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(A) Rezumat

Teza de Abilitare, cu titlul

GEOMETRIC STRUCTURES ON (PSEUDO-)RIEMANNIAN MANIFOLDS AND THEIR
SUBMANIFOLDS

(STRUCTURI GEOMETRICE PE VARIETĂŢI (PSEUDO-)RIEMANNIENE ŞI SUBVA-
RIETĂŢILE LOR)

cuprinde cea mai mare parte a activităţii mele de cercetare după obţinerea titlului de Doctor
ı̂n Matematică; direcţiile de studiu s-au ramificat şi dezvoltat, dar s-au menţinut ı̂n dome-
niul geometriei varietăţilor (pseudo)-Riemanniene ı̂nzestrate cu anumite structuri geometrice
speciale.

Am ı̂nceput activitatea de cercetare studiind cărţi şi articole noi, dar am utilizat şi mono-
grafii clasice, menţionate ı̂n bibliografia Tezei, ce conţine peste 300 de titluri.

Teza este structurată pe 4 capitole, Bibliografie şi două Anexe cu rezultate ı̂n subiecte
ı̂nrudite.

In primele trei capitole, prezint trei direcţii principale de cercetare: Invarianţi Riemannienni
ı̂n teoria subvarietăţilor, Structuri ı̂n geometria (pseudo-)Riemanniană şi Geometrie de contact
complexă. Ultimul capitol conţine direcţii ulterioare de studiu.

Capitolul 1 conţine rezultate asupra invarianţilor Riemannieni, ı̂n special asupra invarianţilor
Chen, pentru diferite tipuri de subvarietăţi ı̂n forme spaţiale complexe şi forme spaţiale Sasaki.
Invarianţii Riemannieni ai unei varietăţi Riemanniene sunt caracteristicile intrinseci ale va-
rietăţii Riemanniene. Dintre aceştia, invarianţii Chen au un rol important; teoria a fost iniţiată
de B.Y. Chen ı̂n 1993 ı̂n articolul Some pinching and classification theorems for minimal sub-
manifolds [Arch. Math. (Basel) 60 (1993), 568-578]. R. Osserman [Curvature in the eighties,
Amer. Math. Monthly 97 (1990), 731-756] afirmă că introducerea invarianţilor Chen a fost cea
mai importantă contribuţie ı̂n geometria Riemanniană clasică ı̂n ultimul deceniu.

Prezentăm mai jos motivaţia introducerii invarianţilor Chen, dată de B.Y. Chen:

In introducerea articolului Strings of Riemannian invariants, inequalities, ideal immer-
sions and their applications [The Third Pacific Rim Geometry Conference (Seoul, 1996), 7–60,
Monogr. Geom. Topology, 25, Int. Press, Cambridge, MA, 1998], B.Y. Chen traduce anumite
probleme ale lumii ı̂n probleme matematice. O ”cea mai bună lume” ı̂nseamnă ”un spaţiu
ı̂nconjurător cu cel mai ı̂nalt grad de omogenitate ı̂n fiecare punct”. Oricine doreşte să trăiască
ı̂ntr-o ”cea mai bună lume” fără tensiune din spaţiul ı̂nconjurător. Intrebarea este dacă este
posibil de ”a trăi ı̂ntr-o cea mai bună lume fără tensiune”.

Obiectivul acestui domeniu de cercetare este de a rezolva următoarea problemă:

Problema lumii. Să se determine cele mai bune moduri de a trăi pentru toţi indivizii ce
trăiesc ı̂ntr-o cea mai bună lume.



6 Habilitation Thesis Adela MIHAI

Problema principală este următoarea:

Problemă. In ce măsură invarianţii intrinseci ı̂mpiedică un individ să trăiască ı̂ntr-un
asemenea mod luxuriant?

Mai precis, B.Y. Chen a investigat următoarele probleme de bază:

Problema 1. Se poate trăi ı̂ntr-o cea mai bună lume fără tensiune?

Dacă răspunsul la Problema 1 este negativ, atunci se caută răspunsuri la următoarele pro-
bleme.

Problema 2. Există relaţii directe ı̂ntre invarianţii intrinseci şi tensiunea primită din
mediul ı̂nconjurător?

Problema 3. Există o tensiune minimă pe care un individ o primeşte din mediul ı̂nconjurător?

Problema 4. Este fiecare invariant intrinsec estimat de cea mai mică tensiune pe care o
poate primi?

Problema 5. Pentru un individ fixat, care este ”cel mai bun mod” de a trăi ı̂ntr-o cea mai
bună lume?

Problema 6. Poate fiecare individ să realizeze cel mai bun mod de a trăi ı̂ntr-o cea mai
bună lume?

Pentru a aplica geometria diferenţială, presupunem că obiectele investigate sunt varietăţi
Riemanniene (este necesar să avem o metrică pentru a distinge diverşii indivizi). Conform
lucrărilor lui Lie, Klein şi Killing, familia varietăţilor Riemanniene cu cel mai ı̂nalt grad de
omogeneitate este alcătuită din spaţiile Euclidiene, sferele Riemanniene, spaţiile proiective reale
şi spaţiile hiperbolice. Aceste spaţii au cel mai ı̂nalt grad de omogenitate deoarece grupul
izometriilor lor are dimensiunea maximă. Deci, din punctul de vedere al geometriei diferenţiale,
o ”cea mai bună lume” este un ”spaţiu cu curbura secţională constantă M̃(c)”.

”Un individ M trăieste ı̂ntr-o cea mai buna lume M̃(c)” este echivalent cu o ”scufundare

izometrică a lui M ı̂n M̃(c)”. Teorema de scufundare a lui Nash garantează că fiecare individ
poate trai ı̂ntr-o cea mai bună lume.

Pe de altă parte, ı̂nca din timpul lui Laplace se ştie că tensiunea unei subvarietăţi este
câmpul vectorial curbură medie. Astfel, cantitatea de tensiune aplicată unui individ ı̂ntr-un
punct se măsoară prin pătratul curburii medii ı̂n acel punct.

Cu aceste precizări, problemele lumii pot fi traduse ı̂n următoarele probleme matematice:

Problema 1. Dându-se o varietate Riemanniană M , există o scufundare izometrică x :
M → M̃(c) astfel ı̂ncât curbura medie să fie identic zero?

Problema 2. Dându-se o imersie izometrică arbitrară a unei varietăţi Riemanniene M
ı̂ntr-o formă spaţială Riemanniană, care sunt relaţiile dintre invarianţii intrinseci ai lui M şi
principalul invariant extrinsec, pătratul curburii medii?

Problema 3. Există o margine inferioară optimă a pătratului curburii medii pentru o
scufundare izometrică a unei varietăti Riemanniene ı̂ntr-o formă spaţială Riemanniană?

Problema 4. Are fiecare invariant intrinsec o legatură directă cu pătratul cuburii medii a
unei subvarietăţi ı̂ntr-o formă spaţială Riemanniană?
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In 1968, S.S. Chern [Minimal submanifolds in a Riemannian manifold, Univ. of Kansas,
Lawrence, 1968] a formulat următoarea problemă: să se determine condiţii necesare pentru ca o
varietate Riemanniană (M, g) să admită o imersie izometrică minimală ı̂ntr-un spaţiu Euclidian.

Fie x : M → Em o imersie a unei varietăti n-dimensionale ı̂ntr-un spaţiu Euclidian. Se
notează cu ∆ operatorul Laplace pe M relativ la metrica indusă. Are loc următoarea formulă
a lui Beltrami:

∆x = −nH,

unde H este vectorul curbură medie al lui M ı̂n Em.
Din această relaţie se deduce imediat că o subvarietate a unui spaţiu Euclidian este minimală

dacă şi numai dacă toate funcţiile coordonate sunt armonice relativ la metrica indusă. In
particular, se obţine următoarea condiţie necesară pentru ca o imersie sa fie minimală:

Condiţia 1. Dacă x : M → Em este o imersie minimală a unei varietăţi ı̂ntr-un spaţiu
Euclidian de dimensiune m, atunci M nu este compactă.

Alături de Condiţia 1, ecuaţia lui Gauss furnizează a doua condiţie necesară:

Condiţia 2. Dacă x : M → Em este o imersie minimală a unei varietăţi ı̂ntr-un spaţiu
Euclidian de dimensiune m, atunci curbura Ricci a lui M este negativă.

In B.Y. Chen [Some pinching and classification theorems for minimal submanifolds, Arch.
Math. (Basel) 60 (1993), 568-578], B.Y. Chen a demonstrat cea de a treia condiţie necesară:

Condiţia 3. Curbura secţională K(π) a secţiunii plane π ⊂ TpM, p ∈M, satisface inegali-
tatea

K(π) ≥ τ(p),

pentru orice secţiune plană π ⊂ TpM, p ∈M , unde τ(p) este curbura scalară ı̂n p.

Ulterior, condiţii necesare au fost obţinute ı̂n funcţie de invarianţi Chen.

In Capitolul 1 prezint inegalităţi Chen pentru diferite subvarietăţi ı̂n forme spaţiale com-
plexe şi forme spaţiale Sasaki.

In prima secţiune sunt expuse noţiuni de bază despre aceste subvarietăţi.
In a doua secţiune (ce cuprinde 4 subsecţiuni), mai ı̂ntâi sunt reamintite cele mai im-

portante inegalităţi Chen ı̂n forme spaţiale reale. Dau o metodă generală de construcţie a
subvarietăţilor pur reale ı̂n forme spaţiale complexe şi prezint inegalităţi geometrice pentru
subvarietăţi pur reale ı̂n forme spaţiale complexe. Obţin o inegalitate Chen-Ricci ı̂mbunătăţită
pentru subvarietăţi oblice Kaehler ı̂n forme spaţiale complexe. Contribuţii la rezolvarea con-
jecturii DDVV sunt de asemenea prezentate. A doua subsecţiune conţine rezultate asupra
subvarietăţilor ı̂n varietăţi Sasaki. Mai ı̂ntâi demonstrez prima inegalitate Chen pentru sub-
varietăti oblice de contact ı̂n forme spaţiale Sasaki. Definesc invarianţi Sasaki de tip Chen
şi obţin inegalităţi optime pentru aceşti invarianţi şi caracterizări ale cazului de egalitate in
funcţie de operatorul Weingarten. Generalizez un rezultat al lui Chen şi obţin o inegalitate
Chen-Ricci pentru subvarietăţi pur reale cu P paralel ı̂n raport cu conexiunea Levi-Civita. A
treia subsecţiune prezintă rezultate pentru subvarietăţi cu conexiune semi-simetrică metrică
(respectiv non-metrică). Subsecţiunea 4 studiază subvarietăţi statistice şi comportarea lor ı̂n
varietăţi statistice cu curbură constantă.
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Ultima secţiune din Capitolul 1 prezintă rezultate asupra subvarietăţilor produs warped ı̂n
forme spaţiale complexe, forme spaţiale complexe generalizate şi forme spaţiale cuaternionice.

Multe demonstraţii sunt scrise explicit, detaliat. Aş vrea să subliniez că, deşi tehnica de
demonstraţie pare similară, fiecare caz prezintă particularităţi şi are interpretare geometrică
proprie, aceasta fiind motivaţia prezentării lor.

In 2006 am publicat monografia Modern Topics in Submanifold Theory; este prima carte
publicată in Romania dedicată teoriei invarianţilor Chen şi inegalităţilor Chen.

Capitolul 2, ı̂mpărţit ı̂n 5 secţiuni, cuprinde rezultate de geometrie (pseudo-)Riemanniană.
In secţiunea 2.1 sunt reamintite noţiuni de bază şi notaţii. Secţiunea 2.2 prezintă pro-

prietăţi ale câmpurilor vectoriale torse forming şi câmpurilor vectoriale exterior concurente şi
aplicaţii, prin intercorelarea conceptelor. Se consideră varietăţi Riemanniene ı̂nzestrate cu o
pereche de câmpuri vectoriale Killing anti-simetrice şi, respectiv, o pereche de câmpuri vecto-
riale conforme anti-simetrice. Câmpurile vectoriale anti-simetrice pe o CR-subvarietate a unei
varietăţi para-Kaehleriene şi proprietăţi ale câmpurilor vectoriale gradient biconcirculare sunt
demonstrate. Secţiunea 2.3 se ocupă de varietăţi ı̂nzestrate cu câmpuri vectoriale speciale, mai
exact se consideră varietăţi aproape de contact concirculare ı̂nchise. De asemenea sunt expuse
proprietăţi ale varietăţilor local conform aproape cosimplectice ı̂nzestrate cu câmpuri vectoriale
Killing anti-simetrice. Sunt date rezultate asupra f -varietăţilor cu repere complementare cu 3-
structuri aproape de contact verticale anti-simetrice. Secţiunea 2.4 prezintă câmpuri vectoriale
Killing anti-simetrice pe varietăţi Lorentziene. Mai ı̂ntâi sunt studiate varietăţi Lorentziene
cu proprietăţi Killing. Se reamintesc rezultate asupra unei clase de varietăţi spaţiu-timp
Einstein. Ultima secţiune (2.5) cuprinde câteva aplicaţii: studiul suprafeţelor ce corespund
soluţiilor ecuaţiilor de inducţie localizate (LIE) ı̂n spaţiul pseudo-Galilean (subsecţiunea 2.5.1)
şi hipersuprafeţe de translaţie şi hipersuprafeţe de translaţie Ţiţeica ale unui spaţiu Euclidian
(subsecţiunea 2.5.2).

O parte din acest capitol reprezintă rezultate pe care le-am obţinut pe durata studiilor
mele postdoctorale la Universitatea din Bucureşti. De asemenea, multe contribuţii au fost
obţinute ı̂n colaborare cu Koji Matsumoto, pe parcursul bursei postdoctorale ”Japan Society
for the Promotion of Science Postdoctoral Fellowship” la Universitatea Yamagata, Japonia,
2002-2004.

Capitolul 3 este dedicat contribuţiei mele ı̂n geometria de contact complexă; conţine 3
secţiuni. După introducere (secţiunea 3.1), ı̂n secţiunea 3.2 dau demonstraţiile complete ale
teoremelor referitoare la conceptul de simetrie ı̂n geometria de contact complexă. De exemplu,
arăt că o varietate de contact complexă normală local simetrică este local izometrică cu spaţiul
proiectiv complex şi studiez simetriile faţa de subvarietăţile integrale ale unui subfibrat vectorial.
In secţiunea 3.3 mă refer la omogeneitatea şi local simetria unui (k, µ)-spaţiu complex.

Rezultatele din acest capitol sunt cuprinse ı̂n cele 2 articole ı̂n colaborare cu David E.
Blair, elaborate pe parcursul bursei mele postdoctorale ”Senior Fulbright Award” (2009) la
Michigan State University. Ele au fost parte a grupului de lucrări ”Proprietăţi de curbură ale
varietăţilor metrice reale şi complexe. Aplicaţii” (publicate in 2012), pentru care am primit
Premiul ”Gheorghe Ţiţeica” al Academiei Române ı̂n anul 2014.

Capitolul 4 este dedicat propunerilor de dezvoltare ı̂n domeniu. Conţine două părţi. In
prima, sunt prezentate direcţii de cercetare ce vin natural ı̂n continuarea capitolelor Tezei. In
partea a doua sunt propuse direcţii noi, separate de capitolele deja menţionate.
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Bibliografia conţine 323 de titluri.

Anexa 1 prezintă un rezultat ı̂n geometria diferenţială clasică: ı̂n Flat tensor product sur-
faces of pseudo-Euclidean curves (̂ın colaborare cu B. Heroiu [Ann. Polonici Math. 111 (2014),
137-143]) am determinat suprafeţele produs tensorial plate ı̂ntr-un spaţiu pseudo-Euclidian de
dimensiune arbitrară.

Anexa 2 reprezintă un exemplu de aplicaţie a geometriei diferenţiale ı̂n economie. Mai
exact, ı̂n articolul Classification of quasi-sum production functions with Allen determinants (̂ın
colaborare cu M.E. Aydin [Filomat 29 (6) (2015), 1351-1359]) este dată o formulă explicită
pentru determinantul unei matrice de tip Allen a unei funcţii de tip quasi-sumă; am dat o
clasificare completă a funcţiilor de producţie quasi-sumă folosind determinanţi de tip Allen
şi aplicaţii geometrice ale acestora (̂ın termeni de hipersuprafeţe ale unui spaţiu Euclidian
4-dimensional).

In concluzie, următoarele contribuţii sunt incluse ı̂n Teza de Abilitare:

- Ca singur autor:

1. Geometria subvarietăţilor pur reale:

i) Prima inegalitate Chen ı̂mbunătăţită pentru subvarietăţi pur reale ı̂n forme spaţiale com-
plexe. Minimalitatea subvarietăţilor oblice ideale ı̂n sensul inegalităţii Chen ı̂mbunătăţite [Re-
sults Math. 2009].

ii) Estimare optimă a curburii scalare pentru subvarietăţi ı̂n forme spaţiale complexe [Results
Math. 2009].

2. Subvarietăţi produs warped:

i) Inegalităţi geometrice optime pentru produse warped imersate izometric ı̂n forme spaţiale
cuaternionice. Obstrucţii la imersii minimale ale produselor warped ı̂n forme spaţiale cuater-
nionice. Exemple de subvarietăţi produs warped ce satisfac cazul de egalitate al inegalităţilor
precedente [Rev. Roum. Math. Pures Appl. 2005].

ii) Estimarea curburii medii a subvarietăţilor produs warped ı̂n varietăţi cu curbură secţională
olomorfă constantă ı̂n raport cu funcţia warping. Caracterizarea cazului de egalitate, exemple
şi obstrucţii [Acta. Sci. Math. Szeged 2004].

3. Inegalităţi geometrice de tip Chen:

i) Definiţia curburii eliptice a unei suprafeţe total reale ı̂ntr-o formă spaţială complexă;
estimare optimă, caracterizarea cazului de egalitate, exemple non-triviale [Kragujevac J. Math.
2004].

ii) Demonstrarea conjecturii DDVV pentru subvarietăţi Lagrangeene 3-dimensionale ı̂n
forme spaţiale complexe [Proc. PADGE 2007].

4. Câmpuri vectoriale distinse pe varietăţi pseudo-Riemanniene:

i) Definirea câmpurilor vectoriale gradient biconcirculare, demonstrarea existenţei lor, e-
xemple, descompunerea varietăţilor Riemanniene ı̂nzestrate cu astfel de câmpuri vectoriale
[Proc. Estonian Acad. Sci. 2009].

ii) Studiul varietăţilor Lorentziene ı̂nzestrate cu o pereche de câmpuri vectoriale Killing
anti-simetrice de tip luminos. Foliaţii. Clasificarea pentru dimensiune 4 [Reports Math. Phys.
2012].
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5. Curbura Ricci a subvarietăţilor:
Inegalităţi Chen-Ricci ı̂mbunătăţite pentru subvarietăţi Lagrangeene ı̂n forme spaţiale com-

plexe, respectiv subvarietăţi Legendriene ı̂n forme spaţiale Sasaki, cu conexiune semi-simetrică
metrică [Journal Math. Ineq 2015].

6. Conexiuni derivate din conexiuni semi-simetrice metrice:
Construcţia şi studiul unor astfel de conexiuni [Math. Slovaca 2017].

- In colaborare:

1. Geometrie de contact complexă:

i) Studii de simetrie ı̂n geometria de contact complexă [Rocky Mountain J. Math. 2012].
ii) Omogeneitatea şi local simetria spaţiilor (k, µ)-complexe [Israel J. Math. 2012].

2. Geometria subvarietăţilor pur reale:

i) Clasificarea subvarietăţilor pur reale ideale ı̂n forme spaţiale complexe non-plate [Results
Math. 2009].

ii) Studiul subvarietăţilor pur reale ideale cu funcţia Wirtinger armonică [Kyushu Math. J.
2010].

3. Inegalităţi Chen şi de tip Chen:

i) Inegalităţi Chen pentru subvarietăţi oblice ı̂n forme spaţiale Sasaki [Rend. Circ. Sem.
Mat. Palermo 2003].

ii) Inegalităţi Chen pentru subvarietăţi ı̂n forme spaţiale reale, forme spaţiale complexe, res-
pectiv forme spaţiale Sasaki, ı̂nzestrate cu conexiune semi-simetrica metrică (sau non-metrică)
[Taiwanese J. Math. 2010], [Rocky Mountain J. Math. 2011].

iii) Definirea unor invarianţi de tip Chen pentru varietăţi Sasaki. Estimări optime ale acestor
invarianţi pentru subvarietăţi invariante ı̂n forme spaţiale Sasaki. Caracterizarea cazului de
egalitate. Exemple şi contra-exemple. [Publ. Math. Debrecen 2013].

iv) Inegalitatea Chen-Ricci ı̂mbunătăţită pentru subvarietăţi oblice Kaehler ı̂n forme spaţiale
complexe. Caracterizarea cazului de egalitate. Clasificarea subvarietăţilor ideale. Exemple
[Taiwanese J. Math. 2012].

v) Inegalităţi ı̂mbunatăţite pentru curbura scalară şi curbura Ricci a subvarietăţilor oblice
de contact ı̂n forme spaţiale Sasaki. Exemple pentru cazurile de egalitate [Adv. Geom. 2014].

4. Geometria varietăţilor (pseudo)-Riemanniene ı̂nzestrate cu f -structuri:

i) CR-structura canonică. Aplicaţii ı̂n mecanică: câmpuri vectoriale Hamiltoniene pe o
varietate. Proprietăţi ale câmpurilor vectoriale anti-simetrice pe o varietate Riemanniană.
Condiţii de existenţă a unei perechi de câmpuri vectoriale anti-simetrice. Foliaţii 3-dimensionale
[J. Geometry 2005].

ii) Geometria CR-subvarietăţilor ı̂n varietăţi para-Kaehleriane ce admit câmpuri vectori-
ale J-anti-simetrice. Determinarea unor câmpuri vectoriale Hamiltoniene şi, respectiv, trans-
formări infinitezimale [Internat. J. Math. Math. Sci. 2004].

iii) Geometria varietăţilor local conform aproape cosimplectice: determinarea unor funcţii
izoparametrice şi respectiv funcţii proprii ale operatorului Laplace [Bull. Yamagata Univ.
2004].

5. Geometria varietăţilor spaţiu-timp:

Construirea unei noi varietăţi spaţiu-timp Einstein de tip hiperbolic. Foliaţii de tip spaţial.
Transformări infinitezimale pe varietăţi spaţiu-timp Einstein [Publ. Math. Debrecen 2005].
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6. Câmpuri vectoriale distinse pe varietăţi (pseudo)-Riemanniene:

Relaţii ı̂ntre câmpurile vectoriale torse-forming (definite de K. Yano) şi câmpurile vectoriale
exterior concurente (definite de R. Rosca). Condiţia necesară şi suficientă ca un câmp vectorial
torse-forming să fie 2-exterior concurent. Aplicaţii la existenţa câmpurilor vectoriale torse-
forming pe varietăţi Sasaki şi Kenmotsu [J. Geom. Phys. 2013].

7. Hipersuprafeţe de translaţie şi hipersuprafeţe de translaţie Ţiţeica:

Clasificarea hipersuprafeţelor de translaţie ale unui spaţiu Euclidian pentru care matricele
Allen sunt singulare. Hipersuprafeţele Ţiţeica cu matrice Allen singulare sunt hiperplane.
Aplicaţii ale funcţiilor de producţie ı̂n microeconomie [Proc. Rom. Acad. 2015].

8. Ecuaţii de inducţie localizate (LIE) ı̂ntr-un spaţiu pseudo-Galilean:

Studiul suprafeţelor ce corespund soluţiilor ecuaţiilor de inducţie localizate (LIE) ı̂n spaţiul
pseudo-Galilean. Clasificarea unor astfel de suprafeţe cu curbura nulă. Caracterizarea unor
anumite tipuri de curbe pe aceste suprafeţe [Adv. Math. Phys. 2015].

9. Geometria subvarietăţilor statistice:

i) Invarianţi de curbură ai subvarietăţilor statistice ı̂n varietăţi statistice cu curbură con-
stantă [Filomat 2015].

ii) Inegalitatea lui Wintgen generalizată pentru subvarietăţi statistice ı̂n varietăţi statistice
cu curbura constantă [Bull. Math. Sci. 2017].

10. Suprafeţe produs tensorial:

Clasificarea suprafeţelor produs tensorial de curbe pseudo-Euclidiene plate - Anexa 1 [Ann.
Polonici Math. 2014]

11. Aplicaţii ale geometriei diferenţiale ı̂n economie:

Clasificarea funcţiilor de producţie quasi-sumă şi aplicaţii ı̂n economie - Anexa 2 [Filomat
2015].

Recent, ı̂n colaborare cu I. Mihai, am publicat un capitol intitulat CR-Submanifolds in
Complex and Sasakian Space Forms ı̂n cartea Geometry of Cauchy-Riemann Submanifolds,
Eds.: S. Dragomir, M.H. Shahid, F. Al-Solamy, Springer, 2016. Acesta conţine rezultate din
articolele publicate ı̂n Rev. Roum. Math. Pures Appl (2001), Kragujevac J. Math. (2004),
Acta Sci. Math. Szeged (2004), PADGE (2007) şi altele câteva ı̂n pregătire.

Numărul total al citărilor depăşeşte 200. Cea mai recentă carte a lui B.Y. Chen [Differential
Geometry of Warped Product Manifolds and Submanifolds, World Sci., 2017] citează 5 dintre
articolele mele şi, mai mult, subsecţiunea 10.7 a acestei monografii este ı̂n ı̂ntregime dedicată
rezultatelor pe care le-am obţinut ı̂n domeniul subvarietăţilor produs warped ı̂n forme spaţiale
generalizate, publicate ı̂n Acta Math. Acad. Paedagog. Nyhazi ı̂n 2005.

Subliniez faptul că rezultatele proprii, obţinute ca singur autor sau ı̂n colaborare, sunt scrise
pe parcursul Tezei in format bold.

Am intenţionat să organizez această Teza de Abilitare ca pe o monografie, care, având
multe demonstraţii complete şi exemple, ar putea fi de ajutor pentru cercetătorii ı̂n domeniul
geometriei diferenţiale.
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(B) Scientific and professional achievements and the evo-

lution and development plans for career development

(B-i) Scientific and professional achievements

Introduction

The Habilitation Thesis put together the largest part of my research work after complet-
ing my Ph.D., when the directions of studies ramified and developed, but still remained in the
field of (pseudo)-Riemannian geometry endowed with some special geometric structures.

The Thesis is divided into 4 Chapters, the Bibliography and 2 Annexes with related results.

In the first three Chapters, I present three principal directions: Riemannian invariants in
submanifold theory, Structures in (pseudo-)Riemanian geometry and Complex contact geometry.
The last Chapter contains discussions and further developments.

In Chapter 1, I present Chen inequalities for different submanifolds in complex and
Sasakian space forms. The chapter is divided into 3 sections.

In the first section the basics on submanifolds in complex space forms and Sasakian space
forms are recalled.

In the second section (which has 4 subsections), first we state the most important Chen
inequalities in real space forms. I give a general construction method for purely real submani-
folds and present the geometric inequalities for purely submanifolds in complex space forms. I
obtain an improved Chen-Ricci inequality for Kaehlerian slant submanifolds in complex space
forms. Works on DDVV conjecture are also presented. The second subsection contains re-
sults on submanifolds in Sasakian manifolds. I prove first Chen inequality for contact slant
submanifolds in Sasakian space forms. I define Chen-type Sasakian invariants, obtain sharp
inequalities for these invariants and derive characterizations of the equality case in terms of
the shape operator. I generalize a result of Chen and obtain a Chen-Ricci inequality for purely
real submanifolds with T parallel with respect to the Levi-Civita connection. The 3-rd subsec-
tion contains the results obtained for submanifolds with semi-symmetric metric (respectively
non-metric) connections. Subsection 4 deals with statistical submanifolds, their behaviour in
statistical manifolds of constant curvature is studied.

The last section of Chapter 1 presents results on warped product submanifolds in complex
space form, generalized complex space forms and quaternion space forms.

Many proofs are written explicitely. I would like to point-out that, even the technique
seems similar, each case has its particularity and geometrical meaning, and for this reason I
give significant proofs to almost each situation.

In 2006, I published the monograph Modern Topics in Submanifold Theory, Ed. Univ.
Bucureşti; it is the first book published in Romania devoted to the theory of Chen invariants
and Chen inequalities.

Chapter 2, divided in 5 sections, presents the results obtained in (pseudo-)Riemannian
geometry.

In section 2.1 basic definitions and notations in this field are recalled. Section 2.2, entitled
Distinguished vector fields on Riemannian manifolds, presents properties of torse forming vec-
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tor fields and exterior concurrent vector fields on Riemannian manifolds and some applications,
by interrelating the concepts. Riemannian manifolds carrying a pair of skew symmetric Killing
vector fields, and, respectively, a pair of skew symmetric conformal vector fields, are considered.
Skew-symmetric vector fields on a CR-submanifold of a para-Kaehlerian manifold and prop-
erties of biconcircular gradient vector fields are proved. Section 2.3 deals with almost contact
manifolds endowed with special vector fields, more precisely closed concircular almost contact
manifolds are considered. Also, properties of locally conformal almost cosymplectic manifolds
endowed with a skew-symmetric Killing vector fields are stated. Results on a framed f -manifold
endowed with a vertical skew symmetric almost contact 3-structure are given. Section 2.4 deals
with skew-symmetric Killing vector fields on Lorentzian manifolds. First, Lorentzian manifolds
having the Killing properties are studied. Results on a class of Einstein space-time manifold
are recalled. The last section 2.5 presents some applications: the study of the solutions of the
localized induction equations in the pseudo-Galilean space (subsection 2.5.1) and translation
hypersurfaces and Tzitzeica translation hypersurfaces of a Euclidean space (subsection 2.5.2).

Chapter 3 is devoted to my work in complex contact geometry; it contains 3 sections.
After the introduction (section 3.1), I give in section 3.2 the complete proofs of the theorems
concerning the symmetry in complex contact geometry. For example, I prove that a locally
symmetric normal complex contact manifold is locally isometric to the complex projective
space and I study reflections in the integral submanifolds of the vertical subbundle. In section
3.3, I consider homogeneity and local symmetry of complex (k, µ)-spaces.

Chapter 4 is devoted to discussions on the new proposals to develop the field. It contains
two parts. In the first part are presented research directions as a natural prolongation of
Chapters 1-3. In the second part new proposals are stated, apart from the previous mentioned
chapters.

The Bibliography contains 323 titles.

Annex 1 presents a result in classical differential geometry: In Flat tensor product surfaces
of pseudo-Euclidean curves (jointly written with B. Heroiu [Ann. Polonici Math. 111 (2014),
137-143]) we determined the flat tensor product surfaces in pseudo-Euclidean spaces of arbitrary
dimensions.

Annex 2 gives an example of the applications of differential geometry in economics. More
precisely, I attach the paper Classification of quasi-sum production functions with Allen deter-
minants (jointly written with M.E. Aydin [Filomat 29 (6) (2015), 1351-1359]). An explicit
formula for the determinant of Allen’s matrix of quasi-sum production function is derived;
we completely classified the quasi-sum production function by using their Allen determinants
and gave some geometric applications on Allen determinants (in terms of hypersurfaces of a
4-Euclidean space).

Recently, jointly written with I. Mihai, I published a chapter entitled CR-Submanifolds
in Complex and Sasakian Space Forms in the Springer book Geometry of Cauchy-Riemann
Submanifolds [Eds.: S. Dragomir, M.H. Shahid, F. Al-Solamy, Springer, 2016]. This chapter
contains results from various articles: Rev. Roum. Math. Pures Appl (2001), Kragujevac
J. Math. (2004), Acta Sci. Math. Szeged (2004), PADGE (2007) and some new papers in
preparation.



Habilitation Thesis Adela MIHAI 15

The total number of the citations of my articles is over 200. The most recent book of B.Y.
Chen, Differential Geometry of Warped Product Manifolds and Submanifolds [World Sci., 2017]
cites 5 of my papers on this topics, and, moreover, subsection 10.7 from Chen’s monograph is
entirely dedicated to the results I have obtained on warped product submanifolds in generalized
complex space forms, published in Acta Math. Acad. Paedagog. Nyhazi in 2005.

I point-out that the results which I obtained (as single author on in collaboration) are
written in bold.

I intended to organize this Habilitation Thesis as a monograph and, having a lot of complete
proofs and examples, I hope it will be useful for the researchers in differential geometry.
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Chapter 1

Riemannian Invariants in Submanifold
Theory

1.1 Introduction

In Riemannian Geometry the manifolds endowed with certain endomorphisms of their tangent
bundles play an important role.

Among these, the most important are the almost complex structures (on even dimensional
manifolds) and almost contact structures (on odd dimensional manifolds). In particular the
Kaehler manifolds and the Sasakian manifolds, respectively, are the most studied such mani-
folds, because they have the most interesting properties and applications.

In order to have the highest degree of homogeneity (the group of isometries has the maximum
dimension), the spaces of constant sectional curvatures are the most investigated. It is known
that a Kaehler manifold with constant sectional curvature is flat. For this reason the notion of
complex space form (a Kaehler manifold with constant holomorphic sectional curvature) was
introduced. Analogously the Sasakian space forms were defined.

