypersurfaces in the Euclidean space whose Allen’s matri-

ces are singular. Tzitzeica such hypersurfaces are hyperplanes. Applications to production
functions in microeconomics [Proc. Rom. Acad. 2015]

8. Geometry of the solutions of localized induction equation in the pseudo-Galilean space:
Study of the surfaces corresponding to solutions of the localized induction equation in the

pseudo-Galilean space. Classification of such surfaces with null curvature. Characterization of
certain curves on these surfaces [Adv. Math. Phys. 2015].

9. Geometry of statistical submanifolds:
i) Curvature invariants of statistical submanifolds in statistical manifolds of constant cur-

vature [Filomat 2015].
ii) Generalized Wintgen inequality for statistical submanifolds in statistical manifolds of

constant curvature [Bull. Math. Sci. 2017].

10. Tensor product surfaces:
Classification of flat tensor product surfaces of pseudo-Euclidean curves - Annex 1 [Ann.

Polonici Math. 2014]

11. Applications of differential geometry in economics:

Classification of quasi-sum production functions and applications in economics - Annex 2
[Filomat 2015].

Recently, jointly written with I. Mihai, I published a chapter entitled CR-Submanifolds
in Complex and Sasakian Space Forms in the Springer book Geometry of Cauchy-Riemann
Submanifolds [Eds.: S. Dragomir, M.H. Shahid, F. Al-Solamy, Springer, 2016]. This chapter
contains results from various articles: Rev. Roum. Math. Pures Appl (2001), Kragujevac
J. Math. (2004), Acta Sci. Math. Szeged (2004), PADGE (2007) and some new papers in
preparation.

The total number of the citations of my articles is over 200. The most recent book of B.Y.
Chen, Differential Geometry of Warped Product Manifolds and Submanifolds [World Sci., 2017]
cites 5 of my papers on this topics, and, moreover, subsection 10.7 from Chen’s monograph is
entirely dedicated to the results I have obtained on warped product submanifolds in generalized
complex space forms, published in Acta Math. Acad. Paedagog. Nyhazi in 2005.

I point-out that the results which I obtained (as single author on in collaboration) are
written in bold.

I intended to organize this Habilitation Thesis as a monograph and, having a lot of complete
proofs and examples, I hope it will be useful for the researchers in differential geometry.