On the other hand, starting from the classical theory of curves and surfaces in Euclidean
spaces, the theory of submanifolds is an important field of research in Riemannian Geometry.

There are certain important specific classes of submanifolds in Kaehler manifolds and
Sasakian manifolds, respectively. For example, complex and Lagrangian submanifolds in Kaehler
manifolds and invariant and Legendrian submanifolds in Sasakian manifolds.

Let M̃ be a complex manifold of dimension m and J its standard almost complex struc-
ture. A Hermitian metric on M̃ is a Riemannian metric g invariant with respect to J , i.e.,
g(JX, JY ) = g(X, Y ), ∀X, Y ∈ Γ(TM̃).

The pairing (M̃, g) is called a Hermitian manifold.

Any complex manifold admits a Hermitian metric.

A Hermitian metric g on a complex manifold M̃ defines a non-degenerate 2-form ω(X, Y ) =
g(JX, Y ), X, Y ∈ Γ(TM̃), which is called the fundamental 2-form. Clearly, ω(JX, JY ) =
ω(X, Y ).

Definition. A Hermitian manifold is called a Kaehler manifold if the fundamental 2-form ω
is closed.

17
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Necessary and sufficient conditions for a Hermitian manifold to be a Kaehler manifold are
given by the following:

Theorem. Let (M̃, g) be an m-dimensional Hermitian manifold and ∇̃ the Levi-Civita
connection associated to g. The following statements are equivalent each others:

i) M is a Kaehler manifold;
ii) the standard almost complex structure J on M̃ is parallel with respect to ∇̃, i.e., ∇̃J = 0;
iii) for any z0 ∈ M̃ , there exists a holomorphic coordinate system in a neighborhood of z0

such that
g = (δkj + hkj)dz

kdz̄j,

where hkj(z0) =
∂hkj

∂zl (z0) = 0, for any k, j, l = 1, ...,m;
iv) locally, there exists a real differentiable function F such that the fundamental 2-form is

given by ω = i∂∂̄F, where the exterior differentiation d is decomposed in dα = ∂α + ∂̄α.

Examples of Kaehler manifolds:

1. Cn with the Euclidean metric g =
∑n

k=1 dz
kdz̄k.

2. The complex torus T n = Cn/G with the Hermitian structure induced by the Euclidean
metric of Cn.

3. The complex projective space P n(C) endowed with the Fubini-Study metric, which, in
local coordinates, is given by

gjk̄ =
(1 + zsz̄s)δjk − zkz̄j

(1 + zsz̄s)2
.

4. The complex Grassmann manifold Gp(C
p+q) with a generalized Fubini-Study metric.

5. Let Dn = Int S2n−1 be the unit disk in Cn, i.e., Dn = {z ∈ Cn |
∑n

j=1 |zj|2 < 1},
endowed with the Brgman metric

gjk̄ =
(1− zsz̄s)δjk + z̄jzk

(1− zsz̄s)2
.

6. Any orientable surface is a Kaehler manifold.

There are obstructions to the existence of Kaehlerian metrics on a compact complex manifold
(see [171]).

Theorem. On a compact Kaehler manifold the Betti numbers of even order are non-zero.

As an application, the Calabi manifolds S2m+1 × S2n+1 do not admit any Kaehler metric if
(m,n) 6= (0, 0). In particular, Hopf manifolds are not Kaehler manifolds.

Theorem. On a compact Kaehler manifold the Betti numbers of odd order are even.

A sectional curvature of a Kaehler M̃ in direction of an invariant 2-plane section by J is
called a holomorphic sectional curvature of M̃.

For the 2-plane section π invariant by J , one considers an orthonormal basis {X, JX}, with
unit X. Then the holomorphic sectional curvature is given by K̃(π) = R̃(X, JX,X, JX).

Definition. Let M̃ be a Kaehler manifold. If the function holomorphic sectional curvature
K is constant for all 2-plane sections π of TpM̃ invariant by J for any p ∈ M̃ , then M̃ is called
a space with constant holomorphic sectional curvature (or complex space form).
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The curvature tensor of a complex space form of constant holomorphic sectional curvature
4c has the expression

R̃(X, Y, Z,W ) = c[g(X,Z)g(Y,W )− g(X,W )g(Y, Z)+

+g(X, JZ)g(Y, JW )− g(X, JW )g(Y, JZ) + 2g(X, JY )g(Z, JW )],

for any tangent vector fields X, Y, Z,W .
Recall that a Riemannian manifold (M, g) is an Einstein manifold if the Ricci tensor S is

proportional to the Riemannian metric g, i.e., S = λg, where λ is a real number.
Each complex space form is an Einstein manifold.

Examples of complex space forms:

1. Cn with the Euclidean metric is a flat complex space form.
2. P n(C) with the Fubini-Study metric has holomorphic sectional curvature equal to 4.
3. Dn with the Bergman metric has holomorphic sectional curvature equal to −4.

Conversely, the following result holds good [171].

Theorem. Let M be a connected, simply connected and complete complex space form. Then
M is isometric either to Cn, P n(C) or Dn.

Let (M̃, J, g) be an m-dimensional Kaehler manifold and M an n-dimensional submanifold
of M̃. The induced Riemannian metric on M is also denoted by g. We denote by ∇̃ and ∇ the
Levi-Civita connections on M̃ and M , respectively. The fundamental formulae and equations
for a submanifold are recalled below.

Let h be the second fundamental form of the submanifold M . Then the Gauss formula is
written as

∇̃XY = ∇XY + h(X, Y ),

for any X, Y ∈ Γ(TM).

Denoting by ∇⊥ the connection in the normal bundle and by A the shape operator, one has
the Weingarten formula:

∇̃Xξ = −AξX +∇⊥
Xξ,

for any X ∈ Γ(TM) and ξ ∈ Γ(T⊥M).

Let R̃, R and R⊥ be the curvature tensors with respect to ∇̃, ∇ and ∇⊥, respectively.

For any X, Y, Z,W ∈ Γ(TM), the Gauss equation is expressed by

R̃(X, Y, Z,W ) = R(X, Y, Z,W )− g(h(X,Z), h(Y,W )) + g(h(X,W ), h(Y, Z)).

One denotes

(∇Xh)(Y, Z) = ∇⊥
Xh(Y, Z)− h(∇XY, Z)− h(X,∇YZ);

then the normal component of R̃(X, Y )Z is given by

(R̃(X, Y )Z)⊥ = (∇Xh)(Y, Z)− (∇Y h)(X,Z).
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The above relation represents the Codazzi equation.

Using the Weingarten formula, one obtains the Ricci equation:

R̃(X, Y, ξ, η) = R⊥(X, Y, ξ, η)− g(AηAξX, Y ) + g(AξAηX, Y ) =

= R⊥(X, Y, ξ, η) + g([Aξ, Aη]X, Y ),

for any X, Y ∈ Γ(TM) and ξ, η ∈ Γ(T⊥M).

If the second fundamental form h vanishes identically, M is a totally geodesic submanifold.

Let {e1, ..., en} be an orthonormal basis of the tangent space TpM , p ∈ M , and H be the
mean curvature vector, i.e.,

H(p) =
1

n

n∑
i=1

h(ei, ei).

The submanifold M is said to be minimal if H(p) = 0,∀p ∈M.

There are no compact minimal submanifolds of Rm.
For a normal section V onM , if AV is everywhere proportional to the identity transformation

I, i.e. AV = aI, for some function a, then V is called an umbilical section on M, or M is said
to be umbilical with respect to V. If the submanifold M is umbilical with respect to every local
normal section of M , then M is said to be totally umbilical.

An equivalent definition is the following: M is totally umbilical if h(X, Y ) = g(X, Y )H, for
any vector fields X, Y tangent to M .

If the second fundamental form and the mean curvature of M in M̃ satisfy g(h(X, Y ), H) =
fg(X, Y ) for some function f on M , then M is called pseudo-umbilical.

The submanifold M is a parallel submanifold if the second fundamental form h is parallel,
that is ∇h = 0, identicaly.

According to the behavior of the tangent spaces of a submanifold M under the action of
the almost complex structure J of the ambient space M̃ , we distinguish two special classes of
submanifolds:

i) Complex submanifolds, if J(TpM) = TpM, ∀p ∈M .
ii) Totally real submanifolds, if J(TpM) ⊂ T⊥p M, ∀p ∈M .

Any complex submanifold of a Kaehler manifold is a Kaehler manifold and a minimal
submanifold.

If the real dimension of the totally real submanifold M is equal to the complex dimension
of the Kaehler manifold M̃, then M is called a Lagrangian submanifold. In other words, a
Lagrangian submanifold is a totally real submanifold of maximum dimension.

Other classes of submanifolds in Kaehler manifolds are of interest in submanifold theory.
Definition. [59] A slant submanifold is a submanifold M of a Kaehler manifold (M̃, J, g)

such that, for any nonzero vector ∈ TpM , the angle θ(X) between JX and the tangent space
TpM is a constant (which is independent of the choice of the point p ∈M and the choice of the
tangent vector X in the tangent plane TpM).
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It is obvious that complex submanifolds and totally real submanifolds are special classes of
slant submanifolds. A slant submanifold is called proper if it is neither a complex submanifold
nor a totally real submanifold.

A submanifold M of a Kaehler manifold M̃ is said to be a CR-submanifold if it admits a
holomorphic differentiable distribution D, i.e., J(Dp) = DP , ∀p ∈M , such that its complemen-
tary orthogonal distribution D⊥ is totally real, i.e., J(D⊥

p ) ⊂ T⊥p M, p ∈M .
The CR-submanifolds were studied by B.Y. Chen [56], A. Bejancu [25], K. Yano and M.

Kon [321], etc.
Both complex and totally real submanifolds are improper CR-submanifolds.
It is easily seen that a real hypersurface of a Kaehler manifold is a proper CR-submanifold.

Roughly speaking, a Sasakian manifold is the odd-dimensional correspondent of a Kaehler
manifold.

A (2m+ 1)-dimensional Riemannian manifold (M̃, g) is said to be a Sasakian manifold if it

admits an endomorphism φ of its tangent bundle TM̃ , a vector field ξ and a 1-form η, satisfying:
φ2 = −Id+ η ⊗ ξ, η(ξ) = 1, φξ = 0, η ◦ φ = 0,

g(φX, φY ) = g(X, Y )− η(X)η(Y ), η(X) = g(X, ξ),

(∇̃Xφ)Y = −g(X, Y )ξ + η(Y )X, ∇̃Xξ = φX,

for any vector fields X, Y on M̃ , where ∇̃ denotes the Levi-Civita connection with respect to
g.

A plane section π in TpM̃ is called a φ-section if it is spanned by X and φX, where X
is a unit tangent vector orthogonal to ξ. The sectional curvature of a φ-section is called a
φ-sectional curvature. A Sasakian manifold with constant φ-sectional curvature c is said to be
a Sasakian space form and is denoted by M̃(c).

The curvature tensor of R̃ of a Sasakian space form M̃(c) is given by [29]

R̃(X, Y )Z =
c+ 3

4
{g(Y, Z)X − g(X,Z)Y }+

+
c− 1

4
{η(X)η(Z)Y − η(Y )η(Z)X + g(X,Z)η(Y )ξ − g(Y, Z)η(X)ξ+

+g(φY, Z)φX − g(φX,Z)φY − 2g(φX, Y )φZ},

for any tangent vector fields X, Y, Z on M̃(c).
As examples of Sasakian space forms we mention R2m+1 and S2m+1, with standard Sasakian

structures (see [29], [322]).

Let M be an n-dimensional submanifold in a Sasakian manifold M̃ .
By analogy with the submanifolds of a Kaehler manifold, we distinguish special classes of

submanifolds of Sasakian manifolds.
A submanifold M normal to ξ in a Sasakian manifold M̃ is said to be a C-totally real

submanifold. In this case, it follows that φ maps any tangent space of M into the normal
space, that is, φ(TpM) ⊂ T⊥p M , for every p ∈M .
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In particular, if dim M̃ = 2 dimM + 1, then M is called a Legendrian submanifold.

For submanifolds tangent to the structure vector field ξ, there are different classes of sub-
manifolds. We mention the following.

(i) A submanifold M tangent to ξ is called an invariant submanifold if φ preserves any
tangent space of M , that is, φ(TpM) ⊂ TpM , for every p ∈M .

An invariant submanifold of a Sasakian manifold is a Sasakian manifold and a minimal
submanifold.

(ii) A submanifold M tangent to ξ is called an anti-invariant submanifold if φ maps any
tangent space of M into the normal space, that is, φ(TpM) ⊂ T⊥p M , for every p ∈M .

(iii) A contact slant submanifold is a submanifold M tangent to ξ of a Sasakian manifold
(M̃, φ, ξ, η, g) such that, for any vector ∈ TpM linearly independent with ξp, the angle θ(X)
between φX and the tangent space TpM is a constant (which is independent of the choice of
the point p ∈M and the choice of the tangent vector X in the tangent plane TpM).

(iv) A submanifold M tangent to ξ is called a contact CR-submanifold if it admits an invari-
ant differentiable distribution D with respect to φ whose orthogonal complementary orthogonal
distribution D⊥ is anti-invariant, that is, TM = D⊕D⊥, with φ(Dp) ⊂ Dp and φ(D⊥

p ) ⊂ T⊥p M ,
for every p ∈M .

1.2 Chen invariants and Chen-type inequalities

The Riemannian invariants of a Riemannian manifold are the intrinsic characteristics of the
Riemannian manifold. Among the Riemannian invariants, the most studied were sectional,
scalar and Ricci curvatures. We recall a string of Riemannian invariants on a Riemannian
manifold, which are known as Chen invariants [70].

The Chen first invariant of a Riemannian manifold M is given by δM(p) = τ(p)−(infK)(p),
p ∈M , where K and τ are the sectional curvature and the scalar curvature of M , respectively.

For an integer k ≥ 0, we denote by S(n, k) the finite set consists of k-tuples (n1, ..., nk) of
integers ≥ 2 satisfying n1 < n, n1 + ...+ nk ≤ n. Denote by S(n) the set of k-tuples with k ≥ 0
for a fixed n.

For each k-tuples (n1, ..., nk) ∈ S(n), Chen introduced a Riemannian invariant defined by

δ(n1, ..., nk)(p) = τ(p)− inf{τ(L1) + ...+ τ(Lk)},

where L1, ..., Lk run over all k mutually orthogonal subspaces of TpM such that dimLj = nj,
j = 1, ..., k.

In the introduction of the article [68], B.Y. Chen recalled one of the basic problems in
submanifold theory:

”Find simple relationship between the main extrinsic invariants and the main intrinsic
invariants of a submanifold”.

We recall the most important Chen inequalities obtained by B.Y. Chen for submanifolds in
real space forms.
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Theorem A. [62] Let Mn be an n-dimensional (n ≥ 3) submanifold of real space form M̃m(c)
of constant sectional curvature c. Then

(A) δM ≤ n− 2

2

{
n2

n− 1
‖H‖2 + (n+ 1)c

}
.

Equality holds if and only if, with respect to suitable frame fields {e1, ..., en, en+1, ..., em}, the
shape operators take the following forms:

An+1 =


a 0 0 ... 0
0 µ− a 0 ... 0
0 0 µ ... 0
...

...
...

. . .
...

0 0 0 ... µ

 ,

Ar =


hr

11 hr
12 0 ... 0

hr
12 −hr

11 0 ... 0
0 0 0 ... 0
...

...
...

. . .
...

0 0 0 ... 0

 , r = n+ 2, ...,m.

Futhermore, when the equality sign of (A) holds at a point p ∈Mn, we also have K(e1∧e2) =
infK at point p.

For each (n1, ..., nk) ∈ S(n), one put:

d(n1, ..., nk) =

n2(n+ k − 1−
k∑

j=1

nj)

2(n+ k −
k∑

j=1

nj)

,

b(n1, ..., nk) =
1

2
[n(n− 1)−

k∑
j=1

nj(nj − 1)].

For proving the above inequality, B.Y. Chen uses the following algebraic Lemma (which will
call from now as Chen’s Lemma)..

Lemma. [62] Let n ≥ 3 be an integer and a1, a2, ..., an, b real numbers such that(
n∑

i=1

ai

)2

= (n− 1)

(
n∑

i=1

a2
i + b

)
.

Then 2a1a2 ≥ b.
The equality holds if and only if a1 + a2 = a3 = ... = an.

The following sharp inequality involving the Chen invariants and the squared mean curva-
ture obtained in [70] plays the most fundamental role in this topic.
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Theorem B. For each (n1, ..., nk) ∈ S(n) and each n-dimensional submanifold M in a Rieman-

nian space form M̃m(c) of constant sectional curvature c, we have

(B) δ(n1, ..., nk) ≤ d(n1, ..., nk) ‖H‖2 + b(n1, ..., nk)c.

The equality case of inequality (B) holds at a point p ∈ M if and only there exists an

orthonormal basis {e1, ..., em} at p such that the shape operators of M in M̃m(c) at p take the
following forms:

An+1 =


a1 0 0 ... 0
0 a2 0 ... 0
0 0 a3 ... 0
...

...
...

. . .
...

0 0 0 ... an

 ,

Ar =



Ar
1 ... 0 0 ... 0
...

. . .
...

...
. . .

...
0 ... Ar

k 0 ... 0
0 ... 0 µr ... 0
...

. . .
...

...
. . .

...
0 ... 0 0 ... µr


, r = n+ 2, ...,m.

where a1, ..., an satisfy

a1 + ...+ an1 = ... = an1+...+nk−1+1 + ...+ an1+...+nk
= an1+...+nk+1 = ... = an

and each Ar
j is a symmetric nj × nj submatrix satisfying

trace(Ar
1) = ... = trace(Ar

k) = µr.

1.2.1 Purely real submanifolds

A proper slant submanifold is said to be Kaehlerian slant if the canonical endomorphism P is
parallel, i.e., ∇P = 0, where ∇ is the Levi-Civita connection on M .

A Kaehlerian slant submanifold is a Kaehler manifold with respect to the induced metric
and the almost complex structure J̃ = (sec θ)J, where θ is the slant angle.

On a Kaehlerian slant submanifold the coefficients of the second fundamental form have the
symmetry property: hk

ij = hjk = hj
ki. Examples of proper slant submanifolds and Kaehlerian

slant submanifolds are given in [59].
We recall now few properties of P . Denoting by Q = P 2, then Q is a self-adjoint endomor-

phism of TM . Each tangent space TpM admits an orthogonal decomposition of eigenspaces of
Q :

TpM = D1
p ⊕ ...⊕Dk(p)

p

Moreover, each eigenvalue λi of Q lies in [−1, 0].
If λi 6= 0, then the corresponding eigenspace Di

p is of even dimension and invariant under
P, P (Di

p) = Di
p; if λi 6= −1, then dimF (Di

p) = dimDi
p and the normal subspaces F (Di

p) are
mutually perpendicular.
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Definition. [59] A submanifold M is called a purely real submanifold if every eigenvalue of
Q = P 2 lies in (−1, 0], i.e., FX 6= 0, for any non-zero vector X tangent to M .

Thus, by definition, the class of purely real submanifolds contains both slant submanifolds
and totally real submanifolds (in particular Lagrangian submanifolds, i.e. totally real subman-
ifolds of maximum dimension).

To generalise Kaehlerian slant submanifolds we will consider purely real submanifolds with
∇P = 0.

Submanifolds with ∇P = 0 are characterized by the

Proposition. [59] Let M be a submanifold of an almost Hermitian manifold M̃. Then ∇P = 0
if and only if M is locally the Riemannian product M1 × ...× Mk, where each Mi is either a
complex submanifold, a totally real submanifold or a Kaehlerian slant submanifold of M̃.

Also, the following result holds.

Proposition. [59] Let M be an irreducible submanifold of an almost Hermitian manifold M̃.
If M is neither invariant nor totally real, then M is a Kaehlerian slant submanifold if and only
if the endomorphism P is parallel, i.e., ∇P = 0.

Lemma. [59] For submanifolds M of a Kaehler manifold M̃ , the condition ∇P = 0 is equivalent
with AFXY = AFYX, for any vectors X and Y tangent to M , where A denotes the shape
operator.

The following proposition gives a characterization of submanifolds with ∇Q = 0.

Proposition. [59] Let M be a submanifold of an almost Hermitian manifold M̃ . Then the
self-adjoint endomorphism Q = P 2 is parallel (i.e., ∇Q = 0) if and only if:

i) each eigenvalue λi of Q is constant on M ;
ii) each distribution Di associated with the eigenvalue λi is completely integrable;
iii) M is locally the Riemannian product M1 × ...× Mk of the leaves of the distributions.

B.Y. Chen [72] proved the following sharp estimate of the squared mean curvature in terms
of the scalar curvature for Kaehlerian slant submanifolds in complex space forms.

Theorem 1. Let M be an n-dimensional (n ≥ 2) Kaehlerian slant submanifold of an n-

dimensional complex space form M̃(4c) of constant holomorphic sectional curvature 4c. Then

(1.2.1.1) ‖H‖2 ≥ 2(n+ 2)

n2(n− 1)
τ − n+ 2

n

(
1 + 3

cos2 θ

n− 1

)
c,

where θ is the slant angle of M .

In particular, for Lagrangian submanifolds, one derives:

Corollary. Let M be a Lagrangian submanifold of an n-dimensional (n > 1) complex space

form M̃(4c) of constant holomorphic sectional curvature 4c. Then

(1.2.1.2) ‖H‖2 ≥ 2(n+ 2)

n2(n− 1)
τ − n+ 2

n
c.

The inequality (1.2.1.2) was first obtained in [63].
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On the other hand, it is known that any proper slant surface is Kaehlerian slant. Thus, the
previous theorem implies the following.

Corollary. Let M be a proper slant surface in a complex space form M̃(4c) of complex dimen-
sion 2. Then the squared mean curvature ‖H‖2 and the Gaussian curvature G of M satisfy

(1.2.1.3) ‖H‖2 ≥ 2[G− (1 + 3 cos2 θ)c],

at each point p ∈M , where θ denotes the slant angle of the slant surface.

The above inequality was obtained by B.Y. Chen in [66] and, recently, as a corollary of a
result from [80].

Theorem 2. Let M be a purely real surface in a complex space form M̃(4c) of complex
dimension 2. Then

‖H‖2 ≥ 2[G− ‖∇α‖2 − (1 + 3 cos2 θ)c] + 4g(∇α, Jh(e1, e2)) cscα,

with respect to any orthonormal frame {e1, e2} satisfying g(∇α, e2) = 0 (α is the Wirtinger
angle, i.e., cosα = g(Je1, e2), and ∇α is the gradient of α).

• We first present the results obtained in [202].
We generalized Theorem 1 for purely real submanifolds with P parallel with respect to the

Levi-Civita connection, as follows.

Theorem 1.2.1.1. [202] Let M be a purely real n-dimensional (n ≥ 2) submanifold

with ∇P = 0 of an n-dimensional complex space form M̃(4c) of constant holomor-
phic sectional curvature 4c. Then

(1.2.1.4) ‖H‖2 ≥ 2(n+ 2)

n2(n− 1)
τ − n+ 2

n

[
1 + 3

‖P‖2

n(n− 1)

]
c.

Proof. Let p ∈ M and {e1, e2, ..., en} an orthonormal basis of the tangent space TpM such
that all ej’s are eigenvectors of P 2. An orthonormal basis {e∗1, e∗2, ..., e∗n} of the normal space
T⊥p M is defined by e∗i = Fei

‖Fei‖ , i = 1, n.
For a purely real submanifold with ∇P = 0 one has

AFXY = AFYX, ∀X, Y ∈ ΓTM,

or equivalently,
hk

ij = hj
ik = hi

kj,

where A means the shape operator and hk
ij = g(h(ei, ej), e

∗
k), i, j, k = 1, ..., n.

From the Gauss equation, it follows that

2τ = n2 ‖H‖2 − ‖h‖2 + c[n(n− 1) + 3 ‖P‖2].

By the definition, the squared mean curvature is given by

n2 ‖H‖2 =
∑

i

[
∑

j

(hi
jj)

2 + 2
∑
j<k

hi
jjh

i
kk].
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We derive

τ =
n(n− 1) + 3 ‖P‖2

2
c+

∑
i

∑
j<k

hi
jjh

i
kk −

∑
i6=j

(hi
jj)

2 − 3
∑

i<j<k

(hk
ij)

2.

If we denote m = n+2
n−1

, we get

n2 ‖H‖2 −m[2τ − n(n− 1)c− 3 ‖P‖2 c] =

=
∑

i

(hi
ii)

2 + (1 + 2m)
∑
i6=j

(hi
jj)

2 + 6m
∑

i<j<k

(hk
ij)

2 − 2(m− 1)
∑

i

∑
j<k

hi
jjh

i
kk =

=
∑

i

(hi
ii)

2 + 6m
∑

i<j<k

(hk
ij)

2 + (m− 1)
∑

i

∑
j<k

(hi
jj − hi

kk)
2+

+[1 + 2m− (n− 2)(m− 1)]
∑
i6=j

(hi
jj)

2 − 2(m− 1)
∑
i6=j

hi
iih

i
jj =

= 6m
∑

i<j<k

(hk
ij)

2 + (m− 1)
∑
i6=j,k

∑
j<k

(hi
jj − hi

kk)
2+

+
1

n− 1

∑
i6=j

[hi
ii − (n− 1)(m− 1)hi

jj]
2 ≥ 0.

It follows that
n2 ‖H‖2 −m[2τ − n(n− 1)c− 3 ‖P‖2 c] ≥ 0.

Using the definition of the real number m, the previous relation becomes

n2 ‖H‖2 − n+ 2

n− 1
[2τ − n(n− 1)c− 3 ‖P‖2 c] ≥ 0,

which is equivalent to the inequality to prove.

In [256] we proved Chen inequalities for slant submanifolds M in complex space forms M̃(c)
of constant holomorphic sectional curvature c.

We considered 2-plane sections π invariant by P and defined

δ′M(p) = τ(p)− inf{K(π)|π ⊂ TpM, dim π = 2, invariant byP},

where, as usual, we denoted by K(π) the sectional curvature associated with the 2-plane section
π and by τ(p) the scalar curvature at p ∈ M , τ(p) =

∑
1≤i<j≤nK(ei ∧ ej), with {e1, e2, ..., en}

an orthonormal basis of TpM.

Chen first inequality has the following form.

Theorem 1.2.1.2. [256] Given an m-dimensional complex space form M̃(4c) and a
θ-slant submanifold M, dimM = n, n ≥ 3, we have:

(1.2.1.5) δ′M(p) ≤ n− 2

2

{
n2

n− 1
‖H‖2 + (n+ 1 + 3 cos2 θ)c

}
.
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The equality case of the inequality holds at a point p ∈ M if and only if
there exist an orthonormal basis {e1, e2, ..., en} of TpM and an orthonormal ba-
sis {en+1, ..., e2m} of T⊥p M such that the shape operators of M in M̃(4c) at p have
the following forms:

An+1 =


a 0 0 ... 0
0 b 0 ... 0
0 0 µ ... 0
...

...
...

. . .
...

0 0 0 ... µ

 , a+ b = µ,

Ar =


hr

11 hr
12 0 ... 0

hr
12 −hr

11 0 ... 0
0 0 0 ... 0
...

...
...

. . .
...

0 0 0 ... 0

 ,

where one denotes by Ar = Aer, r = n+ 1, ..., 2m, and hr
ij = g(h(ei, ej), er), i, j = 1, ..., n,

r = n+ 1, ..., 2m.

Remark. The equality case implies the minimality for Kaehlerian slant submanifolds with
n = m [226].

In [202] we extended the above inequality to purely real submanifolds M in complex space
forms M̃(4c).

For a 2-plane section π ⊂ TpM, p ∈M, we denoted by

Φ2(π) = g2(Je1, e2),

where {e1, e2} is an orthonormal basis of π (see [51]). Then Φ2(π) is a real number in [0, 1],
which is independent of the choice of the orthonormal basis {e1, e2} of π.

We proved the following optimal inequality.

Theorem 1.2.1.3. [202] Let M be an n-dimensional (n ≥ 3) purely real submanifold
of an m-dimensional complex space form M̃(4c), p ∈ M and π ⊂ TpM a 2-plane
section. Then

(1.2.1.6) τ(p)−K(π) ≤ n2(n− 2)

2(n− 1)
‖H‖2 + [(n+ 1)(n− 2) + 3 ‖P‖2 − 6Φ2(π)]

c

2
.

Moreover, the equality case of the inequality holds at a point p ∈M if and only if
there exist an orthonormal basis {e1, e2, ..., en} of TpM and an orthonormal basis
{en+1, ..., e2m} of T⊥p M such that the shape operators takes the following forms:

An+1 =


a 0 0 . . . 0
0 b 0 . . . 0
0 0 µ . . . 0
...

...
...

. . .
...

0 0 0 ... µ

 , a+ b = µ,
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Ar =


hr

11 hr
12 0 . . . 0

hr
12 −hr

11 0 . . . 0
0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 ... 0

 , r ∈ {n+ 1, ..., 2m}.

Proof. Let p ∈ M , π ⊂ TpM a 2-plane section and {e1, e2} an orthonormal basis of π. We
construct {e1, e2, e3, ..., en} an orthonormal basis of TpM .

The Gauss equation implies

2τ = n2 ‖H‖2 − ‖h‖2 + [n(n− 1) + 3 ‖P‖2]c.

We put

ε = 2τ − n2(n− 2)

n− 1
‖H‖2 − [n(n− 1) + 3 ‖P‖2]c.

From the above two equations, we get

(1.2.1.7) n2 ‖H‖2 = (n− 1)(ε+ ‖h‖2).

We take en+1 parallel with H and construct {en+1, ..., e2m} an orthonormal basis of T⊥p M .
The equation (1.2.1.7) becomes

(
n∑

i=1

hn+1
ii )2 = (n− 1)(

2m∑
r=n+1

n∑
i,j=1

(hr
ij)

2 + ε],

or equivalently,

(
n∑

i=1

hn+1
ii )2 = (n− 1)

[
n∑

i=1

(hn+1
ii )2 +

∑
i6=j

(hn+1
ij )2 +

2m∑
r=n+2

n∑
i,j=1

(hr
ij)

2 + ε

]
.

By applying Chen’s Lemma, we obtain

2hn+1
11 hn+1

22 ≥
∑
i6=j

(hn+1
ij )2 +

2m∑
r=n+2

n∑
i,j=1

(hr
ij)

2 + ε.

The Gauss equation gives

K(π) = [1 + 3Φ2(π)]c+
2m∑

r=n+1

[hr
11h

r
22 − (hr

12)
2] ≥

≥ [1 + 3Φ2(π)]c+
1

2

∑
i6=j

(hn+1
ij )2 +

1

2

2m∑
r=n+2

n∑
i,j=1

(hr
ij)

2 +
ε

2
+

2m∑
r=n+2

hr
11h

r
22 −

2m∑
r=n+1

(hr
12)

2 =

= [1 + 3Φ2(π)]c+
1

2

∑
i6=j>2

(hn+1
ij )2 +

1

2

2m∑
r=n+2

∑
3≤i<j≤n

(hr
ij)

2+
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+
1

2

2m∑
r=n+2

(hr
11 + hr

22)
2 +

2m∑
r=n+1

n∑
j=3

[(hr
1j)

2 + (hr
2j)

2] +
ε

2
≥

≥ [1 + 3Φ2(π)]c+
ε

2
,

which implies the inequality to prove.
We have equality at a point p ∈M if and only if all the above inequalities become equalities

and the equality case of Chen’s Lemma holds. Thus the shape operators take the desired forms.

For n-dimensional Kaehlerian slant submanifolds (particular case of purely real submani-

folds) in n-dimensional complex space form M̃(4c) we proved an improved Chen first inequality.

Theorem 1.2.1.4. [202] Let M be an n-dimensional (n ≥ 3) Kaehlerian slant sub-
manifold in the complex space form M̃(4c), dimC M̃(4c) = n, and p ∈M, π ⊂ TpM a
2-plane section. Then

(1.2.1.8) τ(p)−K(π) ≤ n2(2n− 3)

2(2n+ 3)
‖H‖2 + [(n+ 1)(n− 2) + 3n cos2 θ − 6Φ2(π)]

c

2
.

Moreover, the equality case of the inequality (1.2.1.8) holds at a point p ∈M if and
only if there exists an orthonormal basis {e1, e2, ..., en} at p such that with respect
to this basis the second fundamental form takes the following form:

h(e1, e1) = ae∗1 + 3be∗3 h(e1, e3) = 3be∗1 h(e3, ej) = 4be∗j
h(e2, e2) = −ae∗1 + 3be∗3 h(e2, e3) = 3be∗2 h(ej, ek) = 4be∗3δjk
h(e1, e2) = −ae∗2 h(e3, e3) = 12be∗3 h(e1, ej) = h(e2, ej) = 0,

for some numbers a, b and j, k = 4, ..., n, where e∗i = Fei

‖Fei‖ , i = 1, ..., n.

Proof. Let p ∈ M , π ⊂ TpM a 2-plane section and {e1, e2, ..., en} an orthonormal basis of
the tangent space TpM such that e1, e2 ∈ π. An orthonormal basis {e∗1, e∗2, ..., e∗n} of the normal
space T⊥p M is defined by e∗i = Fei

sin θ
, i = 1, n. We denote by hk

ij = g(h(ei, ej), e
∗
k).

The Gauss equation implies

(1.2.1.9) τ(p) =
n∑

r=1

∑
1≤i<j≤n

[hr
iih

r
jj − (hr

ij)
2] + [(n(n− 1) + 3n cos2 θ]

c

2
,

and

(1.2.1.10) K(π) =
n∑

r=1

[hr
11h

r
22 − (hr

12)
2] + [1 + 3Φ2(π)]c,

respectively. Since M is a Kaehlerian slant submanifold, we have hk
ij = hi

jk = hj
ki.

From formulas (1.2.1.9) and (1.2.1.10), we obtain

(1.2.1.11) τ(p)−K(π) =
n∑

r=1

{
n∑

j=3

(hr
11 + hr

22)h
r
jj +

∑
3≤i<j≤n

hr
iih

r
jj −

n∑
j=3

[(hr
1j)

2 + (hr
2j)

2]+

+[(n+ 1)(n− 2) + 3n cos2 θ − 6Φ2(π)]
c

2
.
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It follows that
τ(p)−K(π) ≤

≤
n∑

r=1

[
n∑

j=3

(hr
11 + hr

22)h
r
jj +

∑
3≤i<j≤n

hr
iih

r
jj]−

n∑
j=3

(hj
11)

2 −
n∑

j=3

(h1
jj)

2 −
∑

2≤i6=j≤n

(hi
jj)

2+

+[(n+ 1)(n− 2) + 3n cos2 θ − 6Φ2(π)]
c

2
.

In order to achieve the proof, we will use some ideas and results from [40].
We point-out the following inequalities (see [40])

(1.2.1.12)
n∑

j=3

(hr
11 + hr

22)
2hr

jj +
∑

3≤i<j≤n

hr
iih

r
jj −

n∑
j=3

(hr
jj)

2 ≤

≤ n− 2

2(n+ 1)
(hr

11 + ...+ hr
nn)2 ≤ 2n− 3

2(2n+ 3)
(hr

11 + ...+ hr
nn)2,

for r = 1, 2. The first inequality is equivalent to

n∑
j=3

(hr
11 + hr

22 − 3hr
jj)

2 + 3
∑

3≤i<j≤n

(hr
ii − hr

jj)
2 ≥ 0.

The equality holds if and only if 3hr
jj = hr

11 + hr
22, ∀j = 3, ..., n.

The equality holds in the second inequality if and only if hr
11 + hr

22 + ...+ hr
nn = 0.

Also, we have

n∑
j=3

(hr
11 + hr

22)
2hr

jj +
∑

3≤i<j≤n

hr
iih

r
jj −

n∑
j=3

(hr
jj)

2 ≤ 2n− 3

2(2n+ 3)
(hr

11 + ...+ hr
nn)2,

for r = 3, ..., n, which is equivalent to (see [40])

(1.2.1.13)
∑

3≤j≤n,j 6=r

[2(hr
11 + hr

22)− 3hr
jj]

2 + (2n+ 3)(hr
11 − hr

22)
2+

+6
∑

3≤j≤n,j 6=r

(hr
ii − hr

jj)
2 + 2

n∑
j=3

(hr
rr − hr

jj)
2 + 3[hr

rr − 2(hr
11 + hr

22)]
2 ≥ 0.

The equality holds if and only if
hr

11 = hr
22 = 3λr,

hr
jj = 4λr, ∀j = 3, ..., n, j 6= r, λr ∈ R.
hr

rr = 12λr,

By summing the inequalities (1.2.1.12) and (1.2.1.13) we obtained the inequality (1.2.1.8).
Combining the above equality cases, we get the desired forms of the second fundamental

form.

In particular, we derive the following.
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Theorem 1.2.1.5. [202] Let M be an n-dimensional (n ≥ 3) Kaehlerian slant sub-
manifold in the complex space form M̃(4c), dimC M̃(4c) = n, p ∈ M,π ⊂ TpM a
2-plane section. Then

(1.2.1.14) δ′M(p) ≤ n2(2n− 3)

2(2n+ 3)
‖H‖2 + (n− 2)[n+ 1 + 3 cos2 θ]

c

2
.

The equality case of the inequality holds at a point p ∈M if and only if, with re-
spect to a suitable orthonormal basis {e1, e2, ..., en} of TpM the second fundamental
form h takes the same form as in Theorem 1.2.1.4.

Proof. If M is Kaehlerian slant and π is invariant by P , one has Φ2(π) = cos2 θ.

In contrast with the last remark, the equality case does not imply the minimality of the
submanifold. However we stated the following result.

Theorem 1.2.1.6. [202] Let M be an n-dimensional Kaehlerian slant submanifold
in the complex space form M̃(4c), dimC M̃(4c) = n and n ≥ 4. If the equality case
holds identically in (1.2.1.14), then M is a minimal submanifold.

The proof is similar to that of Theorem 3 from [40].

In the case n = 3 there is an example of non-minimal Lagrangian submanifold in CP 3

satisfying the equality case of (1.2.1.8) [41].

• In [95] we presented a general construction method to obtain the explicit expression of a
purely real submanifold in the complex hyperbolic plane CHn(−4) via Hopf’s fibration. For the
details, see [93] (the same method applies to CP n(4) with minor modification).

Let Cn+1
1 denote the complex number (n+1)-space together with Hermitian inner product:

F (z, w) = −z0w̄0 +
n∑

j=1

zjw̄j,

for z = (z0, . . . , zn) and w = (w0, . . . , wn) in Cn+1
1 . Denote by

(1.2.1.15) H2n+1
1 = {z ∈ Cn+1

1 : F (z, z) = −1}.

Then H2n+1
1 is a real hypersurface of Cn+1

1 whose tangent space at z ∈ H2n+1
1 is

TzH
2n+1 = {w ∈ Cn+1

1 : ReF (z, w) = 0}.

The restriction of the real part of F , Re F , on H2n+1
1 gives rise to a pseudo-Riemannian

metric g on H2n+1
1 . It is well-known that H2n+1

1 together with g is a Lorentzian manifold of
constant sectional curvature −1, which is known as the anti-de Sitter space.

We put
T ′z = {u ∈ Cn+1

1 : ReF (u, v) = ReF (u, iz) = 0}

and H1
1 = {η ∈ C : ηη̄ = 1}. Then we have an H1

1 -action on H2n+1
1 , z 7→ ηz. At z ∈

H2n+1
1 (−1), the vector iz is tangent to the flow of the action. Since F is Hermitian, we have

Re F (iz,iz) = −1. Notice that the orbit is given by zt = eitz with dzt/dt = izt which lies in
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the negative-definite plane spanned by z and iz. The quotient H2n+1
1 /∼ under the action is the

complex hyperbolic n-space CHn(−4) of constant holomorphic sectional curvature −4.
The complex structure J on CHn(−4) is induced from the complex structure J on Cn+1

1

via the Hopf fibration:

(1.2.1.16) π : H2n+1
1 → CHn(−4),

which is a Riemannian submersion with totally geodesic fibers. If z ∈ H2n+1
1 we put

(1.2.1.17) V = Jz.

Then V is a time-like unit vector tangent to the fiber of the submersion at z.
Denote by ∇̂ and ∇̃ the Levi-Civita connections of H2n+1

1 and CHn(−4), respectively. Let
X∗ denote the horizontal lift of a tangent vector X of M . For vector fields X, Y tangent to
CHn(−4) and V normal to CHn(−4), we have

(1.2.1.18) ∇̂X∗Y ∗ = (∇̃XY )∗ + 〈JX, Y 〉V,

(1.2.1.19) ∇̂X∗V = ∇̂VX
∗ = (JX)∗.

Let φ : M → CHn(−4) be an isometric immersion from a Riemannian m-manifold M into
CHn(−4). Then the pre-image M̂ = π−1(M) is a principal circle bundle over M with totally
geodesic fibers. The lift φ̂ : M̂ → H2n+1

1 of φ is an isometric immersion such that the diagram:

(1.2.1.20)
M̂

φ̂−→ H2n+1
1 (−1)

π ↓ ↓π

M
φ−→ CHn(−4)

commutes.
Conversely, if ψ : M̂ → H2n+1

1 (−1) is an isometric immersion invariant under the action,
there is a unique isometric immersion ψπ : π(M̂) → CHn(−4), called the projection of ψ, such
that the associated diagram commutes.

Since V generates the vertical subspaces of the Riemannian submersion (1.2.1.16), we have
the following orthogonal decomposition:

TzM̂ = (Tπ(z)M)∗ ⊕ Span{V }.

Let ∇ be the Levi-Civita connection of M . Then we have

(1.2.1.21) ∇̂X∗Y ∗ = (∇XY )∗ + (h(X, Y ))∗ + 〈JX, Y 〉V,

for X, Y tangent to M , where h is the second fundamental form of M in CHn(−4).
If ξ is a normal vector field of M in CHn(−4), then (1.2.1.18) yields

(1.2.1.22) ∇̂X∗ξ∗ = (∇̃Xξ)
∗ + 〈JX, ξ〉V.

Hence, by the Weingarten formula, we have

(1.2.1.23) Âξ∗X
∗ = (AξX)∗ − 〈FX, ξ〉V,
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(1.2.1.24) D̂X∗ξ∗ = (DXξ)
∗,

where A and Â are the shape operators of M in CHn(−4) and M̂ in H2n+1
1 , respectively, and

D and D̂ are the corresponding normal connections.
From (1.2.1.18) we have

(1.2.1.25) ĥ(X∗, Y ∗) = (h(X, Y ))∗,

where ĥ denotes the second fundamental form of M̂ in H2n+1
1 . By using (1.2.1.25) we also have

(1.2.1.26) ∇′
X∗Y ∗ = (∇XY )∗ + 〈JX, Y 〉V,

where ∇′ is the Levi-Civita connection of M̂ .
Also, it follows from (1.2.1.19) that

(1.2.1.27) ĥ(X∗, V ) = (FX)∗, ∇′
X∗V = ∇′

VX
∗ = (FX)∗

for X tangent to M .
Let z : H5

1 → C3
1 denote the standard inclusion and ∇̆ be the Levi-Civita connection of C3

1.
If M is a purely real surface of CH2(−4), then it follows from (1.2.1.15), (1.2.1.17), (1.2.1.19),
(1.2.1.21), (1.2.1.25), (1.2.1.26) and (1.2.1.27) that

(1.2.1.28)

 ∇̆X∗Y ∗ = (∇XY )∗ + (h(X, Y ))∗ + 〈JX, Y 〉V + 〈X, Y 〉z,
∇̆X∗V = ∇̆VX

∗ = (JX)∗,
∇̆V V = −z,

for X, Y tangent to M .
On H2n+1

1 (−1) ⊂ Cn+1
1 we consider the induced Sasakian structure (g, φ, ξ), where the (1,1)-

tensor φ is obtained from the projection of the canonical complex structure J of Cn+1
1 onto the

tangent bundle of H2n+1
1 and ξ = V .

Now, in [95] we define the notion of contact purely real submanifolds as follows.

Let (M̃2m+1, g, φ, ξ) be an almost contact metric (2m + 1)-manifold endowed with a Rie-
mannian (or pseudo-Riemannian) metric g, an almost contact (1, 1)-tensor φ, and the structure
vector field ξ. Then an immersion f : N → M̃2m+1 of a manifold N into M̃2m+1 is called
contact purely real if it satisfies

(i) the structure vector field ξ of M̃2m+1 is tangent to f∗(TN) and

(ii) for any nonzero vector X tangent to f∗(TpN) and perpendicular to ξ, φ(X) is transversal
to f∗(TpN).

The following lemma is easy to verify:

Lemma 1.2.1.7. The immersion ψ : M → CHn(−4) is purely real if and only if the lift
ψ̂ : π−1(M) → H2n+1

1 of ψ is contact purely real, where π : H2n+1
a → CHn(−4) is the Hopf

fibration.

In principle, the method to obtain the representation of a purely real surface in
CH2(−4) is by solving the PDE system (1.2.1.28). This procedure goes as follows:
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First, we determine both the intrinsic and extrinsic structures of the purely real surface.
Next, we construct a coordinate system on the associated contact purely real surface M̂ =
π−1(M). After that we solve the PDE system via the coordinate system on M̂ to obtain the
explicit solution of the system. Such solution gives rise to the desired explicit expression of the
contact purely real surface M̂ of H5

1 via π.

The same method also applies to purely surfaces in CP 2(4).

The following general optimal inequality was given in [80].

Theorem 1.2.1.8. Let M be a purely real surface in a complex space form M̃2(4ε). Then
we have

(1.2.1.29) H2 ≥ 2{K − ||∇α||2 − (1 + 3 cos2 α)ε}+ 4〈∇α, Jh(e1, e2)〉 cscα

with respect to any orthonormal frame {e1, e2} satisfying 〈∇α, e2〉 = 0, where ∇α is the gradient
of the Wirtinger angle α and H2 and K are the squared mean curvature and the Gauss curvature
of M , respectively.

The equality case of (1.2.1.29) holds identically if and only if the shape operators take the
following forms

(1.2.1.30) Ae3 =

(
3ϕ δ
δ ϕ

)
, Ae4 =

(
δ + e1α ϕ
ϕ 3δ + 3e1α

)
,

with respect some suitable adapted orthonormal frame {e1, e2, e3, e4}.
A purely real surface in a complex space form M̃2(4ε) is said to satisfy the basic equality if

it satisfies the equality case of inequality (1.2.1.29) identically.

We classified the minimal surfaces in M̃2(4ε) satisfying the basic equality.

Theorem 1.2.1.9. [95] Let M be a purely real minimal surface of a complex
space form M̃2(4ε). If M satisfies the basic equality, then we have either

(a) ε > 0 and M is a totally geodesic Lagrangian surface or

(b) ε ≤ 0.
Proof. Assume that M is a purely real minimal surface in a complex space form M̃2(4ε).

We choose an adapted orthonormal frame {e1, e2, e3, e4} such that the gradient of α is parallel
to e1 at p. So, we have ∇α = (e1α)e1. Let us put

(1.2.1.31) h(e1, e1) = βe3 + γe4, h(e1, e2) = δe3 + ϕe4, h(e2, e2) = λe3 + µe4.

If M satisfies the equality case of (1.2.1.29), then Theorem 1.2.1.8 implies that the second
fundamental form satisfies

(1.2.1.32) h(e1, e1) = 0, h(e1, e2) = −(e1α)e3, h(e2, e2) = 0.

If M is a slant surface, then α is constant. So, it follows from (1.2.1.30) that M is a totally
geodesic purely real surface. In this case, M is a totally geodesic Lagrangian surface of constant
curvature ε (cf. [98, Theorem 3.1]).

Next, assume that M is a non-slant minimal surface, i.e., ∇α 6= 0 holds. Then M contains
only isolated totally geodesic points since M is minimal. Therefore, U = {p ∈M : ∇α(p) 6= 0}
is a dense open subset of M .
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Because Span {e1} and Span {e2} are one-dimensional distributions, there exists a local
coordinate system {x, y} on U such that ∂/∂x and ∂/∂y are parallel to e1, e2, respectively.
Thus, the metric tensor g on U takes the following form:

(1.2.1.33) g = E2dx2 +G2dy2,

where E and G are positive functions.
The Levi-Civita connection of satisfies

(1.2.1.34)


∇ ∂

∂x

∂
∂x

= Ex

E
∂
∂x
− EEy

G2
∂
∂y
,

∇ ∂
∂x

∂
∂y

= Ey

E
∂
∂x

+ Gx

G
∂
∂y
,

∇ ∂
∂y

∂
∂y

= −GGx

E2
∂
∂x

+ Gy

G
∂
∂y
.

Let us put

(1.2.1.35) e1 =
1

E

∂

∂x
, e2 =

1

G

∂

∂y
.

From e2α = 0, we have α = α(x). It follows from (1.2.1.35) and (1.2.1.35) that

(1.2.1.36)

h
(

∂
∂x
, ∂

∂x

)
= h

(
∂
∂y
, ∂

∂y

)
= 0,

h
(

∂
∂x
, ∂

∂y

)
= −α′(x)G

E
e3.

Recall the following Lemma from [81].

Lemma. Let M be a purely real surface in a Kaehler surface. Then, with respect to an
adapted orthonormal frame {e1, e2, e3, e4}, we have

e1α = h4
11 − h3

12, e2α = h4
12 − h3

22,{
Φ1 = ω1 − (h3

11 + h4
12) cotα,

Φ2 = ω2 − (h3
12 + h4

22) cotα,

where ∇Xe1 = ω(X)e2, ∇⊥
Xe3 = Φ(X)e4, ωj = ω(ej) and Φj = Φ(ej) for j = 1, 2.

It follows from (1.2.1.32), (1.2.1.34), (1.2.1.35) and the above Lemma that

(1.2.1.37) Φ

(
∂

∂x

)
= −Ey

G
, Φ

(
∂

∂y

)
=
Gx + α′(x)G cotα

E
.

Thus, we find from (1.2.1.36) and (1.2.1.37) that

(1.2.1.38)



(
∇̄ ∂

∂y
h
)(

∂
∂x
, ∂

∂x

)
= 2α′(x)Gx

E
e3,(

∇̄ ∂
∂x
h
)(

∂
∂x
, ∂

∂y

)
= 2α′(x)ExG−α′′(x)EG

E2 e3 + α′(x)Ey

E
e4,(

∇̄ ∂
∂x
h
)(

∂
∂y
, ∂

∂y

)
= 2α′(x)EyG

E2 e3,(
∇̄ ∂

∂y
h
)(

∂
∂x
, ∂

∂y

)
= 2α′(x)EyG

E2 e3 − α′(x)G(Gx+α′(x)G cot α)
E2 e4.
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It follows that

(1.2.1.39)


(

∂
∂x

)⊥
= 3εE2G sinα cosαe3,(

R̃
(

∂
∂x
, ∂

∂y

)
∂
∂y

)⊥
= −3εEG2 sinα cosαe4,

g̃
(
R̃
(

∂
∂x
, ∂

∂y

)
∂
∂y
, ∂

∂x

)
= (1 + 3 cos2 α)εE2G2.

Hence, we discover from (1.2.1.38), (1.2.1.39) and the equation of Codazzi that

(1.2.1.40) Ey = 0,

(1.2.1.41) 2α′(x)(EGx − ExG) + α′′(x)EG = 3εE4G sinα cosα,

(1.2.1.42) α′(x)Gx + α′2(x)G cotα = −3εE3G sinα cosα.

It follows from (1.2.1.40) that E = E(x). Thus, we may choose x, y such that

(1.2.1.43) g = dx2 +G2dy2.

From this we see that Gauss curvature is given by

(1.2.1.44) K = −Gxx

G
.

On the other hand, from (1.2.1.30), the last equation in (1.2.1.39) and (1.2.1.44) we have

(1.2.1.45) Gxx = G(α2
x − 3ε cos2 α− ε).

Since E is assumed to be one, (1.2.1.41) and (1.2.1.42) reduce to

(1.2.1.46) 2α′(x)Gx +Gα′′(x) = 3εG sinα cosα,

(1.2.1.47) α′(x)Gx + α′2(x)G cotα = −3εG sinα cosα.

Summing up the last two relations we get

(1.2.1.48)
α′′(x)

α′(x)
= −3

Gx

G
− α′(x) cotα.

After solving the last equation for G we obtain

(1.2.1.49) G =
f(y) csc

1
3 α

α′
1
3 (x)

for some nonzero function f(y). Substituting this into (1.2.1.47) gives

(1.2.1.50) α′′ = 2α′2 cotα+ 9ε sinα cosα.
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Now, by substituting (1.2.1.49) into (1.2.1.45) we discover

(1.2.1.51) 3α′α′′′ = 4α′′2 + α′2(9ε(1 + 3 cos2 α)− α′′ cotα) + α′4(4 cot2 α− 6).

From the last two relations we obtain ε(4α′2 +9ε sin2 2α) = 0, which is impossible unless ε ≤ 0.
This proves the theorem.

In view of Theorem 1.2.1.9, we classified purely real minimal surfaces in CH2(−4) satisfying
the basic equality.

Theorem 1.2.1.10. [95] Let M be a purely real minimal surface of the complex
hyperbolic plane CH2(−4). Then M satisfies the basic equality if and only if it is
congruent to an open portion of one of following two surfaces:

(1) A real hyperbolic plane H2 of constant curvature −1 embedded in CH2(−4)
as a totally geodesic Lagrangian surface.

(2) A surface in CH2(−4) given by π◦z, where π : H5
1 (−1) → CH2(−4) is the Hopf

fibration and z : R3 → H5
1 ⊂ C3

1 is given by

z(x, u, t) =
ei(t+u)−x

3 3
√

4

(
3i

3
√

2 sinh(
√

3u) +
√

3(
3
√

2 + 2e2x) cosh(
√

3u),

3e2x cosh(
√

3u) + i
√

3(2
3
√

2 + e2x) sinh(
√

3u),

√
3

e3iu
(

3
√

2− e2x)

)
.

This purely real surface has non-constant Wirtinger angle α = arctan (e3x).

Next, we classified purely real surfaces with circular ellipse of curvature in CP 2(4) and in
CH2(−4) which satisfy the basic equality.

Theorem 1.2.1.11. [95] Let M be a purely real surface with circular ellipse of
curvature in a complex space form M̃2(4ε), ε = ±1. If M satisfies the basic equality,
then we have either

(1) M is a Lagrangian surface satisfying the equality

H2 = 2K − 2ε

identically, or

(2) ε = −1 and M is congruent to an open portion of a proper slant surface
in CH2(−4) given by π ◦ z, where π : H5

1 → CH2(−4) is the Hopf fibration and
z : M → H5

1 ⊂ C3
1 is defined by

z(u, v, t) = eit

(
3

2
cosh av +

1

6
u2e−av − i

6

√
6u(1 + e−av)− 1

2
,

1

3
(1 + 2e−av)u+ i

√
6

(
−1

3
+

1

4
eav + e−av

(
1

12
+

1

18
u2

))
,

√
2

6
(1− e−av)u+ i

√
3

(
1

6
+

1

4
eav + e−av

(
− 5

12
+

1

18
u2

)))
, a =

√
2

3
.
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Remark. Lagrangian surfaces in complex space form M̃2(4ε) with ε = 1 or −1 satisfying
the equality have been completely classified in [55, 63, 101]. Such surfaces have circular ellipse
of curvature.

A surface M in a Kaehler surface is said to have full second fundamental form if its first
normal space Imh satisfies dim (Imh) = 2 identically. It is said to have degenerate second
fundamental form if dim (Imh) < 2 holds at each point in M .

Theorem 1.2.1.12. [95] Let M be a purely real surface satisfying the basic equal-
ity in a complex space form M̃2(4ε) with ε = ±1. If M has degenerate second
fundamental form, then either

(i) M is a totally geodesic Lagrangian surface or

(ii) ε = −1 and M is locally congruent to the surface given by π ◦ z, where
π : H5

1 (−1) → CH2(−4) is the Hopf fibration and z : R3 → H5
1 ⊂ C3

1 is

z(x, u, t) =
ei(t+u)−x

3 3
√

4

(
3i

3
√

2 sinh(
√

3u) +
√

3(
3
√

2 + 2e2x) cosh(
√

3u),

3e2x cosh(
√

3u) + i
√

3(2
3
√

2 + e2x) sinh(
√

3u),

√
3

e3iu
(

3
√

2− e2x)

)
.

• By continuing this idea, in [94] we considered purely real surfaces with harmonic Wirtinger
function and purely real surfaces with closed canonical form. In order to do so, first we proved a
general formula for the Laplacian of the Wirtinger function involving the canonical form. Then
we provide a necessary and sufficient condition for non-minimal proper purely real surfaces to
have closed canonical form. As applications, we obtained several classification results for purely
real surfaces to have harmonic Wirtinger function or with closed canonical form.

Let M be a purely real surface in a Kaehler surface M̃ . We recall a 1-form ΨH on M defined
by ([59])

(1.2.1.52) ΨH(X) = (csc2 α)〈H, JX〉,

for X ∈ TM , where α is the Wirtinger function of M . Since M is purely real, ΨH is a
well-defined on M . We call this 1-form ΨH the canonical form.

For a Lagrangian surface in C2, ΨH is a closed form. Moreover, up constants, it represents
the Maslov class of the Lagrangian surface (cf. [244]). However, when the purely real surface
is non-Lagrangian, this form is non-closed in general.

We established the following general formula for purely real surfaces in a complex space
form M̃2(4ε).

Theorem 1.2.1.13. [94] Let M be a purely real surface in a complex space form
M̃2(4ε) of constant holomorphic sectional curvature 4ε. Then we have

(1.2.1.53) ∆α =
{
||∇α||2 + 6ε sin2 α

}
cotα+ 2(sinα) ∗ dΨH ,

where ∇α is the gradient of α, ∆α := div(∇α) is the Laplacian of α, and ∗ is the
Hodge star operator .

An immediate consequence of Theorem 1.2.1.13 is the following.
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Corollary 1.2.1.14. [96] Every slant surface M in C2 satisfies dΨH = 0.

Remark. This result is false if the ambient space C2 were replaced by a non-flat complex
space form M̃2(4ε).

Besides minimal surfaces and slant surfaces, there exist many non-minimal, non-slant purely
real surfaces in C2 which satisfy ∆α = 0 or dΨH = 0. For instance, a large family of such
surfaces can be obtained from surfaces of revolution.

Proposition 1.2.1.15. [94] Let φ(s) = (r(s), z(s)) be a unit space curve in E2 with
r(s) > 0 and r′(s) 6= 1. Consider the surface of revolution in C×R ⊂ C2 defined by

(1.2.1.54) L(s, θ) = (r(s)eiθ, z(s)).

Then we have:
(i) The surface of revolution in C2 has harmonic Wintinger function if and

only if r(s) satisfies

(1.2.1.55) r′′′(s) =
r′(s)r′′(s)[r(s)r′′(s)− r′(s)2 + 1]

r(s)(r′(s)2 − 1)
.

(ii) The surface of revolution in C2 is a non-slant, non-minimal surface with
dΨH = 0 if and only if r(s) satisfies

(1.2.1.56) r′′′(s) =
r′(s)r′′(s)[2r(s)r′′(s)− r′(s)2 + 1]

r(s)[r′(s)2 − 1]
,

(1.2.1.57) r′′(s) 6= 0, rr′′ + r′2 6= 1.

An immediate consequence of Theorem 1.2.1.13 is the following.

Corollary 1.2.1.16. [81] Let M be a purely real minimal surface in a complex space form
M̃2(4ε). Then we have

∆α =
{
||∇α||2 + 6ε sin2 α

}
cotα.

By applying the above corollary one obtains the following.

Corollary 1.2.1.17. [98] Every slant surface in a complex space form M̃2(4ε) with ε 6= 0
is non-minimal unless it is either Lagrangian or complex.

Corollary 1.2.1.18. [81] Let M be a purely real minimal surface in the complex Euclidean
plane C2. If the Wirtinger function α is a harmonic function, then M is slant.

Corollary 1.2.1.19. [98] Let M be a purely real minimal surface in complex projective
plane CP 2. If the Wirtinger function α is harmonic, then M is Lagrangian.

For minimal surfaces in CH2, we have the following.

Theorem 1.2.1.20. [94] A minimal surface in the complex hyperbolic plane CH2

has harmonic Wirtinger function if and only if it is either a complex surface or
a minimal Lagrangian surface.
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Remark. Obviously, there exist many complex surfaces in CH2(−4). In fact, every holo-
morphic curve in CH2(−4) is a such example.

Remark. There exist many minimal Lagrangian surfaces in CH2(−4). The simplest one
is the hyperbolic plane H2(−1) of curvature −1 isometrically immersed into CH2(−4) as a
totally geodesic Lagrangian surface.

For non-totally geodesic Lagrangian minimal surfaces in CH2(−4), we have the following
existence and uniqueness result from Corollary 3.6 in [67, page 667] (after putting ϕ = µ2/3).

Proposition 1.2.1.21. [67] If M is a minimal Lagrangian surface without totally geodesic
points in CH2(−4). Then, with respect to suitable coordinates x, y, we have

(a) the metric tensor of M takes the form of g = ϕ−1 (dx2 + dy2) for some positive function
ϕ satisfying Poisson’s equation:

(1.2.1.58)
∂2(lnϕ)

∂x2
+
∂2(lnϕ)

∂y2
= −2 (1 + 2ϕ3)

ϕ
;

(b) the second fundamental form h is given by

(1.2.1.59)
h
(

∂
∂x , ∂

∂x

)
= −ϕJ

(
∂
∂x

)
, h

(
∂
∂x , ∂

∂y

)
= ϕJ

(
∂
∂y

)
,

h
(

∂
∂y , ∂

∂y

)
= ϕJ

(
∂
∂x

)
.

Conversely, if ϕ is a positive function defined on a simply-connected domain U of R2 satis-
fying (1.2.1.58) and if g = ϕ−1 (dx2 + dy2) is the metric tensor on U , then, up to rigid motions
of CH2(−4), there is a unique minimal Lagrangian isometric immersion of U into CH2(−4)
whose second fundamental form is given by (1.2.1.59).

Because (1.2.1.58) admits infinitely many solutions, there are abundant examples of minimal
Lagrangian surfaces in CH2(−4).

It follows from that each solution of this Poisson’s equation is non-constant. Thus, an
immediate consequence of Proposition 1.2.1.21 is the following (see, also [97, 131]).

Corollary 1.2.1.22. Every non-totally geodesic Lagrangian minimal surface in CH2(−4)
has non-constant Gauss curvature K = −(1 + 2ϕ3) ≤ −1 (associated with some solution ϕ of
(1.2.1.58)).

Trivially, we have ΨH = 0 for minimal purely real surfaces. Moreover, it was proved in [59]
that dΨH = 0 holds for every slant surface in C2.

We studied purely real surfaces in a Kaehler surface with closed canonical form.
For a non-minimal purely real surfaceM in a Kaehler surface M̃2, we may choose an adapted

frame e1, e2, e3, e4 such that H is parallel to e3, H = me3, µ = −γ, where m = (β + λ)/2 is the
mean curvature of M . We call such a frame on M an H-adapted frame.

Proposition 1.2.1.23. [94] Let M be a non-minimal proper purely real surface
in a Kaehler surface M̃2. Then the canonical form ΨH is closed if and only if,
with respect to an H-adapted frame, there exists an orthogonal coordinate system
{x, y} such that e1 = p−1 ∂

∂x
and e2 = q−1 ∂

∂y
with p = (f(x) sinα)/m for some function

f(x).
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Obviously, every purely real minimal surface in a complex space form M2(4ε) satisfying
dΨH = DH = 0. The next theorem determines purely real surfaces in complex space forms
M2(4ε) satisfying dΨH = DH = 0.

Theorem 1.2.1.24. [94] Every purely real surface in a complex space form M̃2(4ε)
satisfying dΨH = DH = 0 is either a minimal surface or a Lagrangian surface .

Recall that Lagrangian surfaces in complex space forms M̃2(4ε) satisfy dΨH = 0 (see, for
instance, [306]).

It is known that a Lagrangian surface in C2 with nonzero parallel mean curvature vector is
either an open part of the product two circles: S1(r1)× S1(r2) ⊂ C ×C or an open part of a
circular cylinder: S1 × E1 ⊂ C×C (cf. [59] [page 50, Theorem 1.1]).

Lagrangian surfaces with nonzero parallel mean curvature vector in CP 2(4) and in CH2(−4)
are parallel surfaces. Such surfaces are already been classified (cf. [92, Appendix]). In fact, we
have the following:

A Lagrangian surface with nonzero parallel mean curvature vector in CP 2(4) is a flat surface
whose immersion is congruent to π ◦ L, where π : S5(1) → CP 2(4) is the Hopf-fibration and
L : M2 → S5(1) ⊆ C3 is given by

L(x, y) =

(
a e−ix/a

√
1 + a2

,
ei(ax+by)

√
1 + a2 + b2

sin
(√

1 + a2 + b2 y
)
,

ei(ax+by)

√
1 + a2

(
cos
(√

1 + a2 + b2 y
)
− ib√

1 + a2 + b2
sin
(√

1 + a2 + b2 y
)))

,

where a and b are real numbers with a 6= 0.
A Lagrangian surface with nonzero parallel mean curvature vector in CH2(−4) is a flat

surface whose immersion is congruent to π ◦ L, where π : H5
1 (−1) → CH2(−4) is the Hopf-

fibration and L : M2 → H5
1 (−1) ⊆ C3

1 is one of the following six maps:

(1) L(x, y) =

(
ei(ax+by)

√
1− a2

(
cosh

(√
1− a2 − b2 y

)
−
ib sinh

(√
1− a2 − b2 y

)
√

1− a2 − b2

)
,

ei(ax+by)

√
1− a2 − b2

sinh
(√

1− a2 − b2 y
)
,
a eix/a

√
1− a2

)
,

with a, b ∈ R, a 6= 0 and a2 + b2 < 1;

(2) L(x, y) =

((
i

b
+ y

)
ei(

√
1−b2x+by), yei(

√
1−b2x+by),

√
1− b2

b
eix/

√
1−b2

)
,

with b ∈ R, 0 < b2 < 1;

(3) L(x, y) =

(
ei(ax+by)

√
1− a2

(
cos
(√

a2 + b2 − 1 y
)
−
ib sin

(√
a2 + b2 − 1 y

)
√
a2 + b2 − 1

)
,

ei(ax+by)

√
a2 + b2 − 1

sin
(√

a2 + b2 − 1 y
)
,
a eix/a

√
1− a2

)
,
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with a, b ∈ R, 0 < a2 < 1 and a2 + b2 > 1;

(4) L(x, y) =

(
a eix/a

√
a2 − 1

,
ei(ax+by)

√
a2 + b2 − 1

sin
(√

a2 + b2 − 1 y
)
,

ei(ax+by)

√
a2 − 1

(
cos
(√

a2 + b2 − 1 y
)
−
ib sin

(√
a2 + b2 − 1 y

)
√
a2 + b2 − 1

))
,

with a, b ∈ R, a2 > 1;

(5) L(x, y) =
eix

8b2
(
i+ 8b2(i+ x)− 4by, i+ 8b2x− 4by, 4be2iby

)
,

with b ∈ R, b 6= 0;

(6) L(x, y) = eix

(
1 +

y2

2
− ix, y,

y2

2
− ix

)
.

The following two propositions follow easily from Theorem 1.2.1.13.

Proposition 1.2.1.25. [94] Let M be a purely real surface in the complex Eu-
clidean plane C2. Then M is a slant surface if and only if we have ∆α = dΨH = 0.

Proposition 1.2.1.26. [94] Let M be a purely real surface in the complex pro-
jective plane CP 2. Then M is a Lagrangian surface if and only if we have
∆α = dΨH = 0.

In contrast to Corollary 1.2.1.14, we have the following consequence of Proposition 1.2.1.26.

Corollary 1.2.1.27. [94] Every proper slant surface M in CP 2 satisfies dΨH 6= 0.

For purely real surfaces in CH2, we also have the following.

Theorem 1.2.1.28. [94] A purely real surface M in a complex hyperbolic plane
CH2 satisfies ∆α = dΨH = 0 if and only if M is a Lagrangian surface .

• Next, we consider again Kaehlerian slant submanifolds in complex space forms.
B.Y. Chen proved in [71] an optimal inequality for Lagrangian submanifolds (particular case

of purely real submanifolds) in complex space forms in terms of the Ricci curvature and the
squared mean curvature, well-known as the Chen-Ricci inequality. Recently, the Chen-Ricci
inequality was improved in [117] for Lagrangian submanifolds in complex space forms.

We extended the improved Chen-Ricci inequality to Kaehlerian slant submanifolds in com-
plex space forms. We also investigated the equality case of the inequality.

Definition. A slantH-umbilical submanifold of a Kaehler manifold M̃n is a slant submanifold
for which the second fundamental form takes the following forms:

h(e1, e1) = λe∗1, h(e2, e2) = · · · = h(en, en) = µe∗1,

h(e1, ej) = µe∗j , h(ej, ek) = 0, 2 ≤ j 6= k ≤ n,

where e∗1, . . . , e
∗
n are defined as before.

Recall some known results.
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In [68], B. Y. Chen established a sharp relationship between the Ricci curvature and the
squared mean curvature for any n-dimensional Riemannian submanifold of a real space form
M̃(c) of constant sectional curvature c; namely,

Ric(X) ≤ (n− 1)c+
n2

4
‖H‖2 ,

which is well-known as the Chen-Ricci inequality. The same inequality holds for Lagrangian
submanifolds in a complex space form M̃(4c) as well (see [71]).

I. Mihai proved a similar inequality in [224] for certain submanifolds of Sasakian space
forms.

In [192], Matsumoto, Mihai and Oiagă extended the Chen-Ricci inequality to the following
inequality for submanifolds in complex space forms.

Theorem. [192] Let M be an n-dimensional submanifold of a complex m-

dimensional complex space form M̃(4c). Denote by J the complex structure of

M̃(4c). Then :
(i) For each vector X ∈ TpM we have

Ric(X) ≤ (n− 1)c+
n2

4
‖H‖2 + 3c ‖PX‖2 ,

where PX is the tangential component of JX.
(ii) If H(p) = 0, then a unit tangent vector X at p satisfies the equality case if and
only if X ∈ kerhp;
(iii) The equality case holds identically for all unit tangent vectors at p if and only
if p is a totally geodesic point or n = 2 and p is a totally umbilical point.

In particular, for θ-slant submanifolds, the following result holds.

Corollary. [192] Let M be an n-dimensional θ-slant submanifold of a complex

space form M̃(4c). Then :
(i) For each vector X ∈ TpM we have

Ric(X) ≤ (n− 1)c+
n2

4
‖H‖2 + 3c cos2 θ.

(ii) If H(p) = 0, then a unit tangent vector X at p satisfies the equality case if and
only if X ∈ kerhp;
(iii) The equality case holds identically for all unit tangent vectors at p if and only
if p is a totally geodesic point or n = 2 and p is a totally umbilical point.

The Chen-Ricci inequality was further improved to the following for Lagrangian submani-
folds (cf. [117]).

Theorem. Let M be a Lagrangian submanifold of dimension n ≥ 2 in a complex space form
M̃(4c) of constant holomorphic sectional curvature 4c and X a unit tangent vector in TpM ,
p ∈M . Then, we have

Ric(X) ≤ (n− 1)

(
c+

n2

4
‖H‖2

)
.
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The equality sign holds for any unit tangent vector at p if and only if either:
(i) p is a totally geodesic point, or
(ii) n = 2 and p is an H-umbilical point with λ = 3µ.

Lagrangian submanifolds in complex space forms satisfying the equality case of the inequal-
ity was determined by Deng in [117]. More precisely, he proved the following.

Corollary. Let M be a Lagrangian submanifold of real dimension n ≥ 2 in a complex space
form M̃(4c). If

Ric(X) = (n− 1)
(
c+

n

4
‖H‖2

)
,

for any unit tangent vector X of M, then either
(i) M is a totally geodesic submanifold in M̃(4c) or

(ii) n = 2 and M is a Lagrangian H-umbilical submanifold of M̃(4c) with λ = 3µ.

We extended the last theorem to Kaehlerian slant submanifolds in complex space forms, by
applying the following two Lemmas from [117].

Lemma 1. Let f1(x1, x2, ..., xn) be a function in Rn defined by:

f1(x1, x2, ..., xn) = x1

n∑
j=2

xj −
n∑

j=2

x2
j .

If x1 + x2 + ...+ xn = 2na, then we have

f1(x1, x2, ..., xn) ≤ n− 1

4n
(x1 + x2 + ...+ xn)2 ,

with the equality sign holding if and only if 1
n+1

x1 = x2 = ... = xn = a.

Lemma 2. Let f2(x1, x2, ..., xn) be a function in Rn defined by:

f2(x1, x2, ..., xn) = x1

n∑
j=2

xj − x2
1.

If x1 + x2 + ...+ xn = 4a, then we have

f2(x1, x2, ..., xn) ≤ 1

8
(x1 + x2 + ...+ xn)2 ,

with the equality sign holding if and only if x1 = a and x2 + ...+ xn = 3a.

Our main result is the following theorem.

Theorem 1.2.1.29. [215] Let M be an n-dimensional Kaehlerian proper θ-slant

submanifold in a complex n-dimensional complex space form M̃(4c) of constant
holomorphic sectional curvature 4c. Then for any unit tangent vector X to M we
have

(1.2.1.60) Ric(X) ≤ (n− 1)
(
c+

n

4
‖H‖2

)
+ 3c cos2 θ.

The equality sign of (1.2.1.60) holds identically if and only if either
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(i) c = 0 and M is totally geodesic, or
(ii) n = 2, c < 0 and M is a slant H-umbilical surface with λ = 3µ.

Proof. For a given point p ∈M and a given unit vector X ∈ TpM , we choose an orthonormal
basis {e1 = X, e2, . . . , en} ⊂ TpM and{

e∗1 =
Fe1
sin θ

, . . . , e∗n =
Fen

sin θ

}
⊂ T⊥p M.

Now we put in the Gauss equation X = Z = e1 and Y = W = ej, for j = 2, .., n. Then Gauss
equation gives

R̃(e1, ej, e1, ej) = R(e1, ej, e1, ej)− g(h(e1, e1), h(ej, ej)) + g(h(e1, ej), h(e1, ej)),

or equivalently,

R̃(e1, ej, e1, ej) = R(e1, ej, e1, ej)−
n∑

r=1

(hr
11h

r
jj − (hr

1j)
2), ∀j ∈ 2, n.

Since the Riemannian curvature tensor of M is given by

R̃(X, Y, Z,W ) = c{g(X,Z)g(Y,W )− g(X,W )g(Y, Z)+

+g(JX,Z)g(JY,W )− g(JX,W )g(JY, Z) + 2g(JX, Y )g(JZ,W )},
we find

(1.2.1.61) R̃(e1, ej, e1, ej) = c[1 + 3g2(Je1, ej)].

By summing after j = 2, n, we get

(n− 1 + 3 ‖PX‖2)c = Ric(X)−
n∑

r=1

n∑
j=2

[
hr

11h
r
jj − (hr

1j)
2
]
,

or,

(n− 1 + 3 cos2 θ)c = Ric(X)−
n∑

r=1

n∑
j=2

[
hr

11h
r
jj − (hr

1j)
2
]
,

It follows that

(1.2.1.62) Ric(X)− (n− 1 + 3 cos2 θ)c =
n∑

r=1

n∑
j=2

[
hr

11h
r
jj − (hr

1j)
2
]

≤
n∑

r=1

n∑
j=2

hr
11h

r
jj −

n∑
j=2

(h1
1j)

2 −
n∑

j=2

(hj
1j)

2.

Since M is a Kaehlerian slant submanifold, we have h1
1j = hj

11 and hj
1j = h1

jj, and then

(1.2.1.63) Ric(X)− (n− 1 + 3 cos2 θ)c ≤
n∑

r=1

n∑
j=2

hr
11h

r
jj −

n∑
j=2

(hj
11)

2 −
n∑

j=2

(h1
jj)

2.
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Now we put

f1(h
1
11, h

1
22, ..., h

1
nn) = h1

11

n∑
j=2

h1
jj −

n∑
j=2

(h1
jj)

2

and

fr(h
r
11, h

r
22, ..., h

r
nn) = hr

11

n∑
j=2

hr
jj − (hr

11)
2, ∀r ∈ 2, n.

Since nH1 = h1
11 + h1

22 + ...+ h1
nn, we obtain by using Lemma 1 that

(1.2.1.64) f1(h
1
11, h

1
22, ..., h

1
nn) ≤ n− 1

4n
(nH1)2 =

n(n− 1)

4
(H1)2.

By applying Lemma 2 for 2 ≤ r ≤ n, we get

(1.2.1.65) fr(h
r
11, h

r
22, ..., h

r
nn) ≤ 1

8
(nHr)2 =

n2

8
(Hr)2 ≤ n(n− 1)

4
(Hr)2.

From (1.2.1.63)-(1.2.1.65), we obtain

Ric(X)− (n− 1 + 3 cos2 θ)c ≤ n(n− 1)

4

n∑
r=1

(Hr)2 =
n(n− 1)

4
‖H‖2 .

Thus we have

Ric(X) ≤ (n− 1 + 3 cos2 θ)c+
n(n− 1)

4
‖H‖2 ,

which implies (1.2.1.60).

Next, we shall study the equality case. For n ≥ 3, we choose Fe1 parallel to H. Then we
have Hr = 0, for r ≥ 2. Thus, by Lemma 2, we get

h1
1j = hj

11 =
nHj

4
= 0, ∀j ≥ 2,

and

h1
jk = 0, ∀j, k ≥ 2, j 6= k.

From Lemma 1, we have h1
11 = (n+ 1)a and h1

jj = a, ∀j ≥ 2, with a = H1

2
.

In (1.2.1.62) we compute Ric(X) = Ric(e1). Similarly, by computing Ric(e2) and using the
equality, we get

hr
2j = h2

jr = 0, ∀r 6= 2, j 6= 2, r 6= j.

Then we obtain
h2

11

n+ 1
= h2

22 = ... = h2
nn =

H2

2
= 0.

The argument is also true for matrices (hr
jk) because the equality holds for all unit tangent

vectors; so, h2
2j = hj

22 = Hj

2
= 0, ∀j ≥ 3.
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The matrix (h2
jk) (respectively the matrix (hr

jk)) has only two possible nonzero entries h2
12 =

h2
21 = h1

22 = H1

2
(respectively hr

1r = hr
r1 = h1

rr = H1

2
∀r ≥ 3). Now, after putting X = Z = e2

and Y = W = ej, j = 2, . . . , n, in (1.1), we obtain

R̃(e2, ej, e2, ej) = R(e2, ej, e2, ej)−
(
H1

2

)2

, ∀j ≥ 3.

If we put X = Z = e2 and Y = W = e1 in (1.1), we get

R̃(e2, e1, e2, e1) = R(e2, e1, e2, e1)− (n+ 1)

(
H1

2

)2

+

(
H1

2

)2

.

After combining the last two relations, we find

Ric(e2)− (n− 1 + 3 cos2 θ)c = 2(n− 1)

(
H1

2

)2

.

On the other hand, the equality case of (1.2.1.60) implies that

Ric(e2)− (n− 1 + 3 cos2 θ)c =
n(n− 1)

4
‖H‖2 = n(n− 1)

(
H1

2

)2

.

Since n 6= 1, 2, by equating the last 2 equations we find H1 = 0. Thus, (hr
jk) are all zero,

i.e., M is a totally geodesic submanifold in M̃(4c). In particular, M is a curvature-invariant

submanifold of M̃(4c). Therefore, when c 6= 0, it follows from a result of Chen and Ogiue [97]

that M is either a complex submanifold or a Lagrangian submanifold of M̃(4c). Hence, M is
a non-proper θ-slant, which is a contradiction. Consequently, we have either

(1) c = 0 and M is totally geodesic or
(2) n = 2.
If (1) occurs, we obtain (i) of the theorem. Now, let us assume that n = 2. A result of

Chen from [66] states that if M is a proper slant surface in a complex 2-dimensional complex

space form M̃2(4c) satisfying the equality case of (1.2.1.60) identically, then M is either totally
geodesic or c < 0. In particular, when M is not totally geodesic, one has

h(e1, e1) = λe∗1, h(e2, e2) = µe∗1, h(e1, e2) = µe∗2,

with λ = 3µ = 3H1

2
, i.e., M is H-umbilical. This gives case (ii) of the theorem.

Since a proper slant surface is Kaehlerian slant automatically (cf. [59]), we rediscovered the
following result of [66].

Theorem 1.2.1.30. If M is a proper slant surface in a complex space form M̃(4c) of
complex dimension 2, then the squared mean curvature and the Gaussian curvature of M satisfy:

‖H‖2 ≥ 2[G− (1 + 3 cos2 θ)c]

at each point p ∈M, where θ is the slant angle of the slant surface.
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Example 1.2.1.31. The explicit representation of the slant surface in CH2(−4) satisfying
the equality case of inequality (1.2.1.60) was determined by Chen and Tazawa in [98, Theorem
5.2] as follows:

Let z be the immersion z : R3 → C3
1 defined by

z(u, v, t) = eit

(
1 +

3

2

(
cosh

(√
2√
3
v

)
− 1
)

+
u2

6
e−
√

2
3
v − i

u√
6
(1 + e−

√
2
3
v),

u

3

(
1 + 2e−

√
2
3
v
)

+
i

6
√

6
e−
√

2
3
v
((
e
√

2
3
v − 1

)(
9e
√

2
3
v − 3

)
+ 2u2

)
,

u

3
√

2

(
1− e−

√
2
3
v
)

+
i

12
√

3

(
6− 15e−

√
2
3
v + 9e

√
2
3
v + 2e−

√
2
3
vu2
))

.

It was proved that 〈z, z〉 = −1. Hence, z defines an immersion from R3 into the anti-de Sitter
spacetime H5

1 (−1). Moreover, the image z(R3) in H5
1 (−1) is invariant under the action of

C∗ = C− {0}. Let π : H4
1 (−1) → CH2(−4) denote the Hopf fibration. It was also shown that

the composition
π ◦ z : R3 → CH2

1 (−4)

defines a slant surface with slant angle θ = cos−1(1
3
). Also, the authors proved that π ◦ z is

a H-umbilical immersion satisfying λ = 3µ. Consequently, this example of slant H-umbilical
surface satisfies the equality case of inequality (1.2.1.60) identically.

• Next part of this section presents the work I have done on (generalized) Wintgen inequality.
In [110] the authors obtained a pointwise inequality for submanifolds Mn in space forms

Nn+2(c) of dimension n ≥ 2 and codimension 2 relating the main scalar invariants, namely
the scalar curvature (intrinsic invariant) and the squared mean curvature and scalar normal
curvature (extrinsic invariant). A corresponding inequality for dimension n = 3 was proved in
[102]. On the other hand, in [194] we gave a sharp estimate of the normal curvature for totally
real surfaces in complex space forms. In [199] we extended this inequality to 3-dimensional
Lagrangian submanifolds in complex space forms. We mention that a corresponding inequality
for Kaehler hypersurfaces was obtained in [292].

Let Mn be an n-dimensional submanifold isometrically immersed into the real space form
Nm(c).

The normalized scalar curvature of the tangent bundle (intrinsic invariant) is defined by

ρ =
2

n(n− 1)

∑
1≤i<j≤n

g(R(ei, ej)ej, ei) =
2

n(n− 1)
τ.

The normalized scalar curvature of the normal bundle (extrinsic invariant) is given by

ρ⊥ =
2

n(n− 1)

√ ∑
1≤i<j≤n

∑
n+1≤r<s≤m

[g(R⊥(ei, ej)ξr, ξs)]2,

where {e1, ..., en} is an orthonormal basis of the tangent space, {ξn+1, ..., ξm} is an orthonormal

basis of the normal space at a point p ∈ M , R, R⊥ are the curvature tensors of the tangent
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bundle and normal bundle, respectively τ is the scalar curvature.

In [64] B.Y. Chen proved a pointwise inequality for an n-dimensional submanifold Mn

isometrically immersed into the real space form Nm(c)

(1.2.1.66) ‖H‖2 ≥ ρ− c.

B. Suceavă [297] gave another proof of the same inequality.
In [192] we found that for an n-dimensional submanifold Mn isometrically immersed into

the complex space form M̃(4c) one has

‖H‖2 ≥ ρ− c− 3‖P‖2

n(n− 1)
c,

where J is the complex structure of the ambiant space and JX = PX +FX, whith PX is the
tangential component and FX is the normal component.

Also, in [198], for Mn a purely real n-dimensional submanifold with ∇P = 0 isometrically
immersed into the complex space form M̃(4c) the following inequality was proved

‖H‖2 ≥ n+ 2

n
(ρ− c)− 3‖P‖2

n(n− 1)
c.

We recall the following result from [110].

Theorem 1.2.1.32. Let φ : Mn → Nn+2(c) be an isometric immersion. Then at every
point p

‖H‖2 ≥ ρ+ ρ⊥ − c,

Remark. This inequalitygeneralized the Wintgen inequality; it is valid for all submanifolds
Mn of all real space forms Nn+2(c) with n ≥ 2 and codimension 2.

In the same paper, the authors stated the following conjecture, afterwards named the DDVV
Conjecture.

CONJECTURE. Let φ : Mn → Nm(c) be an isometric immersion. Then at every point
p

(DDV V ) ‖H‖2 ≥ ρ+ ρ⊥ − c,

The DDVV Conjecture was proved first in the following cases:

a) n = 2, m = 4, c = 0 by P. Wintgen [314];
b) n = 2, m ≥ 4 by I.V. Guadalupe and L. Rodriguez [150];

Remark. In both cases, equality is realized in (DDVV) inequality at a point p if and only
if the ellipse of curvature is a circle. In the case of trivial normal connection, (DDVV) reduces
to Chen’s inequality.

c) n = 3, m ≥ 5 by T. Choi and Z. Lu [102].

For a totally real surface M of a complex space form M̃(4c) of arbitrary codimention we
obtained an inequality relating the squared mean curvature ‖H‖2, the holomorphic sectional
curvature c, the Gauss curvature K and the elliptic curvature KE of the surface. Using the
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notion of ellipse of curvature, we proved a characterization of the equality and gave an example
of a Lagrangian surface of C2 satisfying the equality case [194].

Let M be a totally real surface of the complex space form M̃(c) of constant holomorphic
sectional curvature c and of complex dimension n.

For a point p ∈ M , let {e1, e2} be an orthonormal basis of the tangent plane TpM and
{e3, ..., e2n} an orthonormal basis of the normal space T⊥p M .

The ellipse of curvature at a point p ∈M is the subspace Ep of the normal space given by

Ep = {hp(X,X) | X ∈ TpM, ‖X‖ = 1}.

For any vector X = cos θ · e1 + sin θ · e2, θ ∈ [0, 2π], we have:

hp(X,X) = H(p) + cos 2θ · h11 − h22

2
+ sin 2θ · h12.

The following result [150] holds good:

Proposition. If the ellipse of curvature is non-degenerated, then the vectors h11 − h22 and
h12 are linearly independant.

Using a similar method as in [150], [141] and the previous proposition, we can define a
2-plane subbundle P of the normal bundle, with the induced connection.

We will define then the elliptic curvature by the formula

KE = g([Ae3 , Ae4 ]e1, e2),

where {e1, e2}, {e3, e4} are orthonormal basis of TpM , resp. of Pp and A is the Weingarten
operator.

Remark. This definition of the elliptic curvature coincides with the definition of the normal
curvature (given by Wintgen [314] and also Guadalupe and Rodriguez [150] by the formula
KN = g(R⊥(e1, e2)e3, e4)), if the ambient space M̃(c) is a real space form.

We can choose {e1, e2} such that the vectors u = h11−h22

2
and v = h12 are perpendicular,

in which case they coincide with the half-axis of the ellipse. Then we will take e3 = u
‖u‖ and

e4 = v
‖v‖ .

From the equation of Ricci and the definition of KE, we have:

(1.2.1.67) KE = −‖h11 − h22‖ · ‖h12‖ .

Also, from the Gauss equation we obtain the formula of the Gauss curvature K of the totally
real surface M of the complex space form M̃(c):

(1.2.1.68) K = g(h11, h22)− ‖h12‖2 +
c

4
.

By the definition of the mean curvature vector, the above equation and the relation ‖h‖2 =
‖h11‖2 + ‖h22‖2 + 2 ‖h12‖2, we have

(1.2.1.69) 4 ‖H‖2 = ‖h‖2 + 2(K − c

4
).
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Then:

(1.2.1.70) 0 ≤ (‖h11 − h22‖ − 2 ‖h12‖)2 = ‖h‖2 − 2(K − c

4
) + 4KE =

= 4 ‖H‖2 − 4(K − c

4
) + 4KE,

which is equivalent to:

(1.2.1.71) ‖H‖2 ≥ K −KE − c

4
.

The equality sign is realized if and only if ‖h11 − h22‖ = 2 ‖h12‖, i.e. ‖u‖ = ‖v‖, so the
ellipse of curvature is a circle.

Thus, we proved the following

Theorem 1.2.1.33. [194] Let M be a totally real surface of the complex space

form M̃(c) of constant holomorphic sectional curvature c and of complex dimen-
sion n. Then, at any point p ∈M, we have

‖H‖2 ≥ K −KE − c

4
.

Moreover, the equality sign is realized if and only if the ellipse of curvature is a
circle .

We will give one example of a Lagrangian surface in C2 with the standard almost complex
structure J0, for which the equality sign is realized (which we call an ideal surface).

Let M be the rotation surface of Vrănceanu, given by:

X(u, v) = r(u)(cos u cos v, cosu sin v, sinu cos v, sinu sin v),

where r is a C∞-differentiable function with positive values.
Let {e1, e2} be an orthonormal basis of the tangent plane and {e3, e4} an orthonormal basis

of the normal plane.
We have the following expressions for ei, i ∈ {1, ..., 4} (see also [288]):

e1 = (− cosu sin v, cosu cos v,− sinu sin v, sinu cos v),

e2 =
1

A
(B cos v,B sin v, C cos v, C sin v),

e3 =
1

A
(−C cos v,−C sin v,B cos v,B sin v),

e4 = (− sinu sin v, sinu cos v, cosu sin v,− cosu cos v),

where A = [r2 + (r′)2]
1
2 , B = r′ cosu− r sinu, C = r′ sinu+ r cosu.

M is a totally real surface of maximum dimension, so is a Lagrangian surface of C2. Also,
M verifies the equality sign of the inequality proved in the previous theorem (it is an ideal
surface) if and only if

r(u) =
1

(|cos 2u|) 1
2
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(the ellipse of curvature at every point of M is a circle).
Moreover, M is a minimal surface (see [239]) andX = c1⊗c2 is the tensor product immersion

of c1(u) =
1

(|cos 2u|) 1
2

(cosu, cos v) (an orthogonal hyperbola) and c2(u) = (cos v, sin v) (a circle).

Later, in [199] we established a generalized Wintgen inequality for 3-dimensional Lagrangian
submanifolds in complex space forms.

Let Mn be an n-dimensional Lagrangian submanifold isometrically immersed into the com-
plex space form M̃(4c). Let {e1, ..., en} be an orthonormal frame on M . Then a normal frame
is given by ξ1 = Je1, ..., ξn = Jen.

Following [320], the scalar normal curvature KN is defined by

KN =
1

2

∑
1≤r<s≤n

(Tr [Ar, As])
2 =

∑
1≤r<s≤n

∑
1≤i<j≤n

(g([Ar, As]ei, ej))
2.

The normalized scalar normal curvature is given by

ρN =
2

n(n− 1)

√
KN .

In particular, for n = 2 the above definition agrees with the definition of the squared elliptic
curvature which we considered in [194].

For n = 3 we proved a sharp estimate of ρN , in terms of ρ and ‖H‖2.

Theorem 1.2.1.34. [199] Let M be a 3-dimensional Lagrangian submanifold iso-
metrically immersed into the complex space form M̃(4c). Then we have

‖H‖2 ≥ ρ+ ρN − c.

Proof. Let {e1, e2, e3} be an orthonormal frame on M and {ξ1=Je1, ξ2=Je2, ξ3=Je3} the
corresponding normal frame. With respect to these frames, we have

(1.2.1.72) 9 ‖H‖2 =
3∑

r=1

(
3∑

i=1

hr
ii)

2 =
1

2

3∑
r=1

3∑
1≤i<j≤3

(hr
ii − hr

jj)
2 + 3

3∑
r=1

3∑
1≤i<j≤3

hr
iih

r
jj.

From the Gauss equation it follows

(1.2.1.73) 2τ = 9 ‖H‖2 − ‖h‖2 + 6c.

Then

(1.2.1.74) 18 ‖H‖2 =
3∑

r=1

3∑
1≤i<j≤3

(hr
ii − hr

jj)
2 + 6(τ − 3c) + 6

3∑
r=1

3∑
1≤i<j≤3

(hr
ij)

2.

Choi and Lu [102] proved that
(1.2.1.75)

3∑
r=1

3∑
1≤i<j≤3

(hr
ii − hr

jj)
2 + 6

3∑
r=1

3∑
1≤i<j≤3

(hr
ij)

2 > 6{
∑

1≤r<s≤3

∑
1≤i<j≤3

[
3∑

k=1

(hr
ikh

s
jk − hs

ikh
r
jk)]}

1
2 .



54 Habilitation Thesis Adela MIHAI

Obviously,

(1.2.1.76) KN =
∑

1≤r<s≤3

∑
1≤i<j≤3

[
∑

(hr
ikh

s
jk − hs

ikh
r
jk)]

2.

Combining the last three equations we find

18(‖H‖2 − ρ+ c) > 18ρN ,

i. e.,
ρ+ ρN ≤ ‖H‖2 + c.

Remark. The same inequality can be obtained for 3-dimensional totally real submanifold
with arbitrary codimension (with the corresponding definition of KN).

F. Dillen, J. Fastenakels, J. Van der Veken obtained in [122] an estimate of ρ⊥ for invariant
(Kaehler) submanifolds in complex space forms of arbitrary dimension and codimension.

We have obtained the following estimation.

Proposition 1.2.1.35. [199] For an n-dimensional Lagrangian submanifold in a
complex space form we have

(1.2.1.77)
n2(n− 1)2

4
(ρ⊥)2 =

n2(n− 1)2

4
ρ2

N +
n(n− 1)

2
c2 +

c

2
‖h‖2.

Proof. From Ricci equation it follows

g(R⊥(ei, ej)ξr, ξs) = c[g(Jei, ξr), g(Jej, ξs)− g(Jei, ξs)g(Jej, ξr)] + g([Ar, As], ei, ej) =

= c(δirδjs − δisδjr) + g([Ar, As], ei, ej).

Thus τ⊥ = n(n−1)
2

ρ⊥ is given by

(τ⊥)2 =
∑

1≤r<s≤n

∑
1≤i<j≤n

g2(R⊥(ei, ej)ξr, ξs) =

=
∑

1≤r<s≤n

∑
1≤i<j≤n

[c(δirδjs − δisδjr) + g([Ar, As], ei, ej)]
2 =

=
n2(n− 1)2

4
ρ2

N + c2
∑

1≤r<s≤n

∑
1≤i<j≤n

(δirδjs − δisδjr)
2+

+2c
∑

1≤r<s≤n

∑
1≤i<j≤n

(δirδjs − δisδjr)g([Ar, As], ei, ej) =

=
n2(n− 1)2

4
ρ2

N +
n(n− 1)

2
c2 +

c

2
‖h‖2.

Remark. In particular, in the case of 3-dimensional Lagrangian submanifold in complex
space form:

9(ρ⊥)2 = 9ρ2
N + 3c2 +

c

2
‖h‖2.
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Corollary 1.2.1.36. For a 3-dimensional Lagrangian submanifold of a complex
space form :

(ρ⊥)2 ≤ (‖H‖2 − ρ+ c)2 +
c

2

(
‖H‖2 − 2

3
ρ

)
+

2

3
c2.

Proof. It follows from from Theorem 1.2.1.35, the above remark and Gauss equation.

Remark 1. We want to mention that the above result was discovered before the DDVV-
conjecture was solved in the most general setting by Lu [185] and Ge and Tang [140], indepen-
dently, for submanifolds in Riemannian space forms.

Remark 2. Recently, the generalized Wintgen inequality for Lagrangian submanifolds of
arbitrary dimension in complex space forms was established by I. Mihai [228].

1.2.2 Submanifolds in Sasakian manifolds

• In [104] we established Chen inequalities for contact slant submanifolds in Sasakian space
forms, by using subspaces orthogonal to the Reeb vector field ξ.

We proved the Chen first inequality for contact slant submanifolds in a Sasakian space
form. We give the whole proof for illustrating the techniques and the particular choice of the
orthonormal basis of the tangent space. We pointed-out that we considered plane sections π
orthogonal to ξ. It is known that the sectional curvature of a plane section tangent to ξ is 1.

Theorem 1.2.2.1. [104] Let M be an (n = 2k + 1)-dimensional contact θ-slant
submanifold in a (2m+1)-dimensional Sasakian space form M̃(c). Then we have:

(1.2.1.1) δM ≤ n− 2

2
{ n2

n− 1
‖H‖2 +

(c+ 3)(n+ 1)

4
}+

(c− 1)

8
[3(n− 3) cos2 θ − 2(n− 1)].

The equality case of the inequality (1.2.1.1) holds at a point p ∈ M if and only if
there exists an orthonormal basis {e1, ..., en = ξ} of TpM and an orthonormal basis
{en+1, ..., e2m, e2m+1} of T⊥p M such that the shape operators of M in M̃(c) at p have
the following forms:

(1.2.2.2) An+1 =

 a 0 0 . . . 0
0 b 0 . . . 0
0 0 µIn−2

 , a+ b = µ,

(1.2.2.3) Ar =

 hr
11 hr

12 0 . . . 0
hr

12 −hr
11 0 . . . 0

0 0 0n−2

 , r ∈ {n+ 2, ..., 2m+ 1}.

Proof. Since M̃(c) is a Sasakian space form, then we have

(1.2.2.4) R̃(X, Y, Z,W ) =
c+ 3

4
{−g(Y, Z)g(X,W ) + g(X,Z)g(Y,W )}+

+
c− 1

4
{−η(X)η(Z)g(Y,W ) + η(Y )η(Z)g(X,W )− g(X,Z)η(Y )g(ξ,W )+
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+g(Y, Z)η(X)g(ξ,W )− g(φY, Z)g(φX,W ) + g(φX,Z)g(φY,W )+

+2g(φX, Y )g(φZ,W )}, ∀X, Y, Z,W ∈ Γ(TM).

Let p ∈ M and {e1, ..., en = ξ} an orthonormal basis of TpM and {en+1, ..., e2m, e2m+1} an
orthonormal basis of T⊥p M . For X = Z = ei, Y = W = ej, ∀i, j ∈ {1, ..., n}. From the equation
(1.2.2.4), it follows that

(1.2.2.5) R̃(ei, ej, ei, ej) =
c+ 3

4
(−n+ n2)+

+
c− 1

4
{−2(n− 1) + 3

n∑
i,j=1

g2(φei, ej)}.

Let M ⊂ M̃(c) be a contact θ-slant submanifold, dimM = n = 2k + 1.
For X ∈ Γ(TM) we put

φX = PX + FX, PX ∈ Γ(TM), FX ∈ Γ(T⊥M).

Let p ∈M and {e1, ..., en = ξ} an orthonormal basis of TpM , with

e1, e2 =
1

cos θ
Pe1, ..., e2k =

1

cos θ
Pe2k−1, e2k+1 = ξ.

We have

g(φe1, e2) = g(φe1,
1

cos θ
Pe1) =

1

cos θ
g(φe1, P e1) =

1

cos θ
g(Pe1, P e1) = cos θ

and, in same way,

g2(φei, ei+1) = cos2 θ;

then
n∑

i,j=1

g2(φei, ej) = (n− 1) cos2 θ.

The relation (1.2.2.5) implies that

(1.2.2.6) R̃(ei, ej, ei, ej) =
c+ 3

4
(n2 − n) +

c− 1

4
[3(n− 1) cos2 θ − 2(n− 1)].

Denoting by

(1.2.2.7) ‖h‖2 =
n∑

i,j=1

g(h(ei, ej), h(ei, ej)),

the relation (1.2.2.6) implies that

(1.2.2.8)
c+ 3

4
n(n− 1) +

c− 1

4
[3(n− 1) cos2 θ − 2n+ 2] = 2τ − n2‖H‖2 + ‖h‖2,
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or equivalently,

(1.2.2.9) 2τ = n2‖H‖2 − ‖h‖2 +
c+ 3

4
n(n− 1) +

c− 1

4
[3(n− 1) cos2 θ − 2n+ 2].

If we put

(1.2.2.10) ε = 2τ − n2

n− 1
(n− 2)‖H‖2 − c+ 3

4
n(n− 1)− c− 1

4
[3(n− 1) cos2 θ − 2n+ 2],

we obtain

(1.2.2.11) n2‖H‖2 = (n− 1)(ε+ ‖h‖2).

Let p ∈ M , π ⊂ TpM, dim π = 2, π = sp{e1, e2}. We put en+1 = H
‖H‖ . The relation

(1.2.2.11) becomes (
n∑

i=1

hn+1
ii

)2

= (n− 1){
n∑

i,j=1

2m+1∑
r=n+1

(hr
ij)

2 + ε},

or equivalently,

(1.2.2.12)

(
n∑

i=1

hn+1
ii

)2

= (n− 1){
n∑

i=1

[(hn+1
ii )2 +

∑
i6=j

(hn+1
ij )2 +

2m+1∑
r=n+2

n∑
i,j=1

(hr
ij)

2 + ε}.

By using the algebraic Chen’s Lemma, we derive from (1.2.2.12):

(1.2.2.13) 2hn+1
11 hn+1

22 ≥
∑
i6=j

(hn+1
ij )2 +

n∑
i,j=1

2m+1∑
r=n+2

(hr
ij)

2 + ε.

From the Gauss equation for X = Z = e1, Y = W = e2, we obtain

K(π) =
c+ 3

4
+ 3 cos2 θ · c− 1

4
+

2m+1∑
r=n+1

[hr
11h

r
22 − (hr

12)
2] ≥

≥ c+ 3

4
+ 3 cos2 θ · c− 1

4
+

1

2

∑
i6=j

(hn+1
ij )2 +

1

2

n∑
i,j=1

2m+1∑
r=n+2

(hr
ij)

2 +
ε

2
+

+
2m+1∑
r=n+2

hr
11h

r
22 −

2m+1∑
r=n+1

(hr
12)

2 =

=
c+ 3

4
+ 3 cos2 θ · c− 1

4
+

1

2

∑
i6=j

(hn+1
ij )2 +

1

2

2m+1∑
r=n+2

∑
i,j>2

(hr
ij)

2+

+
1

2

2m+1∑
r=n+2

(hr
11 + hr

22)
2 +

∑
j>2

[(hn+1
1j )2 + (hn+1

2j )2] +
ε

2
≥
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≥ c+ 3

4
+ 3 cos2 θ · c− 1

4
+
ε

2
,

or equivalently,

(1.2.2.14) K(π) ≥ c+ 3

4
+ 3 cos2 θ · c− 1

4
+
ε

2
.

Then

(1.2.2.15) infK ≥ c+ 3

4
+ 3 cos2 θ · c− 1

4
+ τ−

−{c+ 3

8
(n2 − n) +

c− 1

8
[3(n− 1) cos2 θ − 2n+ 2]} − n2(n− 2)

2(n− 1)
‖H‖2 .

The last relation implies that

δM ≤ n− 2

2
{ n2

n− 1
‖H‖2 +

(c+ 3)(n+ 1)

4
}+

+
(c− 1)

8
[3(n− 3) cos2 θ − 2(n− 1)],

where δM is Chen first invariant.
This relation represents the inequality to prove.
The case of equality at a point p ∈ M holds if and only if it achieves the equality in the

previous inequality and we have the equality in the Lemma, i.e.,
hn+1

ij = 0, ∀i 6= j, i, j > 2,
hr

ij = 0, ∀i 6= j, i, j > 2, r = n+ 1, ..., 2m+ 1,
hr

11 + hr
22 = 0, ∀r = n+ 2, ..., 2m+ 1,

hn+1
1j = hn+1

2j = 0, ∀j > 2,

hn+1
11 + hn+1

22 = hn+1
33 = ... = hn+1

nn .

We may choose {e1, e2} such that hn+1
12 = 0 and we denote by a = hr

11, b = hr
22, µ = hn+1

33 =
... = hn+1

nn . It follows that the shape operators take the desired forms.

Corollary 1.2.2.2. [104] Let M be an (n = 2k+1)-dimensional invariant subman-
ifold in a (2m+ 1)-dimensional Sasakian space form M̃(c). Then we have:

δM ≤ (c+ 3)(n− 2)(n+ 1)

8
+

(c− 1)(n− 7)

8
.

Corollary 1.2.2.3. [104] Let M be an n-dimensional anti-invariant submanifold
in a (2m+ 1)-dimensional Sasakian space form M̃(c). Then we have:

δM ≤ n− 2

2
{ n2

n− 1
‖H‖2 +

(c+ 3)(n+ 1)

4
} − (c− 1)(n− 1)

4
.

We generalized Theorem 1.2.2.1, using Chen invariants δ(n1, ..., nk).
We notice that we consider only subspaces orthogonal to ξ.
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Theorem 1.2.2.4. [104] Let M be an (n = 2k + 1)-dimensional contact θ-slant
submanifold in a (2m+1)-dimensional Sasakian space form M̃(c). Then we have:

(1.2.2.16) δ(n1, ..., nk) ≤ d(n1, ..., nk) ‖H‖2 + b(n1, ..., nk)
c+ 3

8
+

+
c− 1

8
{3(n− 1) cos2 θ − 6

k∑
j=1

mj cos2 θ}

where mj =
[nj

2

]
, ∀j ∈ {1, ..., k}.

The proof is based on the following

Lemma 1.2.2.5. [104] Let M be an (n = 2k + 1)-dimensional contact θ-slant
submanifold in a (2m+ 1)-dimensional Sasakian space form M̃(c). Let n1, ..., nk be
integers ≥ 2 satisfying n1 < n and n1 + ... + nk ≤ n. For p ∈ M, let Lj ⊂ TpM be a
subspace of TpM, dimLj = nj, ∀j ∈ {1, ..., k}. Then we have

(1.2.2.17) τ −
k∑

j=1

τ(Lj) ≤ d(n1, ..., nk) ‖H‖2 + {c+ 3

8
n(n− 1) +

c− 1

8
(3 ‖P‖2 − 2n+ 2)}−

−
k∑

j=1

{c+ 3

8
nj(nj − 1) +

c− 1

4
3Ψ(Lj)},

where Ψ(L) =
∑

1≤i<j≤r g
2(Pui, uj) and {u1, ..., ur} is an orthonormal basis of the

r-dimesional subspace L of TpM .

This Lemma is a contact version of a Lemma from [70].

Corollary 1.2.2.6. [104] Let M be an (n = 2k+1)-dimensional invariant subman-
ifold in a (2m+ 1)-dimensional Sasakian space form M̃(c). Then we have:

δ(n1, ..., nk) ≤ b(n1, ..., nk)
c+ 3

8
+
c− 1

8
{3(n− 1)− 6

k∑
j=1

mj},

where nj = 2mj + ϕj, ϕj ∈ {0, 1}, ∀j ∈ {1, ..., k}.
Corollary 1.2.2.7. [104] Let M be an (n = 2k + 1)-dimensional anti-invariant

submanifold in a (2m+1)-dimensional Sasakian space form M̃(c). Then we have:

δ(n1, ..., nk) ≤ d(n1, ..., nk) ‖H‖2 + b(n1, ..., nk)
c+ 3

8
,

where nj = 2mj + ϕj, ϕj ∈ {0, 1}, ∀j ∈ {1, ..., k}.

• Next we present the inequalities obtained for the new defined Chen-type invariants for
invariant submanifolds in Sasakian space forms.

In [74], B.Y. Chen introduced a series of Riemannian invariants on Kaehler manifolds and
proved sharp estimates of these invariants for Kaehler submanifolds in complex space forms in
terms of the main extrinsic invariant, namely the squared mean curvature.
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Is well-known that the Sasakian manifolds are the odd version of Kaehler manifolds and
the geometry studying Sasakian manifolds, i.e., contact geometry, is an important field of
Differential Geometry.

In [216] we defined analogous Chen invariants for Sasakian manifolds and obtained inequal-
ities involving these invariants for invariant submanifolds in Sasakian space forms.

It is known that any invariant submanifold of a Sasakian manifold is Sasakian. In this
respect, we considered that is interesting to study the behaviour of invariant submanifolds
of Sasakian manifolds from this point of view, of Riemannian invariants and, more precisely,
corresponding Chen-like invariants to those introduced by B.Y. Chen in [74].

In this study of such submanifolds (we must observe that the dimension of the submanifold
should be ≥ 5) in Sasakian space forms we dealt with the notion of totally real plane section
(similar to that defined by Chen in Kaehler geometry); we need to impose the condition that
the plane section must be orthogonal to the Reeb vector field ξ.

We estimated the sectional curvature of totally real plane sections of an invariant sub-
manifold in terms of the φ-sectional curvature of the embedding Sasakian space form; the
characterization of the equality case is given.

We defined a series of Chen-like invariants δr
k on any Sasakian manifold. By using the above

estimate of the sectional curvature of totally real plane sections we obtained sharp inequalities
for these invariants for invariant submanifolds of a Sasakian space form.

Also, we derived characterizations of the equality cases in terms of the shape operators and
give one example which shows that the inequality fails for k ≥ 4.

We recall important results about invariant submanifolds in Sasakian manifolds [320].

Proposition 1. Every invariant submanifold of a Sasakian manifold is a Sasakian mani-
fold.

Proposition 2. Every invariant submanifold of a Sasakian manifold is minimal.

Proposition 3. If the second fundamental form of an invariant submanifold Mn of a
Sasakian space form M̃2m+1(c) is parallel, then Mn is totally geodesic.

Proposition 4. Let Mn be an invariant submanifold of a Sasakian space form M̃2m+1(c)
with φ-sectional curvature c. Then Mn is totally geodesic if and only if Mn has constant
φ-sectional curvature c.

We put 2q = 2m + 1 − n and choose {en+1, ..., en+q, en+q+1 = φen+1, ..., e2m+1 = φen+q} an
orthonormal normal frame. Then the shape operators Aα = Aen+α and Aα∗ = Aen+q+α , α, α

∗ =

1, q, of an invariant submanifold Mn in a Sasakian manifold M̃2m+1 take the forms:

(1.2.2.18) Aα =

A′
α A′′

α 0
A′′

α −A′
α 0

0 0 0

 , Aα∗ =

−A′′
α A′

α 0
A′

α A′′
α 0

0 0 0

 ,

where A′
α and A′′

α are n× n matrices.

We recall now two important examples of invariant submanifolds.

Example 1. Let S2m+1 be a unit sphere with standard Sasakian structure. An odd-
dimensional unit sphere S2n+1(n < m) with induced structure is a totally geodesic Sasakian
submanifold of S2m+1. Obviously the Sasakian space form R2n+1(−3) in R2m+1(−3) is a totally
geodesic Sasakian submanifold.
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Example 2. The circle bundle (Qn, S1) over a hyperquadric in CP n+1 is a Sasakian sub-
manifold of S2n+3 which is a η-Einstein manifold.

Let M2n+1 be a Sasakian manifold. For each real number k and p ∈ M2n+1, we define an
invariant δr

k by δr
k(p) = τ(p) − k infKr(p), where infKr(p) = infπr{K(pir)} and πr runs over

all totally real plane sections inTpM
2n+1 (i.e., φ(πr) is perpendicular to πr).

Next theorem gives an inequality between the infimum of Kr (intrinsic invariant) of an
invariant submanifold and the φ-sectional curvature of the Sasakian space form (extrinsic in-
variant), i.e. the embedding space; the characterization of the equality case is given.

Theorem 1.2.2.8. [216] For any invariant submanifold Mn in a Sasakian space

form M̃2m+1(c), we have:

(1.2.2.19) infKr ≤ c+ 3

4
.

The equality case holds if and only if Mn is a totally geodesic submanifold.

Proof. By a φ-sectional curvature H(X) of Mn with respect to a unit tangent vector X
orthogonal to ξ, we mean the sectional curvature K (X,φX) spanned by the vectors X and
φX. Let K(X, Y ) be the sectional curvature determined by orthonormal vectors X and Y ,
with X,Y orthogonal to ξ, g (X,φY ) = 0. Then we have (see [29], p. 111):

K(X, Y ) +K(X,φY ) =
1

4
[(H(X + φY ) +H(X − φY )+

+H(X + Y ) +H(X − Y )−H(X)−H(Y ) + 6].

Let T 1Mn denote the unit sphere bundle of Mn consisting of all unit tangent vectors on
Mn. For each x ∈Mn, we put

Wx = {(X, Y ); X, Y ∈ T 1
xM

n, g(X, ξ) = g(Y, ξ) = g(X, Y ) = g(X,φY ) = 0}.

Then Wx is a closed subset of T 1
xM

n× T 1
xM

n and it is easy to verify that if {X, Y } spans a
totally real plane section, then both {X + φY,X − φY } and {X + Y,X − Y } also span totally
real plane sections. We define a function Ĥ : Wx → R by

Ĥ(X, Y ) = H(X) +H(Y ), (X, Y ) ∈ Wx.

Suppose that (Xm, Ym) is a point in Wx such that Ĥ attains an absolute maximum value,
say mx, at (Xm, Ym). It follows that

K(Xm, Ym) +K(Xm, φYm) ≤ 1

4
[Ĥ(Xm, Ym) + 6].

On the other hand, it is known that H(X) ≤ c (as in the Kaehler case, see [79]). Thus,
from the previous relation, we obtain

K(Xm, Ym) +K(Xm, φYm) ≤ c+ 3

2
,

which implies the inequality (1.2.2.19).
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For the equality case the proof is similar to the proof of Theorem 1 from [74].

Remark. It is well known that the sectional curvature of a plane section which contains
the vector ξ is equal to 1, i.e., K(X, ξ) = 1; thus we have considered only the case when X and
Y are both orthogonal to ξ.

Also we obtained an inequality for δr
k of an invariant submanifold of a Sasakian space form

and characterize the equality case for k < 4 (the submanifold is then totally geodesic) and
k = 4 (in terms of the shape operator). For k > 4 the inequality fails.

Theorem 1.2.2.9. [216] For any invariant submanifold Mn in a Sasakian space

form M̃2m+1(c), the following statements hold.
(1) For each k ∈ (−∞, 4], δr

k satisfies:

(1.2.2.20) δr
k ≤ [n(n− 1)− 2k]

c+ 3

8
+ (n− 1)

c− 1

8
.

(2) Inequality (1.2.2.20) fails for every k > 4.
(3) δr

k = [n(n− 1)− 2k] c+3
8

+ (n − 1) c−1
8

holds for some k ∈ (−∞, 4) if and only if

Mn is a totally geodesic submanifold of M̃2m+1(c).
(4) The invariant submanifold Mn satisfies

δr
4 = [n(n− 1)− 8]

c+ 3

8
+ (n− 1)

c− 1

8

at a point p ∈Mn if and only if there exists an orthonormal basis

{e1, e2 = φe1, e3, e4 = φe3, ..., e2k−1, e2k = φe2k−1, e2k+1 = ξ, en+1, ..., e2m+1}

of M̃2m+1(c) such that, with respect to this basis, the shape operator of Mn takes
the forms (1.2.2.18), with

A′
α =

 aα bα 0
bα −aα 0
0 0 0

 , A′′
α =

 a∗α b∗α 0
b∗α −a∗α 0
0 0 0

 ,

where aα, bα, aα∗ , bα∗ are real numbers.

• In [217] we proved a Chen inequality involving the scalar curvature and a Chen-Ricci
inequality for special contact slant submanifolds of Sasakian space forms, as the contact versions
of the inequalities obtained by the first author in [202] and by both authors in [215], respectively.

The class of slant submanifolds of almost contact metric manifolds was introduced by A.
Lotta [184] and studied by many authors [47]. In [230] the authors defined special contact
slant submanifolds of Sasakian space forms and proved the minimality of such submanifolds
satisfying the equality case of a Chen-Ricci inequality, identically.

A submanifold M tangent to ξ in a Sasakian manifold is called a contact θ-slant submanifold
[47] if for any p ∈M and any X ∈ TpM linearly independent on ξ, the angle between ϕX and
TpM is a constant θ, called the slant angle of M.

A proper contact θ-slant submanifold is a contact slant submanifold which is neither invariant
nor anti-invariant, i.e. θ 6= 0 and θ 6= π

2
.
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A proper contact θ-slant submanifold is a special contact θ-slant submanifold [230] if

(∇XT )Y = cos2 θ[g(X, Y )ξ − η(Y )ξ], ∀X, Y ∈ ΓTM,

where TX is the tangential component of ϕX for any vector field X tangent to M.
We denote by ‖T‖2 =

∑n
i,j=1 g

2(Tei, ej), where {e1, ..., en} is an orthonormal basis of TpM,
p ∈M.

We remark that any 3-dimensional proper contact slant submanifold of a Sasakian manifold
is a special contact slant submanifold [47]. Other examples can be found in [47].

B.Y. Chen [72] proved a sharp estimate of the squared mean curvature in terms of the scalar
curvature for Kaehlerian slant submanifolds in complex space forms (see Subsection 1.2.1).

In [202] we generalized the above mentioned inequality for purely real submanifolds with
P parallel with respect to the Levi-Civita connection (as usual, we denote by J the standard
complex structure on the ambient complex space form and by PX the tangential component
of JX, for any tangent vector field X to M) (see subsection 1.2.1, Theorem 1.2.1.1).

On the other hand, B.Y. Chen [68] proved an estimate of the squared mean curvature of an
n-dimensional submanifold M in a real space form M̃(c) of constant sectional curvature c in
terms of its Ricci curvature. For any unit tangent vector X at p ∈M , one has:

Ric(X) ≤ (n− 1)c+
n2

4
‖H‖2 .

The above inequality is known as the Chen-Ricci inequality.

The same inequality holds for Lagrangian submanifolds in a complex space form M̃(4c) as
well (see [71]).

Recently, S. Deng [117] improved the Chen-Ricci inequality for Lagrangian submanifolds in
complex space forms (see Subsection 1.2.1).

The Whitney 2-sphere in C2 is a nontrivial example of a Lagrangian submanifold which
satisfies the equality case of the improved Chen-Ricci inequality identically.

Recall that in [215] we extended Deng’s inequality to Kaehlerian slant submanifolds in
complex space forms (see subsection 1.2.1, Theorem1.2.1.29).

A nontrivial example of a slant surface satisfying the equality case identically is given in
the same paper [215].

We obtained corresponding results for special contact slant submanifolds in Sasakian space
forms, more precisely the following Chen inequality for the scalar curvature.

Theorem 1.2.2.10. [217] Let M be an (n + 1)-dimensional special contact slant

submanifold of a (2n+ 1)-dimensional Sasakian space form M̃(c). Then

(1.2.2.21) ‖H‖2 ≥ 2(n+ 2)

(n− 1) (n+ 1)
τ − n(n+ 2)

(n− 1)(n+ 1)
· c+ 3

4
−

− n(n+ 2)

(n− 1) (n+ 1)2

(
3 cos2 θ − 2

) c− 1

4
+

n

(n+ 1)2
sin2 θ.
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The equality holds at any point p ∈ M if and only if there exists a real function
µ on M such that the second fundamental form satisfies the relations

h(e1, e1) = 3µe∗1, h(e2, e2) = ...,= h(en, en) = µe∗1,

h(ei, ej) = µe∗i , h(ej, ek) = 0 (2 ≤ j 6= k 6= n),

with respect to a suitable orthonormal frame {e0 = ξ, e1, ..., en} on M, where e∗k =
1

sin θ
Nek, k ∈ {1, ..., n}.
A submanifold M whose second fundamental form satisfies the above relations is called a

H-umbilical submanifold.

Remark. In particular, for c = −3 and θ = π
2

(i.e., M is anti-invariant submanifold) we
find a result from [32].

Corollary. [32] Let M be an (n+1)-dimensioal anti-invariant submanifold of the Sasakian
space form R2n+1. Then, at any point p ∈ M , the squared mean curvature and the scalar
curvature satisfy the inequality

‖H‖2 ≥ 2(n+ 2)

(n− 1) (n+ 1)
τ.

Moreover, the equality holds at any point p ∈M if and only if there exists a real function µ
on M such that the second fundamental form satisfies the relations

h(e1, e1) = 3µϕe1, h(e2, e2) = ...,= h(en, en) = µϕe1,

h(ei, ej) = µϕei, h(ej, ek) = 0 (2 ≤ j 6= k 6= n),

with respect to a suitable orthonormal frame {e0 = ξ, e1, ..., en} of TpM .

A nontrivial example of an anti-invariant submanifold in the Sasakian space form R2n+1

which satisfies the equality case of the above inequality identically is the Riemannian product
of the Whitney n-sphere and the real line R.

On the other hand, I. Mihai [224] proved Chen-Ricci inequalities for submanifolds in Sasakian
space forms.

Theorem 1. Let M be an n-dimensional C-totally real submanifold of a (2m+1)-dimensional
Sasakian space form M̃(c). Then, for each unit vector X ∈ TpM , we have

Ric(X) ≤ 1

4
[(n− 1)(c+ 3) + n2‖H‖2].

Theorem 2. Let M̃(c) be a (2m + 1)-dimensional Sasakian space form and M an n-
dimensional submanifold tangent to ξ. Then, for each unit vector X ∈ TpM orthogonal to ξ,
we have

Ric(X) ≤ 1

4
[(n− 1)(c+ 3) + 3(||TX||2 − 2)(c− 1) + n2‖H‖2].

I. Mihai and I.N. Rădulescu [234] improved the inequality from Theorem 1 for Legendrian
submanifolds in Sasakian space forms.
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Theorem 3. Let Mn be an n-dimensional Legendrian submanifold in a Sasakian space
form M̃2n+1(c) of constant ϕ-sectional curvature c. Then, for any unit tangent vector X to
Mn, we have:

Ric(X) ≤ n− 1

4
(c+ 3 + n||H||2).

The equality sign holds identically if and only if either:
(i) Mn is totally geodesic, or,
(ii) n = 2 and M2 is a H-umbilical Legendrian surface with λ = 3µ.

In the following we improve the inequality from Theorem 2 for special contact slant sub-
manifolds in Sasakian space forms.

Let M be an (n+1)-dimensional special contact slant submanifold of a (2n+1)-dimensional

Sasakian space form M̃(c). We will take an orthonormal basis of TpM , respectively T⊥p M , in the
same manner as in the previous section. For a contact θ-slant submanifold

∑n
j=2 g

2(Te1, ej) =

cos2θ.
By taking X = Z = e1, Y = W = ej, j = 2, ..., n, in the expression of the curvature tensor

R̃ of the Sasakian space form M̃(c) we obtain

(1.2.2.22) R̃(e1, ej, e1, ej) =
c+ 3

4
[g(e1, e1)g(ej, ej)− g(ej, e1)g(e1, ej)] +

+
c− 1

4
[−η(e1)η(e1)g(ej, ej) + η(ej)η(e1)g(e1, ej)]−

−g(e1, e1)η(ej)η(ej) + g(ej, e1)η(e1)η(ej)−

−g(φej, e1)g(φe1, ej) + g(φe1, e1)g(φej, ej) + 2g(φe1, ej)g(φe1, ej) =

=
c+ 3

4
+

3

4
g2(φe1, ej)(c− 1).

Then
n∑

j=2

R̃ (e1, ej, e1, ej) + R̃ (e1, e0, e1, e0) =

= n
c+ 3

4
+

3

4

n∑
j=2

g2(φe1, ej)(c− 1) + 1 = n
c+ 3

4
+

3

4
(c− 1) cos2 θ + 1.

We consider e1 = X. From the Gauss equation

Ric(X) = n
c+ 3

4
+

3

4
(c− 1) cos2 θ + 1+

+
n∑

r=1

[hr
11h

r
00 − (hr

10)
2] +

n∑
j=2

[hr
11h

r
jj −

(
hr

1j

)2
].

But e0 = ξ and

hr
00 = g (h (e0, e0) , e

∗
r) = g (h (ξ, ξ) , e∗r) = g

(
∇̃ξξ, e

∗
r

)
= 0,
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because ∇̃ξξ = −φξ = 0.

Also,

n∑
r=1

(hr
10)

2 =
n∑

r=1

g2 (h (e1, e0) , e
∗
r) =

n∑
r=1

g2
(
∇̃e1e0, e

∗
r

)
=

n∑
r=1

g2 (φe1, e
∗
r) = sin2 θ.

Formula (1.2.2.22) implies

(1.2.2.23) Ric(X) = n
c+ 3

4
+

3

4
(c− 1) cos2 θ + 1− sin2 θ+

+
n∑

r=1

n∑
j=1

[
hr

11h
r
jj − (hr

1j)
2
]
.

Using the same arguments as in the proof of Theorem 3.3 from [215], we obtain from
(1.2.2.23)

Ric(X)− n
c+ 3

4
− 3

4
(c− 1) cos2 θ − cos2 θ ≤ (n− 1)(n+ 1)

4
‖H‖2 .

Therefore we proved the following improved Chen-Ricci inequality.

Theorem 1.2.2.11. [217] Let M be an (n + 1)-dimensional special contact slant

submanifold of a (2n + 1)-dimensional Sasakian space form M̃(c). Then, for any
unit tangent vector X to M, we have

(1.2.2.24) Ric(X) ≤ (n− 1)(n+ 1)

4
‖H‖2 + n

c+ 3

4
+

3

4
(c− 1) cos2 θ + cos2 θ.

The equality holds at every point p ∈M if and only if either :

i) M is a totally contact geodesic submanifold, i.e.,

h(X, Y ) = η(X)h(Y, ξ) + η(Y )h(X, ξ),

for any X, Y ∈ ΓTM ;
or

ii) n = 2 and M is a 3-dimensional H-umbilical contact slant submanifold, i.e.,

h(e1, e1) = 3µe∗1, h(e2, e2) = µe∗1, h(e1, e2) = µe∗2,

with respect to an orthonomal frame {e0 = ξ, e1, e2}.

Remark. The inequality (1.2.2.24) is also true for anti-invariant submanifolds in Sasakian
space forms.
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1.2.3 Submanifolds with semi-symmetric metric (non-metric)
connections

In [154], H.A. Hayden introduced the notion of a semi-symmetric metric connection on a Rie-
mannian manifold. K. Yano studied in [318] some properties of a Riemannian manifold endowed
with a semi-symmetric metric connection. In [157] and [158], T. Imai found some properties of
a Riemannian manifold and a hypersurface of a Riemannian manifold with a semi-symmetric
metric connection. Z. Nakao [250] studied submanifolds of a Riemannian manifold with semi-
symmetric connections.

• In [211], [212] we proved Chen inequalities for submanifolds of real space forms endowed
with a semi-symmetric metric connection, i.e., relations between the mean curvature associated
with the semi-symmetric metric connection, scalar and sectional curvatures, Ricci curvatures
and the sectional curvature of the ambient space. The equality cases are considered.

Let Nn+p be an (n + p)-dimensional Riemannian manifold and ∇̃ a linear connection on

Nn+p. If the torsion tensor T̃ of ∇̃, defined by

T̃
(
X̃, Ỹ

)
= ∇̃ eX Ỹ − ∇̃eY X̃ − [X̃, Ỹ ],

for any vector fields X̃ and Ỹ on Nn+p, satisfies

T̃
(
X̃, Ỹ

)
= φ(Ỹ )X̃ − φ(X̃)Ỹ ,

for a 1-form φ, then the connection ∇̃ is called a semi-symmetric connection.
Let g be a Riemannian metric on Nn+p. If ∇̃g = 0, then ∇̃ is called a semi-symmetric

metric connection on Nn+p.
Following [318], a semisymmetric metric connection ∇̃ on Nn+p is given by

∇̃ eX Ỹ =
◦

∇̃ eX Ỹ + φ(Ỹ )X̃ − g(X̃, Ỹ )P,

for any vector fields X̃ and Ỹ on Nn+p, where
◦

∇̃ denotes the Levi-Civita connection with
respect to the Riemannian metric g and P is a vector field defined by g(P, X̃) = φ(X̃), for any

vector field X̃.
We will consider a Riemannian manifold Nn+p endowed with a semi-symmetric metric con-

nection ∇̃ and the Levi-Civita connection denoted by
◦

∇̃.
Let Mn be an n-dimensional submanifold of an (n + p)-dimensional Riemannian manifold

Nn+p. On the submanifold Mn we consider the induced semi-symmetric metric connection

denoted by ∇ and the induced Levi-Civita connection denoted by
◦
∇.

Let R̃ be the curvature tensor of Nn+p with respect to ∇̃ and
◦

R̃ the curvature tensor of Nn+p

with respect to
◦

∇̃. We also denote by R and
◦
R the curvature tensors of ∇ and

◦
∇, respectively,

on Mn.
The Gauss formulas with respect to ∇, respectively

◦
∇ can be written as:

∇̃XY = ∇XY + h(X, Y ), X, Y ∈ χ(M),
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◦

∇̃X Y =
◦
∇X Y+

◦
h (X, Y ), X, Y ∈ χ(M),

where
◦
h is the second fundamental form ofMn inNn+p and h is a (0, 2)-tensor onMn. According

to the formula (7) from [250] h is also symmetric.

One denotes by
◦
H the mean curvature vector of Mn in Nn+p.

Let Nn+p(c) be a real space form of constant sectional curvature c endowed with a semi-

symmetric metric connection ∇̃.

The curvature tensor
◦

R̃ with respect to the Levi-Civita connection
◦

∇̃ onNn+p(c) is expressed
by

◦

R̃ (X, Y, Z,W ) = c {g(X,W )g(Y, Z)− g(X,Z)g(Y,W )} .

Then the curvature tensor R̃ with respect to the semi-symmetric metric connection ∇̃ on
Nn+p(c) can be written as [158]

R̃(X, Y, Z,W ) =
◦

R̃ (X, Y, Z,W )− α(Y, Z)g(X,W )

+α(X,Z)g(Y,W )− α(X,W )g(Y, Z)

+α(Y,W )g(X,Z),

for any vector fields X, Y, Z,W ∈ χ(Mn), where α is a (0, 2)-tensor field defined by

α(X, Y ) =

( ◦

∇̃X φ

)
Y − φ(X)φ(Y ) +

1

2
φ(P )g(X, Y ), ∀X, Y ∈ χ(M).

From the last relations it follows that the curvature tensor R̃ can be expressed as

R̃(X, Y, Z,W ) = c {g(X,W )g(Y, Z)− g(X,Z)g(Y,W )}
−α(Y, Z)g(X,W ) + α(X,Z)g(Y,W )

−α(X,W )g(Y, Z) + α(Y,W )g(X,Z).

Denote by λ the trace of α.
For submanifolds of real space forms endowed with a semi-symmetric metric connection we

established the following optimal inequality, which will call Chen first inequality :

Theorem 1.2.3.1. [211] Let Mn, n ≥ 3, be an n-dimensional submanifold of an
(n + p)-dimensional real space form Nn+p(c) of constant sectional curvature c,

endowed with a semi-symmetric metric connection ∇̃. We have:

(1.2.3.1) τ(x)−K(π) ≤ (n− 2)

[
n2

2(n− 1)
‖H‖2 + (n+ 1)

c

2
− λ

]
− trace

(
α|

π⊥

)
,

where π is a 2-plane section of TxM
n, x ∈Mn .

Recall the following important result (Proposition 1.2) from [157].

Proposition. The mean curvature H of Mn with respect to the semi-symmetric metric con-

nection coincides with the mean curvature
◦
H of Mn with respect to the Levi-Civita connection

if and only if the vector field P is tangent to Mn.
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Remark. According to the formula (7) from [250] it follows that h =
◦
h if P is tangent to

Mn.

The inequality (1.2.3.1) becomes

Corollary 1.2.3.2. [211] Under the same assumptions as in the Theorem 1.2.3.1,
if the vector field P is tangent to Mn, then we have

(1.2.3.2) τ(x)−K(π) ≤ (n− 2)

[
n2

2(n− 1)

∥∥∥ ◦
H
∥∥∥2

+ (n+ 1)
c

2
− λ

]
− trace

(
α|

π⊥

)
.

Theorem 1.2.3.3. [211] If the vector field P is tangent to Mn, then the equality
case of inequality (1.2.3.1) holds at a point x ∈ Mn if and only if there exists an
orthonormal basis {e1, e2, ..., en} of TxM

n and an orthonormal basis {en+1, ..., en+p}
of T⊥x M

n such that the shape operators of Mn in Nn+p(c) at x have the following
forms:

Aen+1 =


a 0 0 · · · 0
0 b 0 · · · 0
0 0 µ · · · 0
...

...
...

. . .
...

0 0 0 · · · µ

 , a+ b = µ,

Aen+i
=


hr

11 hr
12 0 · · · 0

hr
12 −hr

11 0 · · · 0
0 0 0 · · · 0
...

...
... · · · ...

0 0 0 · · · 0

 , 2 ≤ i ≤ p,

where hr
ij = g(h(ei, ej), er), 1 ≤ i, j ≤ n and n+ 1 ≤ r ≤ n+ p.

We also established a sharp relation between the Ricci curvature in the direction of a
unit tangent vector X and the mean curvature H with respect to the semi-symmetric metric
connection ∇̃.

Denote by
N(x) = {X ∈ TxM

n | h(X, Y ) = 0, ∀Y ∈ TxM
n} .

Theorem 1.2.3.4. [212] Let Mn, n ≥ 3, be an n-dimensional submanifold of an (n+
p)-dimensional real space form Nn+p(c) of constant sectional curvature c endowed

with a semi-symmetric metric connection ∇̃. Then :
i) For each unit vector X in TxM we have

(1.2.3.3) ‖H‖2 ≥ 4

n2
[Ric(X)− (n− 1)c+ λ+ (n− 2)α(X,X)] .

ii) If H(x) = 0, then a unit tangent vector X at x satisfies the equality case of
(1.2.3.3) if and only if X ∈ N(x).

Corollary 1.2.3.5. [211] If the vector field P is tangent to Mn, then the equality
case of inequality (1.2.3.3) holds identically for all unit tangent vectors at x if and
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only if either x is a totally geodesic point, or n = 2 and x is a totally umbilical
point .

We stated a relationship between the sectional curvature of a submanifold Mn of a real
space form Nn+p(c) of constant sectional curvature c endowed with a semi-symmetric metric

connection ∇̃ and the associated squared mean curvature ‖H‖2. Using this inequality, we
proved a relationship between the k-Ricci curvature of Mn (intrinsic invariant) and the squared
mean curvature ‖H‖2 (extrinsic invariant). We assume that the vector field P is tangent to
Mn.

Theorem 1.2.3.6. [211] Let Mn, n ≥ 3, be an n-dimensional submanifold of an (n+
p)-dimensional real space form Nn+p(c) of constant sectional curvature c endowed

with a semi-symmetric metric connection ∇̃ such that the vector field P is tangent
to Mn. Then we have

(1.2.3.4) ‖H‖2 ≥ 2τ

n(n− 1)
− c+

2

n
λ.

Using Theorem 1.2.3.6, we obtain the following

Theorem 1.2.3.7. [211] Let Mn, n ≥ 3, be an n-dimensional submanifold of an
(n+ p)-dimensional real space form Nn+p(c) of constant sectional curvature c en-

dowed with a semi-symmetric metric connection ∇̃, such that the vector field P
is tangent to Mn. Then, for any integer k, 2 ≤ k ≤ n, and any point p ∈ Mn, we
have

(1.2.3.5) ‖H‖2 (p) ≥ Θk(p)− c+
2

n
λ,

where Θk(p) = 1
k−1

infX,Lk RicLk(X), Lk runs over all k-plane sections in TpM and X

runs over all unit vectors in Lk.

• In [213] we continued the study of Chen inequalities for submanifolds in space forms
with semi-symmetric metric connections, more precisely Chen inequalities for submanifolds in
complex, respectively Sasakian space forms endowed with semi-symmetric metric connection.

Let N2m be a Kaehler manifold and J the canonical almost complex structure. The sectional
curvature of N2m in the direction of an invariant 2-plane section by J is called the holomorphic
sectional curvature. If the holomorphic sectional curvature is constant 4c for all plane sections
π of TxN

2m invariant by J for any x ∈ N2m, then N2m is called a complex space form and is

denoted by N2m(4c). The curvature tensor
◦

R̃ with respect to the Levi-Civita connection
◦

∇̃ on
N2m(4c) is given by

(1.2.3.6)
◦

R̃ (X, Y, Z,W ) = c[g(X,W )g(Y, Z)− g(X,Z)g(Y,W )− g(JX,Z)g(JY,W )+

+g(JX,W )g(JY, Z)− 2g(X, JY )g(Z, JW )].

If N2m(4c) is a complex space form of constant holomorphic sectional curvature 4c with a

semi-symmetric metric connection ∇̃, then the curvature tensor R̃ of N2m(4c) can be expressed
as
(1.2.3.7)

R̃(X, Y, Z,W ) = c[g(X,W )g(Y, Z)−g(X,Z)g(Y,W )−g(JX,Z)g(JY,W )+g(JX,W )g(JY, Z)−
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−2g(X, JY )g(Z, JW )]−α(Y, Z)g(X,W )+α(X,Z)g(Y,W )−α(X,W )g(Y, Z)+α(Y,W )g(X,Z).

Let Mn, n ≥ 3, be an n-dimensional submanifold of an 2m-dimensional complex space form
N2m(4c) of constant holomorphic sectional curvature 4c. For any tangent vector field X to Mn,
we put JX = PX + FX, where PX and FX are the tangential and normal components of
JX, respectively. We define

‖P‖2 =
n∑

i,j=1

g2(Jei, ej).

Following [6], we denoted by Θ2(π) = g2(Pe1, e2) = g2(Je1, e2), where {e1, e2} is an or-
thonormal basis of a 2-plane section π. Θ2(π) is a real number in [0, 1], independent of the
choice of e1, e2.

We proved the following

Theorem 1.2.3.8. [213] Let Mn, n ≥ 3, be an n-dimensional submanifold of an
2m-dimensional complex space form N2m(4c) of constant holomorphic sectional

curvature 4c, endowed with a semi-symmetric metric connection ∇̃. We have:

τ(x)−K(π) ≤ n− 2

2

[
n2

n− 1
‖H‖2 + (n+ 1)c− 2λ

]
−
[
6Θ2(π)− 3 ‖P‖2] c

2
− trace

(
α|

π⊥

)
,

where π is a 2-plane section of TxM
n, x ∈Mn .

Remark. Because h =
◦
h if U is tangent to Mn (according to the formula (7) from [250]

(see also Proposition 1.2 from [157])), the inequality proved in Theorem 1.2.3.8 becomes

τ(x)−K(π) ≤ n− 2

2

[
n2

n− 1

∥∥∥ ◦
H
∥∥∥2

+ (n+ 1)c− 2λ

]
−
[
6Θ2(π)− 3 ‖P‖2] c

2
− trace

(
α|

π⊥

)
,

Theorem 1.2.3.9. [213] Under the same assumptions as in Theorem 1.2.3.8, if
the vector field U is tangent to Mn, then the equality case of inequality from
Theorem 1.2.3.8 holds at a point x ∈Mn if and only if there exists an orthonormal
basis {e1, e2, ..., en} of TxM

n and an orthonormal basis {en+1, ..., e2m} of T⊥x M
n such

that the shape operators of Mn in N2m(4c) at x have the following forms:

Aen+1 =


a 0 0 · · · 0
0 b 0 · · · 0
0 0 µ · · · 0
...

...
...

. . .
...

0 0 0 · · · µ

 , a+ b = µ,

Aer =


hr

11 hr
12 0 · · · 0

hr
12 −hr

11 0 · · · 0
0 0 0 · · · 0
...

...
... · · · ...

0 0 0 · · · 0

 , n+ 2 ≤ i ≤ 2m,

where we denote by hr
ij = g(h(ei, ej), er), 1 ≤ i, j ≤ n and n+ 2 ≤ r ≤ 2m.
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We proved relationships between the Ricci curvature of a submanifoldMn of a complex space
form N2m(4c) of constant holomorphic sectional curvature, endowed with a semi-symmetric
metric connection, and the squared mean curvature ‖H‖2, under the assumption that the
vector field U is tangent to Mn.

Theorem 1.2.3.10. [213] Let Mn, n ≥ 3, be an n-dimensional submanifold of an
2m-dimensional complex space form N2m(4c) of constant holomorphic sectional

curvature 4c endowed with a semi-symmetric metric connection ∇̃ such that the
vector field U is tangent to Mn. Then we have

(1.2.3.8) ‖H‖2 ≥ 2τ

n(n− 1)
+

2

n
λ− c− 3c

n(n− 1)
‖P‖2 .

Using the above theorem, we obtain the following

Theorem 1.2.3.11. [213] Let Mn, n ≥ 3, be an n-dimensional submanifold of an
2m-dimensional complex space form N2m(4c) of constant holomorphic sectional

curvature 4c endowed with a semi-symmetric metric connection ∇̃, such that the
vector field U is tangent to Mn. Then, for any integer k, 2 ≤ k ≤ n, and any point
x ∈Mn, we have

‖H‖2 (x) ≥ Θk(p) +
2

n
λ− c− 3c

n(n− 1)
‖P‖2 .

We considered also submanifolds of Sasakian space forms.
Recall that a (2m+1)-dimensional Riemannian manifold (N2m+1, g) is a Sasakian manifold

if it admits a (1, 1)-tensor field ϕ, a vector field ξ and a 1-form η satisfying:

ϕ2X = −X + η(X)ξ, η(ξ) = 1,

g(ϕX,ϕY ) = g(X, Y )− η(X)η(Y ), g(X, ξ) = η(X),

g(X,φY = dη(X, Y ),

for any vector fields X, Y on TN , and

[φ, φ] + 2dη ⊗ ξ = 0,

where [φ, φ] is the Nijenhuis torsion of φ.
A Sasakian manifold with constant ϕ-sectional curvature c is said to be a Sasakian space

form and is denoted by N2m+1(c). The curvature tensor
◦

R̃ with respect to the Levi-Civita

connection
◦

∇̃ on N2m+1(c) is expressed by
(1.2.3.9)

◦

R̃ (X, Y, Z,W ) =
c+ 3

4
[g(X,W )g(Y, Z)− g(X,Z)g(Y,W )] +

c− 1

4
[η(X)η(Z)g(Y,W )−

−η(Y )η(Z)g(X,W ) + η(Y )η(W )g(X,Z)− η(X)η(W )g(Y, Z) + g(X,ϕZ)g(ϕY,W )−

−g(Y, ϕZ)g(ϕX,W ) + 2g(X,ϕY )g(ϕZ,W )],

for vector fields X, Y, Z,W on N2m+1(c).
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If N2m+1(c) is a (2m+1)-dimensional Sasakian space form of constant ϕ-sectional curvature

c endowed with a semi-symmetric metric connection ∇̃, it follows that the curvature tensor R̃
of N2m+1(c) can be expressed as

(1.2.3.10) R̃(X, Y, Z,W ) =
c+ 3

4
[g(X,W )g(Y, Z)− g(X,Z)g(Y,W )]+

+
c− 1

4
[η(X)η(Z)g(Y,W )− η(Y )η(Z)g(X,W ) + η(Y )η(W )g(X,Z)− η(X)η(W )g(Y, Z)+

+g(X,ϕZ)g(ϕY,W )− g(Y, ϕZ)g(ϕX,W ) + 2g(X,ϕY )g(ϕZ,W )]−
−α(Y, Z)g(X,W ) + α(X,Z)g(Y,W )− α(X,W )g(Y, Z) + α(Y,W )g(X,Z).

Let Mn, n ≥ 3, be an n-dimensional submanifold of an (2m + 1)-dimensional Sasakian
space form of constant ϕ-sectional curvature Nn+p(c) of constant sectional curvature c. For any
tangent vector field X to Mn, we put ϕX = PX + FX, where PX and FX are tangential
and normal components of ϕX, respectively and we decompose ξ = ξ> + ξ⊥, where ξ> and
ξ⊥denotes the tangential and normal parts of ξ.

Recall that Θ2(π) = g2(Pe1, e2) = g2(Je1, e2), where {e1, e2} is an orthonormal basis of a
2-plane section π, is a real number in [0, 1], independent of the choice of e1, e2.

For submanifolds of Sasakian space forms endowed with a semi-symmetric metric connection
we established the following optimal inequality.

Theorem 1.2.3.12. [213] Let Mn, n ≥ 3, be an n-dimensional submanifold of
an (2m + 1)-dimensional Sasakian space form N2m+1(c) of constant φ-sectional

curvature endowed with a semi-symmetric metric connection ∇̃. We have:

(1.2.3.11) τ(x)−K(π) ≤ (n− 2)

[
n2

2(n− 1)
‖H‖2 + (n+ 1)

c+ 3

8
− λ

]
+

+
c− 1

8

[
3‖P‖2 − 6Θ2(π)− 2(n− 1)‖ξ>‖2 + 2 ‖ξπ‖2]− trace

(
α|

π⊥

)
,

where π is a 2-plane section of TxM
n, x ∈Mn .

Corollary 1.2.3.13. [213] Under the same assumptions as in Theorem 1.2.3.12,
if ξ is tangent to Mn, we have

τ(x)−K(π) ≤ (n− 2)

[
n2

2(n− 1)
‖H‖2 + (n+ 1)

c+ 3

8
− λ

]
+

+
c− 1

8

[
3‖P‖2 − 6Θ2(π)− 2(n− 1) + 2 ‖ξπ‖2]− trace

(
α|

π⊥

)
.

If ξ is normal to Mn, we have

τ(x)−K(π) ≤ (n− 2)

[
n2

2(n− 1)
‖H‖2 + (n+ 1)

c+ 3

8
− λ

]
− trace

(
α|

π⊥

)
.

Remark. Because h =
◦
h if U is tangent to Mn [250], the inequality (1.2.3.11) becomes

τ(x)−K(π) ≤ (n− 2)

[
n2

2(n− 1)

∥∥∥ ◦
H
∥∥∥2

+ (n+ 1)
c+ 3

8
− λ

]
+
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+
c− 1

8

[
3‖P‖2 − 6Θ2(π)− 2(n− 1)‖ξ>‖2 + 2 ‖ξπ‖2]− trace

(
α|

π⊥

)
.

Theorem 1.2.3.14. [213] If the vector field U is tangent to Mn, then the equality
case of inequality (1.2.3.11) holds at a point x ∈ Mn if and only if there exists an
orthonormal basis {e1, e2, ..., en} of TxM

n and an orthonormal basis {en+1, ..., en+p}
of T⊥x M

n such that the shape operators of Mn in N2m+1(c) at x have the following
forms:

Aen+1 =


a 0 0 · · · 0
0 b 0 · · · 0
0 0 µ · · · 0
...

...
...

. . .
...

0 0 0 · · · µ

 , a+ b = µ,

Aer =


hr

11 hr
12 0 · · · 0

hr
12 −hr

11 0 · · · 0
0 0 0 · · · 0
...

...
... · · · ...

0 0 0 · · · 0

 , n+ 2 ≤ i ≤ 2m+ 1,

where we denote by hr
ij = g(h(ei, ej), er), 1 ≤ i, j ≤ n and n+ 2 ≤ r ≤ 2m+ 1.

We also stated a relationship between the sectional curvature of a submanifold Mn of
a Sasakian space form N2m+1(c) of constant φ-sectional curvature c endowed with a semi-

symmetric metric connection ∇̃ and the squared mean curvature ‖H‖2. Using this inequality,
we prove a relationship between the k-Ricci curvature of Mn (intrinsic invariant) and the
squared mean curvature ‖H‖2 (extrinsic invariant).

Theorem 1.2.3.15. [213] Let Mn, n ≥ 3, be an n-dimensional submanifold of an
(2m + 1)-dimensional real space form N2m+1(c) of constant φ-sectional curvature

c endowed with a semi-symmetric metric connection ∇̃ such that the vector field
U is tangent to Mn. Then we have

(1.2.3.12) ‖H‖2 ≥ 2τ

n(n− 1)
+

2

n
λ− c+ 3

4
− c− 1

4n(n− 1)

[
−2(n− 1)‖ξ>‖2 + ‖P‖2] .

From the above theorem we derived the following

Theorem 1.2.3.16. [213] Let Mn, n ≥ 3, be an n-dimensional submanifold of
an (2m + 1)-dimensional Sasakian space form N2m+1(c) of constant ϕ-sectional

curvature c endowed with a semi-symmetric metric connection ∇̃, such that the
vector field U is tangent to Mn. Then, for any integer k, 2 ≤ k ≤ n, and any point
x ∈Mn, we have

(1.2.3.13) ‖H‖2 (x) ≥ Θk(x) +
2

n
λ− c+ 3

4
− c− 1

4n(n− 1)

[
−2(n− 1)‖ξ>‖2 + ‖P‖2] .
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• In [268], [269] we proved Chen inequalities for submanifolds of real space forms endowed
with a semi-symmetric non-metric connection, i.e., relations between the mean curvature as-
sociated with a semi-symmetric non-metric connection, scalar and sectional curvatures, Ricci
curvatures and the sectional curvature of the ambient space. The equality cases were considered.

Let g be a Riemannian metric on Nn+p. If ∇̃g 6= 0, where ∇̃ is a semi-symmetric connection,
then ∇̃ is called a semi-symmetric non-metric connection on Nn+p.

Following [4], a semi-symmetric non-metric connection ∇̃ on Nn+p is given by

∇̃ eX Ỹ =
◦

∇̃ eX Ỹ + φ(Ỹ )X̃,

for any vector fields X̃ and Ỹ on Nn+p, where
◦

∇̃ denotes the Levi-Civita connection with
respect to the Riemannian metric g and φ is a 1-form. Denote by P = φ]. i.e. the vector field
P is defined by g(P, X̃) = φ(X̃), for any vector field X̃ on Nn+p.

We will consider a Riemannian manifold Nn+p endowed with a semi-symmetric non-metric

connection ∇̃ and the Levi-Civita connection denoted by
◦

∇̃.
Let Mn be an n-dimensional submanifold of an (n + p)-dimensional Riemannian manifold

Nn+p. On the submanifold Mn we consider the induced semi-symmetric non-metric connection

denoted by ∇ and the induced Levi-Civita connection denoted by
◦
∇.

Let R̃ be the curvature tensor of Nn+p with respect to ∇̃ and
◦

R̃ the curvature tensor of Nn+p

with respect to
◦

∇̃. We also denote by R and
◦
R the curvature tensors of ∇ and

◦
∇, respectively,

on Mn.
The Gauss formulas with respect to ∇, respectively

◦
∇ can be written as:

∇̃XY = ∇XY + h(X, Y ), X, Y ∈ Γ(TMn),

◦

∇̃X Y =
◦
∇X Y+

◦
h (X, Y ), X, Y ∈ Γ(TMn),

where
◦
h is the second fundamental form ofMn inNn+p and h is a (0, 2)-tensor onMn. According

to the formula (3.4) in [5],

(1.2.3.14) h =
◦
h .

One denotes by H the mean curvature vector of Mn in Nn+p.

Let Nn+p(c) be a real space form of constant sectional curvature c endowed with a semi-

symmetric non-metric connection ∇̃.

The curvature tensor
◦

R̃ with respect to the Levi-Civita connection
◦

∇̃ onNn+p(c) is expressed
by

◦

R̃ (X, Y, Z,W ) = c {g(X,W )g(Y, Z)− g(X,Z)g(Y,W )} .

Then the curvature tensor R̃ with respect to the semi-symmetric non-metric connection ∇̃ on
Nn+p(c) can be written as (see [4])

R̃(X, Y, Z,W ) =
◦

R̃ (X, Y, Z,W ) + s(X,Z)g(Y,W )− s(Y, Z)g(X,W ),
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for any vector fields X, Y, Z,W ∈ χ(Mn), where s is a (0, 2)-tensor field defined by

s(X, Y ) =

( ◦

∇̃X φ

)
Y − φ(X)φ(Y ), ∀X, Y ∈ χ(Mn).

It follows that the curvature tensor R̃ can be expressed as
(1.2.3.15)

R̃(X, Y, Z,W ) = c {g(X,W )g(Y, Z)− g(X,Z)g(Y,W )}+ s(X,Z)g(Y,W )− s(Y, Z)g(X,W ).

Denote by λ the trace of s.
Using (1.2.3.14), the Gauss equation for the submanifold Mn into the real space form

Nn+p(c) is

(1.2.3.16)
◦

R̃ (X, Y, Z,W ) =
◦
R (X, Y, Z,W ) + g(h(X,Z), h(Y,W ))− g(h(X,W ), h(Y, Z)).

Decomposing the vector field P on M uniquely into its tangent and normal components P T

and P⊥, respectively, we have P = P T + P⊥.
Denote by

(1.2.3.17) Ω(X) = s(X,X) + g(P⊥, h(X,X)),

for a unit vector X tangent to Mn at a point x.
In general for a submanifolds Mn of a real space form endowed with a semi-symmetric non-

metric connection the sectional curvature K(π) of a plane section (and consequently the Chen
invariants) cannot be defined by the standard definition because it depends on the choice of
the orthonormal basis of π. For this reason we put the condition Ω(X) = constant for all unit
vectors tangent to Mn.

For submanifolds of real space forms endowed with a semi-symmetric non-metric connection
we establish the following optimal inequality, which will call Chen first inequality :

Theorem 1.2.3.17. [268] Let Mn, n ≥ 3, be an n-dimensional submanifold of
an (n+ p)-dimensional real space form Nn+p(c) of constant sectional curvature c,

endowed with a semi-symmetric non-metric connection ∇̃. We have:

δMn(x) ≤ Ω + (n− 2)

[
n2

2(n− 1)
‖H‖2 + (n+ 1)

c

2

]
− 1

2
(n− 1)λ− 1

2
n2φ(H),

where π is a 2-plane section of TxM
n, x ∈ Mn . Equality holds at a point x ∈ Mn

if and only if there exists an orthonormal basis {e1, e2, ..., en} of TxM
n and an

orthonormal basis {en+1, ..., en+p} of T⊥x M
n such that the shape operators of Mn in

Nn+p(c) at x have the following forms:

Aen+1 =


a 0 0 · · · 0
0 b 0 · · · 0
0 0 µ · · · 0
...

...
...

. . .
...

0 0 0 · · · µ

 , a+ b = µ,
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Aen+i
=


hn+i

11 hn+i
12 0 · · · 0

hn+i
12 −hn+i

11 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

 , 2 ≤ i ≤ p.

Proof. From [5], the Gauss equation with respect to the semi-symmetric non-metric con-
nection is

(1.2.3.18) R̃(X, Y, Z,W ) = R(X, Y, Z,W ) + g(h(X,Z), h(Y,W ))− g(h(Y, Z), h(X,W ))+

+g(P⊥, h(Y, Z))g(X,W )− g(P⊥, h(X,Z))g(Y,W ).

Let x ∈ Mn and {e1, e2, ..., en} and {en+1, ..., en+p} be orthonormal basis of TxM
n and

T⊥x M
n, respectively. For X = W = ei, Y = Z = ej, i 6= j, from the equation (1.2.3.15) it

follows that:

(1.2.3.19) R̃(ei, ej, ej, ei) = c− s(ej, ej).

From the last two equations we get

c− s(ej, ej) = R(ei, ej, ej, ei) + g(h(ei, ej), h(ei, ej))−
−g(h(ei, ei), h(ej, ej)) + φ(h(ej, ej)).

By summation after 1 ≤ i, j ≤ n, it follows from the above relation that

(1.2.3.20) (n2 − n)c− (n− 1)λ = 2τ + ‖h‖2 − n2 ‖H‖2 + n2φ(H),

where we recall that λ is the trace of s and denote by

‖h‖2 =
n∑

i,j=1

g(h(ei, ej), h(ei, ej)),

H =
1

n
traceh, φ(H) =

1

n

n∑
j=1

φ(h(ej, ej)) = g(P⊥, H).

One takes

(1.2.3.21) ε = 2τ − n2(n− 2)

n− 1
‖H‖2 + (n− 1)λ− (n2 − n)c+ n2φ(H).

Then (1.2.3.20) becomes

(1.2.3.22) n2 ‖H‖2 = (n− 1)
(
‖h‖2 + ε

)
.

Let x ∈ Mn, π ⊂ TxM
n, dim π = 2, π = sp {e1, e2}. We define en+1 = H

‖H‖ and from the

relation (1.2.3.22) we obtain:

(
n∑

i=1

hn+1
ii )2 = (n− 1)

(
n∑

i,j=1

n+p∑
r=n+1

(hr
ij)

2 + ε

)
,
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or equivalently,

(1.2.3.23) (
n∑

i=1

hn+1
ii )2 = (n− 1){

n∑
i=1

(hn+1
ii )2 +

∑
i6=j

(hn+1
ij )2 +

n∑
i,j=1

n+p∑
r=n+2

(hr
ij)

2 + ε}.

By using Chen Lemma we derive:

(1.2.3.24) 2hn+1
11 hn+1

22 ≥
∑
i6=j

(hn+1
ij )2 +

n∑
i,j=1

n+p∑
r=n+2

(hr
ij)

2 + ε.

Gauss equation for X = W = e1, Y = Z = e2 gives

K(π) = R(e1, e2, e2, e1) = c− s(e2, e2)−

−g(P⊥, h(e2, e2)) +

p∑
r=n+1

[hr
11h

r
22 − (hr

12)
2] ≥

≥ c− s(e2, e2)− φ(h(e2, e2)) +
1

2
[
∑
i6=j

(hn+1
ij )2 +

n∑
i,j=1

n+p∑
r=n+2

(hr
ij)

2 + ε]+

+

n+p∑
r=n+2

hr
11h

r
22 −

n+p∑
r=n+1

(hr
12)

2 = c− s(e2, e2)− φ(h(e2, e2))+

+
1

2

∑
i6=j

(hn+1
ij )2 +

1

2

n∑
i,j=1

n+p∑
r=n+2

(hr
ij)

2 +
1

2
ε+

n+p∑
r=n+2

hr
11h

r
22 −

n+p∑
r=n+1

(hr
12)

2 =

= c− s(e2, e2)− g(P⊥, h(e2, e2)) +
1

2

∑
i6=j

(hn+1
ij )2 +

1

2

n+p∑
r=n+2

∑
i,j>2

(hr
ij)

2+

+
1

2

n+p∑
r=n+2

(hr
11 + hr

22)
2 +

∑
j>2

[(hn+1
1j )2 + (hn+1

2j )2] +
1

2
ε ≥

≥ c− s(e2, e2)− g(P⊥, h(e2, e2)) +
ε

2
,

which implies

K(π) ≥ c− s(e2, e2)− g(P⊥, h(e2, e2)) +
ε

2
.

Let {e1, e2, ..., en} be an orthonormal basis of TxM
n with π = sp {e1, e2}. The formula (1.2.3.17)

implies that
Ω(e1) = Ω(e2) = ... = Ω(en).

Denote it simply by Ω. By using (1.2.3.21) we get

K(π) ≥ τ − Ω− (n− 2)

[
n2

2(n− 1)
‖H‖2 + (n+ 1)

c

2

]
+

1

2
(n− 1)λ+

1

2
n2φ(H),
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which represents the inequality.
The equality case holds at a point x ∈ Mn if and only if it achieves the equality in all the

previous inequalities and we have the equality in the Lemma.

hn+1
ij = 0, ∀i 6= j, i, j > 2,

hr
ij = 0, ∀i 6= j, i, j > 2, r = n+ 1, ..., n+ p,

hr
11 + hr

22 = 0, ∀r = n+ 2, ..., n+ p,

hn+1
1j = hn+1

2j = 0, ∀j > 2,

hn+1
11 + hn+1

22 = hn+1
33 = ... = hn+1

nn .

We may chose {e1, e2} such that hn+1
12 = 0 and we denote by a = hr

11, b = hr
22, µ = hn+1

33 =
... = hn+1

nn .
It follows that the shape operators take the desired forms.

We also established a sharp relation between the Ricci curvature in the direction of a unit
tangent vector X and the mean curvature H with respect to the semi-symmetric non-metric
connection ∇̃.

Denote by
N(x) = {X ∈ TxM

n | h(X, Y ) = 0, ∀Y ∈ TxM
n} .

Theorem 1.2.3.18. [269] Let Mn, n ≥ 3, be an n-dimensional submanifold of
an (n + p)-dimensional real space form Nn+p(c) of constant sectional curvature c

endowed with a semi-symmetric non-metric connection ∇̃. Then :
i) For each unit vector X in TxM we have

(1.2.3.25) ‖H‖2 ≥ 4

n2
[Ric(X)− (n− 1)(c− Ω)].

ii) If H(x) = 0, then a unit tangent vector X at x satisfies the equality case of
(1.2.3.25) if and only if X ∈ N(x).

iii) The equality case of inequality (1.2.3.25) holds identically for all unit tangent
vectors at x if and only if either x is a totally geodesic point, or n = 2 and x is a
totally umbilical point.

A relationship between the sectional curvature of a submanifold Mn of a real space form
Nn+p(c) of constant sectional curvature c endowed with a semi-symmetric non-metric connec-

tion ∇̃ and the associated squared mean curvature ‖H‖2 was established in [268]. Using this
inequality, we proved a relationship between the k-Ricci curvature of Mn (intrinsic invariant)
and the squared mean curvature ‖H‖2 (extrinsic invariant).

Theorem 1.2.3.19. [268] Let Mn, n ≥ 3, be an n-dimensional submanifold of
an (n + p)-dimensional real space form Nn+p(c) of constant sectional curvature c

endowed with a semi-symmetric non-metric connection ∇̃. Then we have

(1.2.3.26) ‖H‖2 ≥ 2τ

n(n− 1)
− c+

1

n
λ+

n

n− 1
φ(H).

Using the above theorem, we obtain the following
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Corollary 1.2.3.20. [268] Let Mn, n ≥ 3, be an n-dimensional submanifold of
an (n + p)-dimensional real space form Nn+p(c) of constant sectional curvature c

endowed with a semi-symmetric non-metric connection ∇̃. Then, for any integer
k, 2 ≤ k ≤ n, and any point x ∈Mn, we have

(1.2.3.27) ‖H‖2 (p) ≥ Θk(p)− c+
1

n
λ+

n

n− 1
φ(H).

• Motivated by the above studies, in [204] we improved Chen-Ricci inequalities for a La-

grangian submanifold Mn of dimension n (n ≥ 2) in a complex space form M̃2n(4c) of constant
holomorphic sectional curvature c with a semi-symmetric metric connection and a Legendrian
submanifold Mn in a Sasakian space form M̃2n+1(c) of constant ϕ-sectional curvature c with a
semi-symmetric metric connection, respectively.

Let Mn, n ≥ 2, be an n-dimensional submanifold of a 2m-dimensional complex space form
M̃2m(4c) of constant holomorphic sectional curvature 4c. If J(TpM

n) ⊂ T⊥p M
n, then Mn is

called an anti-invariant submanifold of M̃2m. For an anti-invariant submanifold of a Kaehlerian
manifold it is known that (see [320])

◦
AJX Y =

◦
AJY X, X, Y ∈ TpM,

or equivalently,
◦
h

k

ij=
◦
h

j

ik=
◦
h

i

jk, ∀i, j, k = 1, ..., n, where
◦
A is the shape operator with respect to

◦

∇̃ and
◦
h

k

ij= g(
◦
h (ei, ej), Jek), i, j, k = 1, ..., n.

A Lagrangian submanifold is a totally real submanifold of maximum dimension [82].

Theorem 1.2.3.21. [204] Let Mn be a Lagrangian submanifold of dimension n

(n ≥ 2) in a 2n-dimensional complex space form M̃2n(4c) of constant holomorphic
sectional curvature c with a semi-symmetric metric connection such that the
vector field P is tangent to Mn. Then for any unit tangent vector X to Mn we
have

(1.2.3.28) Ric(X) + (n− 2)α(X,X) + trace α ≤ (n− 1)
(
c+

n

4
‖H‖2

)
.

The equality sign holds identically if and only if either
(i) Mn is totally geodesic, or
(ii) n = 2, and M2 is a H-umbilical Lagrangian surface with λ = 3µ.

We improved Chen-Ricci inequality for submanifolds of Sasakian space forms with a semi-
symmetric metric connection.

A submanifold Mn of a Sasakian manifold M̃2m+1 normal to ξ is called a C-totally real

submanifold. On such a submanifold, ϕ maps any tangent vector to Mn at p ∈ Mn into the
normal space T⊥p M

n. In particular, if n = m, i. e. Mn has maximum dimension, then it is
a Legendrian submanifold. For a Legendrian submanifold Mn we may choose an orthonormal
basis of T⊥p M

n of the form {en+1 = ϕe1, ..., e2n = ϕen, e2n+1 = ξ}. One has (see [320])

◦
AϕX Y =

◦
AϕY X, X, Y ∈ TpM

n,



Habilitation Thesis Adela MIHAI 81

or equivalently,
◦
h

k

ij=
◦
h

j

ik=
◦
h

i

jk, ∀i, j, k = 1, ..., n, where
◦
A is the corresponding shape operator

and
◦
h

k

ij= g(
◦
h (ei, ej), ϕek), i, j, k = 1, ..., n.

Theorem 1.2.3.22. [204] Let Mn be an n-dimensional Legendrian submanifold in

a Sasakian space form M̃2n+1(c) of constant ϕ-sectional curvature c with a semi-
symmetric metric connection such that the vector field P is tangent to Mn. Then,
for any unit tangent vector X to Mn, we have

(1.2.3.29) Ric(X) + (n− 2)α(X,X) + traceα ≤ n− 1

4

(
c+ 3 + n ‖H‖2) .

The equality sign holds identically if and only if either
(i) Mn is totally geodesic, or
(ii) n = 2, and M2 is a H-umbilical Legendrian surface with λ = 3µ.

• The notion of a connection is one of the most important in Geometry. Its history is long
and interesting, being written by Christoffel, Ricci, Levi-Civita, Cartan, Darboux, Koszul (see,
for example, [175]).

There are various physical problems involving the semi-symmetric metric connection. In
[291] the following two examples are given.

If a man is moving on the surface of the earth always facing one definite point, say Jerusalem
or Mekka or the North Pole, then this displacement is semi-symmetric and metric.

During the mathematical congress in Moscow in 1934 one evening mathematicians invented
the Moscow displacement. The streets of Moscow are approximately straight lines through the
Kremlin and concentric circles around it. If a person walks in the street always facing the
Kremlin, then this displacement is semi-symmetric and metric.

In [205], we constructed examples of different types of connections starting from a semi-

symmetric metric connection ∇̃ on a Riemannian manifold, for example a connection which is
a symmetric metric connection with respect to a conformally related metric g∗, but symmetric
non-metric with respect to the initial metric g.

We formulated an open problem: find a parallel complex structure on a Kaehler manifold
with respect to such a new connection.

We recall that K. Yano [318], showed that a semi-symmetric metric connection ∇̃ is given
by

∇̃XY = ∇◦
XY + Φ(Y )X − g(X, Y )P,

where ∇◦ is the Levi-Civita connection on Ñ with respect to g and P is a vector field defined
by P = Φ#, equivalent with g(P,X) = Φ(X), for any vector field X. So, the above relation can
be written as

(1.2.3.30) ∇̃XY = ∇◦
XY + g(P, Y )X − g(X, Y )P.

Let consider only a part of formula (1.2.3.30) and define

∇′
XY = ∇◦

XY + Φ(Y )X,

with Φ a 1-form.
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We proved that ∇′ is a semi-symmetric connection, but it is not metric.
More precisely we have:

Proposition 1.2.3.23. [205] Let (Ñ , g) be an n-dimensional Riemannian manifold
and ∇◦ its Levi-Civita connection with respect to g. Then the connection ∇′

defined by
∇′

XY = ∇◦
XY + Φ(Y )X,

with Φ a 1-form on Ñ is a semi-symmetric non-metric connection on Ñ.

On the other hand, on the Riemannian manifold (Ñ , g) denote by Ω1(Ñ) the space of 1-forms
on Ñ .

Following Yano [318], to any 1-form Φ corresponds a metric semi-symmetric connection

∇̃XY = ∇◦
XY + Φ(Y )X − g(X, Y )Φ\.

We shall consider two cases:
i) Φ is closed;
ii) Φ is exact.

By direct calculation we have:

dΦ(X, Y ) = XΦ(Y )− Y Φ(X)− Φ([X, Y ]) = Xg(P, Y )− Y g(P,X)− g(P, [X, Y ]) =

= g(∇◦
XP, Y ) + g(P,∇◦

XY )− g(∇◦
Y P,X)− g(P,∇◦

YX)− g(P, [X, Y ]) =

= g(∇◦
XP, Y )− g(∇◦

Y P,X) + [g(P,∇◦
XY )− g(P,∇◦

YX)− g(P, [X, Y ]] =

= g(∇◦
XP, Y )− g(∇◦

Y P,X).

Then Φ is closed if and only if g(∇◦
XP, Y )− g(∇◦

Y P,X) = 0.

In the case ii), Φ exact implies that ∃ f ∈ C∞(Ñ) such that Φ = df . Then g(P,X) =
Φ(X) = df(X) = Xf, P = grad f , and, Φ being closed, we have

g(∇◦
Xgrad f, Y ) = g(∇◦

Y grad f,X).

For an exact 1-form Φ, i.e. ∃f ∈ C∞(Ñ) such that Φ = df, we define a conformally related
metric g∗ by g∗ = e2fg (which remains Riemannian metric) and denote by ∇∗ its Levi-Civita
connection (on (Ñ , g∗)).

Proposition 1.2.3.24. [205] Let (Ñ , g) be an n-dimensional Riemannian manifold
and g∗ = e2fg a conformally related metric to g, with f ∈ C∞(Ñ). Let ∇∗ be the
Levi-Civita connection with respect to g∗. Then :

i) The connection ∇∗ is given by

∇∗
XY = ∇◦

XY + Φ(Y )X − g(X, Y )Φ\ + Φ(X)Y,

i.e.,
∇∗

XY = ∇̃XY + Φ(X)Y,

where ∇̃ is the semi-symmetric metric connection with respect to g.
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ii) The connection ∇∗ is a symmetric non-metric connection with respect to g.

A Kaehler manifold is one of the most interesting manifolds from the class of complex
manifolds and is well determined by its metric g and its almost complex structure J and then
is usualy denoted by (M, g, J). It is known that a Hermitian manifold (M, g, J) is Kaehler if
and only if its almost complex structure J is parallel with respect to the Levi-Civita connection
associated to the Riemannian metric g, i.e. ∇◦J = 0.

Let ∇̃ be the semi-symmetric metric connection with respect to g on a Kaehler manifold
(M, g, J) and ∇◦ be the Levi-Civita connection associated to g.

We calculate
(∇̃XJ)Y = ∇̃XJY − J∇̃XY =

= ∇◦
XJY + Φ(JY )X − g(X, JY )Φ# − J(∇◦

XY + Φ(Y )X − g(X, Y )Φ#) =

= ∇◦
XJY − J(∇◦

XY ) + Φ(JY )X − JΦ(Y )X − g(X, JY )Φ# + Jg(X, Y )Φ# =

= Φ(JY )X − JΦ(Y )X − g(X, JY )Φ# + Jg(X, Y )Φ#.

Remark. ∇̃J 6= 0, so J cannot be parallel with respect to the semi-symmetric metric
connection ∇̃.

Indeed, if X is orthogonal to P and JP , then P, JP,X and JX are linearly independent;
therefore (∇̃XJ)Y 6= 0.

Starting from the semi-symmetric connection ∇̃ on the Kaehler manifold (M, g, J) we can
derive another connection ∇∗.

We formulated the following open problem:

Find another almost complex structure J∗ on the Kaehler manifold (M, g, J) such
that J∗ is parallel with respect to ∇∗ (i.e. ∇∗J∗ = 0).

1.2.4 Statistical submanifolds

In this subsection, we study the behaviour of submanifolds in statistical manifolds of constant
curvature. We investigate curvature properties of such submanifolds. Some inequalities for sub-
manifolds with any codimension and hypersurfaces of statistical manifolds of constant curvature
are also established.

Statistical manifolds introduced, in 1985, by Amari have been studied in terms of informa-
tion geometry. Since the geometry of such manifolds includes the notion of dual connections,
also called conjugate connections in affine geometry, it is closely related to affine differential
geometry. Further, a statistical structure being a generalization of a Hessian one, it connects
Hessian geometry.

Let
(
M̃, g̃

)
be a Riemannian manifold and M a submanifold of M̃ . If (M,∇, g) is a

statistical manifold, then we call (M,∇, g) a statistical submanifold of
(
M̃, g̃

)
, where ∇ is an

affine connection on M and g is the metric tensor on M induced from the Riemannian metric

g̃ on M̃. Let ∇̃ be an affine connection on M̃. If
(
M̃, g̃, ∇̃

)
is a statistical manifold and M a

submanifold of M̃, then (M,∇, g) is also a statistical manifold by induced connection ∇ and
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metric g. In the case that
(
M̃, g̃

)
is a semi-Riemannian manifold, the induced metric g has to

be non-degenerate. For details, see ([304], [311]).
In the geometry of submanifolds, Gauss formula, Weingarten formula and the equations of

Gauss, Codazzi and Ricci are known as fundamental equations. Corresponding fundamental
equations on statistical submanifolds were obtained in [311]. A condition for the curvature of a
statistical manifold to admit a kind of standard hypersurface was given by H. Furuhata [138],
[139] and he introduced a complex version of the notion of statistical structures as well.

On the other hand, B.Y. Chen [62] established basic inequalities for submanifolds in real
space forms, well-known as Chen inequalities. In particular, a sharp relationship between the
Ricci curvature and the squared mean curvature for any n-dimensional Riemannian submanifold
of a real space form was proved in [68], which is known as the Chen-Ricci inequality. Morever,
Chen’s inequalities for submanifolds of real space forms endowed with a semi-symmetric metric
connection were obtained in [211], [212].

• In [17] we obtained some inequalities for submanifolds with any codimension and hyper-
surfaces of statistical manifolds.

We first introduce the statistical submanifolds.
Let

(
M̃, g̃

)
be a Riemannian manifold of dimension (n+ k) and ∇̃ an affine connection on

M̃. One denotes the set of sections of a vector bundle E −→ M̃ by Γ (E). Thus, the set of

tensor fields of type (p, q) on M̃ is denoted by Γ
(
TM̃ (p,q)

)
.

Definition. [138] Let T̃ ∈ Γ
(
TM̃ (1,2)

)
be the torsion tensor field of ∇̃. Then a pair

(
∇̃, g̃

)
is called a statistical structure on M̃ if (1)

(
∇̃X g̃

)
(Y, Z) −

(
∇̃Y g̃

)
(X,Z) = g̃

(
T̃ (X, Y ) , Z

)
holds for X, Y, Z ∈ Γ

(
TM̃

)
, and (2) T̃ = 0.

A statistical manifold is a Riemannian manifold
(
M̃, g̃

)
of dimension (n+ k) , endowed

with a pair of torsion-free affine connections ∇̃ and ∇̃∗ satisfying

(1.2.4.1) Zg̃ (X, Y ) = g̃
(
∇̃ZX, Y

)
+ g̃

(
X, ∇̃∗

ZY
)
,

for any X, Y and Z ∈ Γ
(
TM̃

)
. It is denoted by

(
M̃, g̃, ∇̃

)
. The connections ∇̃ and ∇̃∗

are called dual connections, and it is easily shown that
(
∇̃∗
)∗

= ∇̃. If
(
∇̃, g̃

)
is a statistical

structure on M̃, then
(
∇̃∗, g̃

)
is also a statistical structure ([9], [311]).

On the other hand, any torsion-free affine connection ∇̃ always has a dual connection given
by

(1.2.4.2) ∇̃+ ∇̃∗ = 2∇̃0,

where ∇̃0 is Levi-Civita connection for M̃ .
Denote by R̃ and R̃∗ the curvature tensor fields of ∇̃ and ∇̃∗, respectively.

A statistical structure
(
∇̃, g̃

)
is said to be of constant curvature c ∈ R if

(1.2.4.3) R̃ (X, Y )Z = c {g̃ (Y, Z)X − g̃ (X,Z)Y } .
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A statistical structure
(
∇̃, g̃

)
of constant curvature 0 is called a Hessian structure.

The curvature tensor fields R̃ and R̃∗ of dual connections satisfy

(1.2.4.4) g̃
(
R̃∗ (X, Y )Z,W

)
= −g̃

(
Z, R̃ (X, Y )W

)
,

from which it follows immediately that if
(
∇̃, g̃

)
is a statistical structure of constant structure

c, then
(
∇̃∗, g̃

)
is also statistical structure of constant c. In particular, if

(
∇̃, g̃

)
is Hessian, so

is
(
∇̃∗, g̃

)
.

Let M be an n-dimensional submanifold of M̃ . Then, for any X, Y ∈ Γ (TM) , according
to [311], the corresponding Gauss formulas are:

(1.2.4.5) ∇̃XY = ∇XY + h (X, Y ) ,

(1.2.4.6) ∇̃∗
XY = ∇∗

XY + h∗ (X, Y ) ,

where h and h∗are symmetric and bilinear, called the imbedding curvature tensor of M in M̃
for ∇̃ and the imbedding curvature tensor of M in M̃ for ∇̃∗, respectively.

In [311], it is also proved that (∇, g) and (∇∗, g) are dual statistical structures on M, where
g is induced metric on Γ (TM) from the Riemannian metric g̃ on M̃.

Since h and h∗are bilinear, we have the linear transformations Aξ and A∗
ξ defined by

(1.2.4.7) g (AξX, Y ) = g̃ (h (X, Y ) , ξ) ,

(1.2.4.8) g
(
A∗

ξX, Y
)

= g̃ (h∗ (X, Y ) , ξ) ,

for any ξ ∈ Γ
(
TM⊥) and X, Y ∈ Γ (TM) . Further, in [311], the corresponding Weingarten

formulas are as follows

(1.2.4.9) ∇̃Xξ = −A∗
ξX +∇⊥

Xξ,

(1.2.4.10) ∇̃∗
Xξ = −AξX +∇∗⊥

X ξ,

for any ξ ∈ Γ
(
TM⊥) and X ∈ Γ (TM) . The connections ∇⊥

X and ∇∗⊥
X given by (1.2.4.9) and

(1.2.4.10) are Riemannian dual connections with respect to induced metric on Γ
(
TM⊥) .

The corresponding Gauss, Codazzi and Ricci equations are given by the following

Proposition 1.2.4.1. [311] Let ∇̃ be a dual connection on M̃ and ∇ the induced connection
on M. Let R̃ and R be the Riemannian curvature tensors of ∇̃ and ∇, respectively. Then,
(1.2.4.11)

g̃
(
R̃ (X, Y )Z,W

)
= g (R (X, Y )Z,W ) + g̃ (h (X,Z) , h∗ (Y,W ))− g̃ (h∗ (X,W ) , h (Y, Z)) ,

(1.2.4.12)
(
R̃ (X, Y )Z

)⊥
= ∇⊥

Xh (Y, Z)− h (∇XY, Z)− h(Y,∇XZ)−
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−∇⊥
Y h(Y, Z) + h(∇YX,Z) + h(X,∇YZ),

(1.2.4.13) g̃
(
R⊥ (X, Y ) ξ, η

)
= g̃

(
R̃ (X, Y ) ξ, η

)
+ g

([
A∗

ξ , Aη

]
X, Y

)
,

where R⊥ is Riemannian curvature tensor on TM⊥, ξ, η ∈ Γ
(
TM⊥) and

[
A∗

ξ , Aη

]
= A∗

ξAη −
AηA

∗
ξ .

For the equations of Gauss, Codazzi and Ricci with respect to the dual connection ∇̃∗ on
M̃ , we have

Proposition 1.2.4.2. Let ∇̃∗ be a dual connection on M̃ and ∇∗ the induced connection
on M. Let R̃∗ and R∗ be the Riemannian curvature tensors for ∇̃∗ and ∇∗, respectively. Then,
(1.2.4.14)

g̃
(
R̃∗ (X, Y )Z,W

)
= g (R∗ (X, Y )Z,W ) + g̃ (h∗ (X,Z) , h (Y,W ))− g̃ (h (X,W ) , h∗ (Y, Z)) ,

(1.2.4.15)
(
R̃∗ (X, Y )Z

)⊥
= ∇∗⊥

X h∗ (Y, Z)− h∗ (∇∗
XY, Z)− h∗ (Y,∇∗

XZ)−

−∇∗⊥
Y h∗ (Y, Z) + h∗ (∇∗

YX,Z) + h∗ (X,∇∗
YZ) ,

(1.2.4.16) g̃
(
R∗⊥ (X, Y ) ξ, η

)
= g̃

(
R̃∗ (X, Y ) ξ, η

)
+ g

([
Aξ, A

∗
η

]
X, Y

)
,

where R∗⊥ is Riemannian curvature tensor for ∇⊥∗ on TM⊥, ξ, η ∈ Γ
(
TM⊥) and

[
Aξ, A

∗
η

]
=

AξA
∗
η − A∗

ηAξ.

Let
(
M̃, g̃, ∇̃

)
be a statistical manifold and f : M −→ M̃ be an immersion. We define a

pair g and ∇ on M by

(1.2.4.17) g = f ∗g̃, g (∇XY, Z) = g̃
(
∇̃Xf∗Y, f∗Z

)
,

for any X, Y, Z ∈ Γ (TM) , where the connection induced from ∇̃ by f on the induced bundle
f ∗TM̃ −→M is denoted by the same symbol ∇̃. Then the pair (∇, g) is a statistical structure

on M, which is called the one induced by f from
(
∇̃, g̃

)
(cf. [138]).

Definition. [138] Let (M, g,∇) and
(
M̃, g̃, ∇̃

)
be two statistical manifolds. An immersion

f : M −→ M̃ is called a statistical immersion if (∇, g) coincides with the induced statistical
structure, i.e., if (1.2.4.17) holds.

Let f : (M, g,∇) −→
(
M̃, g̃, ∇̃

)
be a statistical immersion of codimension one and ξ ∈

Γ
(
f ∗TM̃

)
is a unit normal vector field of f. Also we denote the dual connection of ∇̃ with

respect to g̃ by ∇̃∗. Thus, from [138], we have the following Gauss and Weingarten formulas:

(1.2.4.18) ∇̃Xf∗Y = f∗∇XY + h (X, Y ) ξ,
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(1.2.4.19) ∇̃Xξ = −f∗A∗X + τ ∗ (X) ξ,

(1.2.4.20) ∇̃∗
Xf∗Y = f∗∇∗

XY + h∗ (X, Y ) ξ,

(1.2.4.21) ∇̃∗
Xξ = −f∗AX + τ (X) ξ,

where h, h∗ ∈ Γ
(
TM (0,2)

)
, A,A∗ ∈ Γ

(
TM (1,1)

)
and τ, τ ∗ ∈ Γ (TM∗) satisfying

(1.2.4.22) h (X, Y ) = g (AX, Y ) h∗ (X, Y ) = g (A∗X, Y ) ,

(1.2.4.23) τ (X) + τ ∗ (X) = 0,

for any X, Y ∈ Γ (TM) .
Denote by R̃, R̃∗, R and R∗ the curvature tensor fields of the connections ∇̃, ∇̃∗,∇ and ∇∗,

respectively. Then, for the Gauss equation of a statistical hypersurface, we calculate

(1.2.4.24) R̃ (X, Y )Z = R (X, Y )Z − h (Y, Z)A∗X + h (X,Z)A∗Y + (∇Xh) (Y, Z) ξ−

− (∇Y h) (X,Z) ξ + τ ∗ (X)h (Y, Z) ξ − τ ∗ (Y )h (X,Z) ξ.

The normal component of R̃ (X, Y )Z is
(1.2.4.25)(

R̃ (X, Y )Z
)⊥

= (∇Xh) (Y, Z) ξ − (∇Y h) (X,Z) ξ + τ ∗ (X)h (Y, Z) ξ − τ ∗ (Y )h (X,Z) ξ,

which is known as Codazzi equation. Similarly we get the Ricci equation of a statistical hyper-
suface as follows

(1.2.4.26) R̃ (X, Y ) ξ = − (∇XA
∗)Y + (∇YA

∗)X − τ ∗ (Y )A∗X + τ ∗ (X)A∗Y−

−h (X,A∗Y ) ξ + h (A∗X, Y ) ξ + dτ ∗ (X, Y ) ξ.

The equations of Gauss, Codazzi and Ricci with respect to the dual connection ∇̃∗ on M̃ are

(1.2.4.27) R̃∗ (X, Y )Z = R∗ (X, Y )Z − h∗ (Y, Z)AX + h∗ (X,Z)AY + (∇∗
Xh

∗) (Y, Z) ξ−

− (∇∗
Y h

∗) (X,Z) ξ + τ (X)h∗ (Y, Z) ξ − τ (Y )h∗ (X,Z) ξ,

(1.2.4.28)(
R̃∗ (X, Y )Z

)⊥
= (∇∗

Xh
∗) (Y, Z) ξ − (∇∗

Y h
∗) (X,Z) ξ + τ (X)h∗ (Y, Z) ξ − τ (Y )h∗ (X,Z) ξ,

(1.2.4.29) R̃∗ (X, Y ) ξ = − (∇∗
XA)Y + (∇∗

YA)X − τ (Y )AX + τ (X)AY−

−h∗ (X,AY ) ξ + h∗ (AX, Y ) ξ + dτ (X, Y ) ξ.

In the case when the ambient space is of constant curvature c, the equations of Gauss,
Codazzi and Ricci reduce to

(1.2.4.30) R (X, Y )Z = c {g (Y, Z)X − g (X,Z)Y }+ {h (Y, Z)A∗X − h (X,Z)A∗Y } ,
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(1.2.4.31) (∇Xh) (Y, Z) + τ ∗ (X)h (Y, Z) = (∇Y h) (X,Z) + τ ∗ (Y )h (X,Z) ,

(1.2.4.32) (∇XA
∗)Y − τ ∗ (X)A∗Y = (∇YA

∗)X − τ ∗ (Y )A∗X,

(1.2.4.33) h (X,A∗Y )− h (A∗X, Y ) = dτ ∗ (X, Y ) ,

and the dual ones reduce to

(1.2.4.34) R∗ (X, Y )Z = c {g (Y, Z)X − g (X,Z)Y }+ {h∗ (Y, Z)AX − h∗ (X,Z)AY } ,

(1.2.4.35) (∇∗
Xh

∗) (Y, Z) + τ (X)h∗ (Y, Z) = (∇∗
Y h

∗) (X,Z) + τ (Y )h∗ (X,Z) ,

(1.2.4.36) (∇∗
XA)Y − τ (X)AY = (∇∗

YA)X − τ (Y )AX,

(1.2.4.37) h∗ (X,AY )− h∗ (AX, Y ) = dτ (X, Y ) .

In [17] we obtained general inequalities for statistical submanifolds.
Let M̃ be an (n+ k)-dimensional statistical manifold of constant curvature c ∈ R, denoted

by M̃ (c) , and M an n-dimensional statistical submanifold of M̃ (c) .
We use the notation

R (X, Y, Z,W ) = g (R (X, Y )W,Z)

and similarly
R∗ (X, Y, Z,W ) = g (R∗ (X, Y )W,Z) ,

where R and R∗ are the curvature tensor fields of ∇ and ∇∗.
Let {e1, ..., en} and {en+1, ..., en+k} be orthonormal tangent and normal frames, respectively,

on M .
The mean curvature vector fields are given by

(1.2.4.38) H =
1

n

n∑
i=1

h (ei, ei) =
1

n

k∑
α=1

(
n∑

i=1

hα
ii

)
en+α, h

α
ij = g̃ (h (ei, ej) , en+α) ,

and

(1.2.4.39) H∗ =
1

n

n∑
i=1

h∗ (ei, ei) =
1

n

k∑
α=1

(
n∑

i=1

h∗αii

)
en+α, h

∗α
ij = g̃ (h∗ (ei, ej) , en+α) .

Then we have the following.

Proposition 1.2.4.3. [17] Let M be an n-dimensional submanifold of an (n+ k)-
dimensional statistical manifold M̃(c) of constant curvature c ∈ R. Assume that
the imbedding curvature tensors h and h∗ satisfy

h (X, Y ) = g (X, Y )H, h∗ (X, Y ) = g (X, Y )H∗,
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for any X, Y ∈ Γ (TM) . Then M is also a statistical manifold of constant curvature
c+ g (H,H∗), whenever g (H,H∗) is constant.

Definition. [252] Let M̃ be an (n+ k)-dimensional statistical manifold. Then the Ricci
tensor S̃ (of type (0, 2)) is defined by

S̃ (Y, Z) = trace
{
X −→ R̃ (X, Y )Z

}
,

where R̃ is the curvature tensor field of the affine connection ∇̃ on M̃ .
Thus we have the following result.

Theorem 1.2.4.4. [17] Let M̃(c) be an (n+ k)-dimensional statistical manifold of
constant curvature c ∈ R and M an n-dimensional statistical submanifold of M̃ (c) .
Also let {e1, ..., en} and {n1, ..., nk} be orthonormal tangent and normal frames,
respectively, on M. Then Ricci tensor S and dual Ricci tensor S∗ of M satisfy

(1.2.4.40) S (X, Y ) = c (n− 1) g (X, Y ) +
k∑

i=1

[
g (Ani

X, Y ) tr A∗
ni
− g

(
Ani

Y,A∗
ni
X
)]
,

(1.2.4.41) S∗ (X, Y ) = c (n− 1) g (X, Y ) +
k∑

i=1

g
(
A∗

ni
X, Y

)
tr Ani

− g
(
Ani

X,A∗
ni
Y
)
.

The proof is technical.

Definition. [252] Let ∇ be a torsion-free affine connection on a Riemannian manifold M
that admits a parallel volume element ω. If ω is a volume element on M such that ∇ω = 0,
then (∇, ω) is called an equiaffine structure on M .

Proposition. [252] An affine connection ∇ with zero torsion has symmetric Ricci tensor
if and only if it is locally equiaffine.

Thus we have the following result for statistical manifolds having equiaffine connection.

Lemma 1.2.4.5. [17] Let M̃ (c) be an (n+ k)-dimensional statistical manifold of
constant curvature c ∈ R and M an n-dimensional submanifold of M̃ (c) . Assume
that the affine connection ∇ of M is equiaffine. Then one verifies

k∑
i=1

[
Ani

, A∗
ni

]
= 0.

Corollary 1.2.4.6. [17] Let M̃ (c) be an (n+ k)-dimensional statistical manifold
of constant curvature c ∈ R and M an n-dimensional equiaffine submanifold M
of M̃ (c) . Let S and S∗ denote the dual Ricci tensors of M. Then we have

(S − S∗) (X, Y ) =
k∑

i=1

g
((
Ani

− A∗
ni

)
X, Y

)
tr
(
A∗

ni
− Ani

)
.
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We established an estimate of the scalar curvature of a statistical submanifold in terms of
its mean curvature vectors and the lengths of the imbedding curvature tensors.

Proposition 1.2.4.7. [17] Let M̃ (c) be an (n+ k)-dimensional statistical manifold
of constant curvature c ∈ R and M an n-dimensional statistical submanifold of
M̃ (c) . We have

(1.2.4.42) 2τ ≥ n (n− 1) c+ n2g̃(H,H∗)− ‖h‖ ‖h∗‖ ,

where τ is scalar curvature of M .

Proof. From (1.2.4.11), we have the Gauss equation as follows

R (X, Y, Z,W ) = c [g (X,Z) g (Y,W )− g (X,W ) g (Y, Z)] +

+g̃ (h∗ (X,Z) , h (Y,W ))− g̃ (h (X,W ) , h∗ (Y, Z)) ,

where X, Y, Z and W ∈ Γ (TM) . Putting X = Z = ei, and Y = W = ej, i, j = 1, ..., n, we
write

R (ei, ej, ei, ej) = c
[
g (ei, ei) g (ej, ej)− g (ei, ej)

2]+g̃ (h∗ (ei, ei) , h (ej, ej))−g̃ (h (ei, ej) , h
∗ (ej, ei)) .

By summing over 1 ≤ i, j ≤ n, it follows that
(1.2.4.43)

2τ =
(
n2 − n

)
c+ n2g (H,H∗)−

n∑
i,j=1

k∑
α=1

hα
ijh

∗α
ij ≥ n (n− 1) c+ n2g̃ (H,H∗)− ‖h‖ ‖h∗‖ ,

which gives (1.2.4.42).

Remark. On any statistical submanifold M of M̃(c) one has τ = τ ∗.

Let ∇0 be the Levi-Civita connection of an n-dimensional submanifold M in an (n+ k)-
dimensional statistical manifold M̃ (c) of constant curvature c. Denote by H0 the mean curva-
ture vector field. Then a sharp relationship between the Ricci curvature and the squared mean
curvature obtained by B.Y. Chen [68] is the following:

(1.2.4.44) Ric0 (X) ≤ n2

4

∥∥H0
∥∥2

+ (n− 1) c,

which is known as the Chen-Ricci inequality.
From (1.2.4.2) we get 2H0 = H +H∗ and thus

(1.2.4.45)
∥∥H0

∥∥2
=

1

4

(
‖H‖2 + ‖H∗‖2 + 2g (H,H∗)

)
.

Therefore, from the last two equations we derive

(1.2.4.46) Ric0 (X) ≤ n2

16
‖H‖2 +

n2

16
‖H∗‖2 +

n2

8
g̃ (H,H∗) + (n− 1) c.

For statistical hypersurfaces we also obtained some inequalities.
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By analogy with Proposition 1.2.4.7, we have an inequality for statistical hypersurfaces as
follows:

Proposition 1.2.4.8. [17] Let M be a statistical hypersurface of an (n+ 1)-
dimensional statistical manifold M̃ (c) of constant curvature c ∈ R. We have

(1.2.4.47) 2τ ≥ n (n− 1) c+ n2 ‖H‖ ‖H∗‖ − ‖h‖ ‖h∗‖ .

The proof uses the well-known Cauchy-Buniakowski-Schwarz inequality.

Proposition 1.2.4.9. [17] Let M be a statistical hypersurface of an (n+ 1)-
dimensional statistical manifold M̃ (c) . For each X ∈ Tp (M) we have

Ric (X) = (n− 1) c+ ng̃ (h∗ (X,X) , H)−
n∑

i=1

hi1h
∗
i1,

Ric∗ (X) = (n− 1) c+ ng̃ (h (X,X) , H∗)−
n∑

i=1

hi1h
∗
i1.

Example. Recall the example 5.4 from [138]. Let (H, g̃) be the upper half space of constant
curvature −1,

H :=
{
y =

(
y1, ..., yn+1

)
∈ Rn+1|yn+1 > 0

}
, g̃ :=

(
yn+1

)−2
n+1∑
k=1

dykdyk.

An affine connection ∇̃ on H is given by

∇̃ ∂
∂yn+1

∂

∂yn+1
=
(
yn+1

)−1 ∂

∂yn+1
,

∇̃ ∂

∂yi

∂

∂yj
= 2δij

(
yn+1

)−1 ∂

∂yn+1
,

∇̃ ∂

∂yi

∂

∂yn+1
= ∇̃ ∂

∂yn+1

∂

∂yj
= 0,

where i, j = 1, ..., n. The curvature tensor field R̃ of ∇̃ is identically zero, i.e., c = 0. Thus(
H, ∇̃, g̃

)
is a Hessian manifold of constant Hessian curvature 4.

For a constant y0 > 0, we get the following immersion by f0

f0 : Rn −→ H, f0

(
y1, ..., yn

)
=
(
y1, ..., yn, y0

)
.

Let (∇, g) be the statistical structure on Rn induced by f0 from
(
∇̃, g̃

)
. We then get that

(∇, g) is a Hessian structure and K(∇,g) = 0. In other words, f0 is a statistical immersion of

the trivial Hessian manifold (Rn,∇, g) into the upper half Hessian space
(
H, ∇̃, g̃

)
. It is easy

to calculate that

(1.2.4.48) ξ = y0
∂

∂yn+1
, h = 2g, h∗ = 0, ‖H∗‖ = 0,
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which means that the equality case of (1.2.4.47) is satisfied for (Rn,∇, g) and
(
H, ∇̃, g̃

)
.

On the other hand this example can be generalized by using the Lemma 5.3 of [138]. Let(
H, ∇̃, g̃

)
be a Hessian manifold of constant Hessian curvature c̃ 6= 0, (M,∇, g) a trivial Hessian

manifold and f : M −→ H a statistical immmersion of codimension one. Then the following
hold:

A∗ = 0, h∗ = 0, ‖H∗‖ = 0, (5.5)

thus the immersion f has codimension one and satisfies the equality case of (1.2.4.47).

At the end of this section, we give the complete proof of the Chen-Ricci inequalities for
statistical submanifolds (of arbitrary codimension) in statistical manifold of constant curvature.

Let M̃ (c) be an (n+ k)-dimensional statistical manifold of constant curvature c ∈ R and
M an n-dimensional statistical submanifold of M̃ (c) . Recall the Gauss equation:

R̃ (X, Y, Z,W ) = R (X, Y, Z,W ) + g̃ (h (X,Z) , h∗ (Y,W ))− g̃ (h∗ (X,W ) , h (Y, Z)) .

By setting X = Z = ei, and Y = W = ej, i, j = 1, ..., n, and summing over 1 ≤ i, j ≤ n, then
we have

n (n− 1) c = 2τ − n2g̃ (H,H∗) +
n∑

i,j=1

g̃ (h∗ (ei, ej) , h (ei, ej)) ,

where H and H∗ are the mean curvature vector fields defined by (4.1) and (4.2) . And from
this, we get

n (n− 1) c = 2τ − n2

2
[g̃ (H +H∗, H +H∗)− g̃ (H,H)− g (H∗, H∗)] +

+
1

2

n∑
i,j=1

[g̃ (h∗ (ei, ej) + h (ei, ej) , h
∗ (ei, ej) + h (ei, ej))−

−g̃ (h (ei, ej) , h (ei, ej))− g̃ (h∗ (ei, ej) , h
∗ (ei, ej))] .

From 2H0 = H +H∗ it follows that

(1.2.4.49) n (n− 1) c = 2τ − 2n2g̃
(
H0, H0

)
+
n2

2
g̃ (H,H) +

n2

2
g̃ (H∗, H∗) +

+2
n∑

i,j=1

g̃
(
h0 (ei, ej) , h

0 (ei, ej)
)
− 1

2

(
‖h‖2 + ‖h∗‖2) .

On the other hand we can write

‖h‖2 =
k∑

α=1

{
(hα

11)
2 + (hα

22 + ...+ hα
nn)2 + 2

∑
1≤i<j≤n

(
hα

ij

)2}− k∑
α=1

∑
2≤i6=j≤n

hα
iih

α
jj =

=
1

2

k∑
α=1

{
(hα

11 + hα
22 + ...+ hα

nn)2 + (hα
11 − hα

22 − ...− hα
nn)2}
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+2
k∑

α=1

∑
1≤i<j≤n

(
hα

ij

)2 − k∑
α=1

∑
2≤i6=j≤n

hα
iih

α
jj ≥

1

2
n2 ‖H‖2 −

k∑
α=1

∑
2≤i6=j≤n

[hα
iih

α
jj − (hα

ij)
2].

We similarly derive

(1.2.4.50) ‖h∗‖2 ≥ 1

2
n2 ‖H∗‖2 −

k∑
α=1

∑
2≤i6=j≤n

[h∗αii h
∗α
jj − (h∗αij )2].

Thus we have the following inequality

(1.2.4.51) ‖h‖2 + ‖h∗‖2 ≥ 1

2
n2 ‖H‖2 +

1

2
n2 ‖H∗‖2 −

k∑
α=1

∑
2≤i6=j≤n

(hα
ii + h∗αii )

(
hα

jj + h∗αjj

)
+

+2
k∑

α=1

∑
2≤i6=j≤n

hα
iih

∗α
jj +

k∑
α=1

∑
2≤i6=j≤n

[(hα
ij)

2 + (h∗αij )2].

Substituting (1.2.4.51) into (1.2.4.49) , we obtain

n(n− 1)c ≤ 2τ − 2n2g̃(H0, H0) +
n2

2
g̃(H,H) +

n2

2
g̃(H∗, H∗) + 2||h0||2 + 2

k∑
α=1

∑
2≤i6=j≤n

h0α
ii h

0α
jj −

−n
2

4
g̃(H,H)− n2

4
g̃(H∗, H∗)−

k∑
α=1

∑
2≤i6=j≤n

hα
iih

∗α
jj −

1

2

k∑
α=1

∑
2≤i6=j≤n

[(hα
ij))

2 + (h∗αij )2].

Since ∑
2≤i6=j≤n

R (ei, ej, ei, ej) = (n− 1)(n− 2)c+
k∑

α=1

∑
2≤i6=j≤n

(
hα

iih
∗α
jj − hα

ijh
∗α
ij

)
,

the previous inequality becomes

n(n− 1)c ≤ 2τ − 2n2g̃(H0, H0) +
n2

4
g̃(H,H) +

n2

4
g̃(H∗, H∗) + 2‖|h0||2+

+2
k∑

α=1

∑
2≤i6=j≤n

h0α
ii h

0α
jj −

∑
2≤i6=j≤n

R(ei, ej, ei, ej) + (n− 1)(n− 2)c− 1

2

k∑
α=1

∑
2≤i6=j≤n

(hα
ij + h∗αij )2.

Then we get
(1.2.4.52)

Ric(X) ≥ n2g̃(H0, H0)−n
2

8
g̃(H,H)+

n2

8
g̃(H∗, H∗)+(n−1)c−||h0||2−

k∑
α=1

∑
2≤i6=j≤n

[h0α
ii h

0α
jj −(h0α

ij )2].

By the Gauss equation with respect to the Levi-Civita connection, we have∑
1≤i6=j≤n

R̃0(ei, ej, ei, ej) = 2τ 0 − n2g̃(H0, H0) + ||h0||2,
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and, respectively,

∑
2≤i6=j≤n

R̃0(ei, ej, ei, ej) =
∑

2≤i6=j≤n

R0(ei, ej, ei, ej)−
k∑

α=1

∑
2≤i6=j≤n

[
h0α

ii h
0α
jj − (h0α

ij )2
]
.

Substituting in (1.2.4.52) it follows that

Ric(X) ≥ 2τ 0 −
∑

1≤i6=j≤n

R̃0(ei, ej, ei, ej)−
n2

8
g̃(H,H)− n2

8
g̃(H∗, H∗)+

+(n− 1)c−
∑

2≤i6=j≤n

R0(ei, ej, ei, ej) +
∑

2≤i6=j≤n

R̃0(ei, ej, ei, ej).

Finally we obtain

Ric(X) ≥ 2Ric0(X)− n2

8
g̃(H,H)− n2

8
g̃(H∗, H∗) + (n− 1)c− 2

n∑
i=2

K̃0(X ∧ ei).

We denote by max K̃0(X ∧ ·) the maximum of the sectional curvature function of M̃(c) with
respect to ∇̃ restricted to 2-plane sections of the tangent space TpM which are tangent to X.

Summing up, we can state the following.

Theorem 1.2.4.10. [17] Let M be an n-dimensional statistical submanifold of an
(n+ k)-dimensional statistical manifold M̃(c). For each X ∈ Tp (M) unit, we have

Ric(X) ≥ 2Ric0(X)− n2

8
g̃(H,H)− n2

8
g̃(H∗, H∗) + (n− 1)c− 2(n− 1) max K̃0(X ∧ ·).

Particular Case: M is a minimal submanifold. Because H0 = 0, we have H + H∗ = 0.
Then the previous inequality implies

Corollary 1.2.4.11. [17] Let M be a minimal n-dimensional statistical submani-
fold of an (n+k)-dimensional statistical manifold M̃(c). For each X ∈ Tp (M) unit,
we have

Ric(X) ≥ 2Ric0(X) +
n2

4
g̃(H,H∗) + (n− 1)c− 2(n− 1) max K̃0(X ∧ ·).

Remark. Similar inequalities can be stated for the Ricci curvature Ric∗.

• Recently, in 2017, in [18], we proved generalized Wintgen inequality for statistical sub-
manifolds in statistical manifolds of constants curvature. The Wintgen inequality (1979) is
a sharp geometric inequality for surfaces in the 4-dimensional Euclidean space involving the
Gauss curvature (intrinsic invariant) and the normal curvature and squared mean curvature
(extrinsic invariants), respectively.

De Smet, Dillen, Verstraelen and Vrancken (1999) conjectured a generalized Wintgen in-
equality for submanifolds of arbitrary dimension and codimension in Riemannian space forms.
This conjecture was proved by Lu (2011) and by Ge and Tang (2008), independently.
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For surfaces M2 of the Euclidean space E3, the Euler inequality G ≤ ‖H‖2 is fulfilled, where
G is the (intrinsic) Gauss curvature of M2 and ‖H‖2 is the (extrinsic) squared mean curvature
of M2.

Furthermore, G = ‖H‖2 everywhere on M2 if and only if M2 is totally umbilical, or still, by
a theorem of Meusnier, if and only if M2 is (a part of) a plane E2 or, it is (a part of) a round
sphere S2 in E3.

In 1979, P. Wintgen [314] proved that the Gauss curvature G, the squared mean curvature
‖H‖2 and the normal curvature G⊥ of any surface M2 in E4 always satisfy the inequality

G ≤ ‖H‖2 − |G⊥|;

the equality holds if and only if the ellipse of curvature of M2 in E4 is a circle.
The Whitney 2-sphere satisfies the equality case of the Wintgen inequality identically.
A survey containing recent results on surfaces satisfying identically the equality case of

Wintgen inequality can be read in [84].
Later, the Wintgen inequality was extended by B. Rouxel [289] and by I.V. Guadalupe and

L. Rodriguez [150] independently, for surfaces M2 of arbitrary codimension m in real space

forms M̃2+m(c); namely
G ≤ ‖H‖2 − |G⊥|+ c.

The equality case was also investigated.
A corresponding inequality for totally real surfaces in n-dimensional complex space forms

was obtained in [194]. The equality case was studied and a non-trivial example of a totally real
surface satisfying the equality case identically was given.

In 1999, P.J. De Smet, F. Dillen, L. Verstraelen and L. Vrancken [110] formulated the
conjecture on Wintgen inequality for submanifolds of real space forms, which is also known as
the DDVV conjecture.

This conjecture was proven by the authors for submanifolds Mn of arbitrary dimension
n ≥ 2 and codimension 2 in real space forms M̃n+2(c) of constant sectional curvature c.

Recently, the DDVV conjecture was finally settled for the general case by Z. Lu [185] and
independently by J. Ge and Z. Tang [152].

Generalized Wintgen inequalities for Lagrangian submanifolds in complex space forms [228]
and Legendrian submanifolds in Sasakian space forms [229] were obtained, respectively. More-
over, in [20] a version of the Euler inequality and the Wintgen inequality for statistical surfaces
in statistical manifolds of constant curvature was stated.

By using the sectional curvature K on Mn defined in [20] and also in [263]:

K (X ∧ Y ) =
1

2
[g (R (X, Y )X, Y ) + g (R∗ (X, Y )X, Y )] ,

for any orthonormal vectors X, Y ∈ TpM
n, p ∈Mn, we derive a generalized Wintgen inequality

for statistical submanifolds in statistical manifolds of constant curvature:
Theorem 1.2.4.12. [18] Let Mn be a submanifold in a statistical manifold(

M̃n+m, c
)

of constant curvature c. Then

ρ⊥ + 3ρ ≤ 15

2
‖H‖2 +

15

2
‖H∗‖2 + 12g (H,H∗)− 3c+ 30

(
ρ̃0 − ρ0

)
.
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1.3 Warped product submanifolds

We recall the results obtained in [195], [196], [197] on warped product submanifolds in complex
space forms, generalized complex space forms and quaternion space forms, respectively.

B.Y. Chen [77] established a sharp inequality for the warping function of a warped product
submanifold in a Riemannian space form in terms of the squared mean curvature. In [76], he
studied warped product submanifolds in complex hyperbolic spaces.

The notion of warped product plays some important role in Differential Geometry as well
as physics [75]. For instance, the best relativistic model of the Schwarzschild space-time that
describes the out space around a massive star or a black hole is given as a warped product.

One of the fundamental problems in the theory of submanifolds is the immersibility (or
non-immersibility) of a Riemannian manifold in a Euclidean space (or, more generally, in a
space form). According to a well-known theorem on Nash, every Riemannian manifold can be
isometrically immersed in some Euclidean spaces with suficiently high codimension.

Nash’s theorem implies, in particular, that every warped product M1 ×f M2 can be im-
mersed as a Riemannian submanifold in some Euclidean space. Moreover, many important
submanifolds in real and complex space forms are expressed as a warped product submanifold.

Every Riemannian manifold of constant curvature c can be locally expressed as a warped
product whose warping function satisfies ∆f = cf . For example, Sn(1) is locally isometric to
(0, π)×cos tS

n−1(1), En is locally isometric to (0,∞)×xS
n−1(1) and Hn(−1) is locally isometric

to R×ex En−1 (see [75]).

Let (M1, g1) and (M2, g2) be two Riemannian manifolds and f a positive differentiable
function on M1. The warped product of M1 and M2 is the Riemannian manifold

M1 ×f M2 = (M1 ×M2, g),

where g = g1 + f 2g2 (see, for instance, [77]).

Let x : M1 ×f M2 → M̃(c) be an isometric immersion of a warped product M1 ×f M2

into a complex space form M̃(c). We denote by h the second fundamental form of x and
Hi = 1

ni
tracehi, where trace hi is the trace of h restricted to Mi and ni = dimMi (i = 1, 2).

Recall that for a warped product M1×f M2, we denote by D1 and D2 the distributions given
by the vectors tangent to leaves and fibres, respectively. Thus, D1 is obtained from the tangent
vectors of M1 via the horizontal lift and D2 by tangent vectors of M2 via the vertical lift.

• In [195] we established an inequality between the warping function f (intrinsic structure)
and the squared mean curvature ‖H‖2 and the holomorphic sectional curvature c (extrinsic
structures) for warped product submanifolds M1 ×f M2 with JD1 ⊥ D2 (in particular, CR-

warped product submanifolds and CR-Riemannian products) in any complex space form M̃(c).
Examples of such submanifolds which satisfy the equality case are given.

Recall that a submanifold N in a Kaehler manifold M̃ is called a CR-submanifold if there
exists on N a holomorphic distribution D whose orthogonal complementary distribution D⊥ is
a totally real distribution, i.e., JD⊥

x ⊂ T⊥p N . A CR-submanifold of a Kaehler manifold M̃ is
called a CR-product if it is a Riemannian product of a Kaehler submanifold and a totally real
submanifold. There do not exist warped product CR-submanifolds of the form M⊥×fM>, with
M⊥ a totally real submanifold and M> a complex submanifold, other then CR-products. A
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CR-warped product is a warped product CR-submanifold of the form M> ×f M⊥, by reversing
the two factors [73].

As applications we will give some non-immersions theorems.

Theorem 1.3.1. [195] Let x : M1 ×f M2 → M̃(c) be an isometric immersion of
an n-dimensional warped product with JD1 ⊥ D2 into a 2m-dimensional complex
space form M̃(c). Then :

(1.3.1)
∆f

f
≤ n2

4n2

‖H‖2 + n1
c

4
,

where ni = dimMi, i = 1, 2, and ∆ is the Laplacian operator of M1.
Moreover, the equality case of holds identically if and only if x is a mixed totally
geodesic immersion and n1H1 = n2H2, where Hi, i = 1, 2, are the partial mean
curvature vectors.

Proof. Let M1×f M2 be a warped product submanifold into a complex space form M̃(c) of
constant holomorphic sectional curvature c.

Since M1 ×f M2 is a warped product, it is known that

(1.3.2) ∇XZ = ∇ZX =
1

f
(Xf)Z,

for any vector fields X,Z tangent to M1,M2, respectively.
If X and Z are unit vector fields, it follows that the sectional curvature K(X ∧ Z) of the

plane section spanned by X and Z is given by

(1.3.3) K(X ∧ Z) = g(∇Z∇XX −∇X∇ZX,Z) =
1

f
{(∇XX)f −X2f}.

We choose a local orthonormal frame {e1, ..., en, en+1, ..., e2m}, such that e1, ..., en1 are tan-
gent to M1, en1+1, ..., en are tangent to M2, en+1 is parallel to the mean curvature vector H.

Then, using (1.3.3), we get

(1.3.4)
∆f

f
=

n1∑
j=1

K(ej ∧ es),

for each s ∈ {n1 + 1, ..., n}.
From the equation of Gauss, we have

(1.3.5) n2‖H‖2 = 2τ + ‖h‖2 − n(n− 1)
c

4
− 3‖P‖2 c

4
.

We set

(1.3.6) δ = 2τ − n(n− 1)
c

4
− 3‖P‖2 c

4
− n2

2
‖H‖2.

Then, (1.3.5) can be written as

(1.3.7) n2‖H‖2 = 2(δ + ‖h‖2).
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With respect to the above orthonormal frame, (1.3.7) takes the following form:(
n∑

i=1

hn+1
ii

)2

= 2

{
δ +

n∑
i=1

(hn+1
ii )2 +

∑
i6=j

(hn+1
ij )2 +

2m∑
r=n+2

n∑
i,j=1

(hr
ij)

2

}
.

If we put a1 = hn+1
11 , a2 =

∑n1

i=2 h
n+1
ii and a3 =

∑n
t=n1+1 h

n+1
tt , the above equation becomes(

3∑
i=1

ai

)2

= 2

{
δ +

3∑
i=1

a2
i +

∑
1≤i6=j≤n

(hn+1
ij )2 +

2m∑
r=n+2

n∑
i,j=1

(hr
ij)

2−

−
∑

2≤j 6=k≤n1

hn+1
jj hn+1

kk −
∑

n1+1≤s 6=t≤n

hn+1
ss hn+1

tt

}
.

Thus a1, a2, a3 satisfy the Lemma of Chen (for n = 3), i.e.(
3∑

i=1

ai

)2

= 2

(
b+

3∑
i=1

a2
i

)
.

Then 2a1a2 ≥ b, with equality holding if and only if a1 + a2 = a3.
In the case under consideration, this means

(1.3.8)
∑

1≤j<k≤n1

hn+1
jj hn+1

kk +
∑

n1+1≤s<t≤n

hn+1
ss hn+1

tt ≥

≥ δ

2
+

∑
1≤α<β≤n

(hn+1
αβ )2 +

1

2

2m∑
r=n+2

n∑
α,β=1

(hr
αβ)2.

Equality holds if and only if

(1.3.9)

n1∑
i=1

hn+1
ii =

n∑
t=n1+1

hn+1
tt .

Using again the Gauss equation, we have

(1.3.10) n2
∆f

f
= τ −

∑
1≤j<k≤n1

K(ej ∧ ek)−
∑

n1+1≤s<t≤n

K(es ∧ et) =

= τ − n1(n1 − 1)(c)

8
−

2m∑
r=n+1

∑
1≤j<k≤n1

(hr
jjh

r
kk − (hr

jk)
2)− 3

c

4

∑
1≤j<k≤n1

g2(Jej, ek)−

−n2(n2 − 1)(c)

8
−

2m∑
r=n+1

∑
n1+1≤s<t≤n

(hr
ssh

r
tt − (hr

st)
2)− 3

c

4

∑
n1+1≤s<t≤n

g2(Jes, et).
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Combining (1.3.8) and (1.3.10) and taking account of (1.3.4), we obtain

(1.3.11) n2
∆f

f
≤ τ − n(n− 1)(c)

8
+ n1n2

c

4
− δ

2
− 3

c

4

∑
1≤j<k≤n1

g2(Jej, ek)−

−3
c

4

∑
n1+1≤s<t≤n

g2(Jes, et)−
∑

1≤j≤n1;n1+1≤t≤n

(hn+1
jt )2 − 1

2

2m∑
r=n+2

n∑
α,β=1

(hr
αβ)2+

+
2m∑

r=n+2

∑
1≤j<k≤n1

((hr
jk)

2 − hr
jjh

r
kk) +

2m∑
r=n+2

∑
n1+1≤s<t≤n

((hr
st)

2 − hr
ssh

r
tt) =

= τ − n(n− 1)(c)

8
+ n1n2

c

4
− δ

2
−

2m∑
r=n+1

∑
1≤j≤n1;n1+1≤t≤n

(hr
jt)

2 − 3
c

4

∑
1≤j<k≤n1

g2(Jej, ek)−

−3
c

4

∑
n1+1≤s<t≤n

g2(Jes, et)−
1

2

2m∑
r=n+2

(
n1∑

j=1

hr
jj

)2

− 1

2

2m∑
r=n+2

(
n∑

t=n1+1

hr
tt

)2

≤

≤ τ − n(n− 1)(c)

8
+ n1n2

c

4
− δ

2
− 3

c

4

∑
1≤j<k≤n1

g2(Jej, ek)− 3
c

4

∑
n1+1≤s<t≤n

g2(Jes, et).

Since we assume that JD1 ⊥ D2, the last relation implies the inequality (1.3.1).
We see that the equality sign of (1.3.11) holds if and only if

(1.3.12) hr
jt = 0, 1 ≤ j ≤ n1, n1 + 1 ≤ t ≤ n, n+ 1 ≤ r ≤ 2m,

and

(1.3.13)

n1∑
i=1

hr
ii =

n∑
t=n1+1

hr
tt = 0, n+ 2 ≤ r ≤ 2m.

Obviously (1.3.12) is equivalent to the mixed totally geodesicy of the warped product M1×f

M2 (i.e., h(X,Z) = 0, for any X in D1 and Z in D2) and (1.3.9) and (1.3.13) implies n1H1 =
n2H2.

The converse statement is straightforward. �

Remark. For c ≤ 0 the inequality is true, without the condition JD1 ⊥ D2 (see [76]).

As applications, we derive certain obstructions to the existence of minimal warped product
submanifolds in complex hyperbolic spaces [76].

Let x : M1 ×f M2 → M̃(c) be an isometric minimal immersion. Then the above theorem
implies:

∆f

f
≤ n1

c

4
.

Thus, if c < 0, f cannot be a harmonic function or an eigenfunction of Laplacian with positive
eigenvalue.

One resumes this remark into the following.
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Proposition 1. [76]. If f is an harmonic function, then M1 ×f M2 does not admits any
isometric minimal immersion into a complex hyperbolic space.

Proposition 2. [76]. If f is an eigenfunction of Laplacian on M1 with corresponding
eigenvalue λ > 0, then M1 ×f M2 does not admits any isometric minimal immersion into a
complex hyperbolic space or a complex Euclidean space.

Next, we will give some examples which satisfy the equality case of the inequality (1.3.1).

Recall that the Hopf submersion is the canonical projection of Cn+1 − {0} → P n(C),
restricted to S2n+1 (where S2n+1 is regarded as the set {z ∈ Cn+1;

∑n+1
j=1 |zj|2 = 1}).

Example 1.3.2. Let’s consider the following immersion: ψ : M → S7, where M =
(−π/2, π/2)×cos t N

2, with N2 is a minimal C-totally real submanifold in S7, defined by

ψ(t, p) = (cos t)p+ (sin t)v,

where v is a vector tangent to S7, but normal to S5.
Let π : S7 → P 3(C) be the Hopf submersion. Then π ◦ ψ : M → P 3(C) is a Lagrangian

minimal immersion which satisfies the equality case.

Example 1.3.3. Let ψ : Sn → S2n+1 be an immersion defined by

ψ(x1, ..., xn+1) = (x1, 0, x2, 0, ..., xn+1, 0),

and π : S2n+1 → P n(C) the Hopf submersion.
Then π ◦ ψ : Sn → P n(C) satisfies the equality case.

Example 1.3.4. On Sn1+n2 let consider the spherical coordinates u1, ..., un1+n2 and on Sn1

the function

f(u1, ...un) = cosu1... cosun1 ,

(f is an eigenfunction of ∆).
Then Sn1+n2 = Sn1 ×f S

n2 .
Let i : Sn1+n2 → Sn1+n2+1 be the standard immersion and π the Hopf submersion.
Then π ◦ i : Sn1+n2 → P n1+n2(C) satisfies the equality case.

Moreover, the examples given by B.Y. Chen in [77] for c = 0 in the real case are true in the
complex case too, for c = 0.

• In [196] we established an inequality between the warping function f (intrinsic structure)
and the squared mean curvature ‖H‖2 and the holomorphic sectional curvature c (extrinsic
structures) for warped product submanifolds M1×f M2 in any generalized complex space form

M̃(c, α).
We shall consider a class of almost Hermitian manifolds, called RK-manifolds, which con-

tains nearly-Kaehler manifolds.

Definition. [305]. A RK-manifold (M̃, J, g) is an almost Hermitian manifold for which the

curvature tensor R̃ is invariant by J , i.e.

R̃(JX, JY, JZ, JW ) = R̃(X, Y, Z,W ),
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for any X, Y, Z,W ∈ ΓTM̃.

An almost Hermitian manifold M̃ is of pointwise constant type if for any p ∈ M̃ and
X ∈ TpM̃ we have λ(X, Y ) = λ(X,Z), where

λ(X, Y ) = R̃(X, Y, JX, JY )− R̃(X, Y,X, Y )

and Y and Z are unit tangent vectors on M̃ at p, orthogonal to X and JX, i.e. g(X,X) =
g(Y, Y ) = 1, g(X, Y ) = g(JX, Y ) = g(X,Z) = g(JX,Z) = 0.

The manifold M̃ is said to be of constant type if for any unit X, Y ∈ ΓTM̃ with g(X, Y ) =
g(JX, Y ) = 0, λ(X, Y ) is a constant function.

Recall the following result.

Theorem. [305] Let M̃ be a RK-manifold. Then M̃ is of pointwise constant type if and only

if there exists a function α on M̃ such that

λ(X, Y ) = α[g(X,X)g(Y, Y )− (g(X, Y ))2 − (g(X, JY ))2],

for any X, Y ∈ ΓTM̃.

Moreover, M̃ is of constant type if and only if the above equality holds good for a constant
α.

In this case, α is the constant type of M̃.

Definition. A generalized complex space form is a RK-manifold of constant holomorphic sec-
tional curvature and of constant type.

We denote a generalized complex space form by M̃(c, α), where c is the constant holomorphic
sectional curvature and α the constant type, respectively.

Each complex space form is a generalized complex space form. The converse statement is
not true. The sphere S6 endowed with the standard nearly-Kaehler structure is an example of
generalized complex space form which is not a complex space form.

Let M̃(c, α) be a generalized complex space form of constant holomorphic sectional curvature

c and of constant type α. Then the curvature tensor R̃ of M̃(c, α) has the following expression
[305]:

(1.3.14) R̃(X, Y )Z =
c+ 3α

4
[g(Y, Z)X − g(X,Z)Y ]+

+
c− α

4
[g(X, JZ)JY − g(Y, JZ)JX + 2g(X, JY )JZ].

Let M be an n-dimensional submanifold of a 2m-dimensional generalized complex space
form M̃(c, α) of constant holomorphic sectional curvature c and constant type α. One denotes
by K(π) the sectional curvature of M associated with a plane section π ⊂ TpM, p ∈ M , and
∇ the Riemannian connection of M , respectively. Also, let h be the second fundamental form
and R the Riemann curvature tensor of M .
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Lemma 1.3.5. [196] Let x : M1 ×f M2 → M̃(c, α) be an isometric immersion of an
n-dimensional warped product into a 2m-dimensional generalized complex space
form M̃(c, α). Then :

(1.3.15)
∆f

f
≤ n2

4n2

‖H‖2 + n1
c+ 3α

4
+ 3

c− α

4n2

∑
1≤i≤n1

∑
n1+1≤s≤n

g2(Jei, es).

where ni = dimMi, i = 1, 2, and ∆ is the Laplacian operator of M1.

From the above Lemma, it follows

Theorem 1.3.6. [196] Let x : M1×fM2 → M̃(c, α) be an isometric immersion of an
n-dimensional warped product into a 2m-dimensional generalized complex space
form M̃(c, α). Then :

i) If c < α, then

(1.3.16)
∆f

f
≤ n2

4n2

‖H‖2 + n1
c+ 3α

4
.

Moreover, the equality case of (1.3.16) holds identically if and only if x is a
mixed totally geodesic immersion, n1H1 = n2H2, where Hi, i = 1, 2, are the partial
mean curvature vectors and JD1 ⊥ D2.

ii) If c = α, then

(1.3.17)
∆f

f
≤ n2

4n2

‖H‖2 + n1
c+ 3α

4
.

Moreover, the equality case of (1.3.17) holds identically if and only if x is a
mixed totally geodesic immersion and n1H1 = n2H2, where Hi, i = 1, 2, are the
partial mean curvature vectors.

iii) If c > α, then

(1.3.18)
∆f

f
≤ n2

4n2

‖H‖2 + n1
c+ 3α

4
+ 3

c− α

8
‖P‖2.

Moreover, the equality case of (1.3.18) holds identically if and only if x is a
mixed totally geodesic immersion, n1H1 = n2H2, where Hi, i = 1, 2, are the partial
mean curvature vectors and both M1 and M2 are totally real submanifolds.

Corollary 1.3.7. [196] Let M be an n-dimensional CR-warped product subman-

ifold of a 2m-dimensional generalized complex space form M̃(c, α). Then :

(1.3.19)
∆f

f
≤ n2

4n2

‖H‖2 + n1
c+ 3α

4
.

Moreover, the equality case holds identically if and only if x is a mixed totally
geodesic immersion, n1H1 = n2H2, where Hi, i = 1, 2, are the partial mean curvature
vectors.

We derive the following non-existence results.
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Corollary 1.3.8. [196] Let M̃(c, α) be a generalized complex space form, M1 an
n1-dimensional Riemannian manifold and f a differentiable function on M1. If
there is a point p ∈M1 such that (∆f)(p) > n1

c+3α
4
f(p), then there do not exist any

minimal CR-warped product submanifold M1 ×f M2 in M̃(c, α).

Corollary 1.3.9. [196] Let M̃(c, α) be a generalized complex space form, with c >

α, M1 an n1-dimensional totally real submanifold of M̃(c, α) and f a differentiable
function on M1. If there is a point p ∈ M1 such that (∆f)(p) > n1

c+3α
4
f(p), then

there do not exist any totally real submanifold M2 in M̃(c, α) such that M1 ×f M2

be a minimal warped product submanifold in M̃(c, α).

• In [197] we studied warped product submanifolds in quaternion space forms.

Definition. Let M
m

be a 4m-dimensional Riemannian manifold with metric g. M
m

is called
a quaternion Kaehlerian manifold if there exists a 3-dimensional vector space E of tensors of
type (1, 1) with local basis of almost Hermitian structures φ1, φ2 and φ3, such that
(i) φ1φ2 = −φ2φ1 = φ3, φ2φ3 = −φ3φ2 = φ1, φ3φ1 = −φ1φ3 = φ2,
(ii) for any local cross-section φ of E and any vector X tangent to M , 5Xφ is also a cross-
section in E (where 5 denotes the Riemannian connection in M) or, equivalently, there exist
local 1-forms p, q, r such that 5Xφ1 = r(X)φ2 − q(X)φ3,

5Xφ2 = −r(X)φ1 + p(X)φ3,
5Xφ3 = q(X)φ1 − p(X)φ2.

If X is a unit vector in M , then X, φ1X, φ2X and φ3X form an orthonormal set on M
and one denotes by Q(X) the 4-plane spanned by them. For any orthonormal vectors X, Y
on M , if Q(X) and Q(Y ) are orthogonal, the 2-plane π(X, Y ) spanned by X, Y is called a
totally real plane. Any 2-plane in Q(X) is called a quaternionic plane. The sectional curvature
of a quaternionic plane π is called a quaternionic sectional curvature. A quaternion Kaehler
manifold M is a quaternion space form if its quaternionic sectional curvatures are constant.

It is well-known that a quaternion Kaehlerian manifold M is a quaternion space form M(c)
if and only if its curvature tensor R has the following form (see [161])

(1.3.20) R(X, Y )Z =
c

4
{g(Y, Z)X − g(X,Z)Y+

+g(φ1Y, Z)φ1X − g(φ1X,Z)φ1Y + 2g(X,φ1Y )φ1Z+

+g(φ2Y, Z)φ2X − g(φ2X,Z)φ2Y + 2g(X,φ2Y )φ2Z+

+g(φ3Y, Z)φ3X − g(φ3X,Z)φ3Y + 2g(X,φ3Y )φ3Z},
for vectors X, Y, Z tangent to M .

A submanifold M of a quaternion Kaehler manifold M is called quaternion (resp. totally
real) submanifold if each tangent space of M is carried into itself (resp. the normal space) by
each section in E.

The curvature tensor R of M is related to the curvature tensor R of M by the Gauss
equation

R(X, Y, Z,W ) = R(X, Y, Z,W )−
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−g(h(X,Z), h(Y,W )) + g(h(X,W ), h(Y, Z)),

where h is the second fundamental form of M .

Definition. [23]. A submanifold M of a quaternion Kaehler manifold M is called a quater-
nion CR-submanifold if there exist two orthogonal complementry distributions D and D⊥ such
that D is invariant under quaternion structures, that is, φi(Dx) ⊆ Dx, i = 1, 2, 3,∀x ∈M , and
D⊥ is totally real, that is, φi(D

⊥
x ) ⊆ T⊥x M , i = 1, 2, 3, ∀x ∈M .

A submanifold M of a quaternion Kaehler manifold M is a quaternion submanifold (resp.
totally real submanifold) if dim D⊥ = 0 (resp. dim D = 0).

In this context, the following results were obtained.

Lemma 1.3.10. [197] Let x : M1 ×f M2 → M(c) be an isometric immersion of
an n-dimensional warped product into a 4m-dimensional quaternion space form
M(c). Then

n2
∆f

f
≤ n2

4
‖H‖2 + n1n2

c

4
+ 3

c

4

3∑
α=1

n1∑
i=1

n∑
s=n1+1

g2(Pαei, es).

Theorem 1.3.11. [197] Let x : M1 ×f M2 → M(c) be an isometric immersion of
an n-dimensional warped product into a 4m-dimensional quaternion space form
M(c) with c < 0. Then

∆f

f
≤ n2

4n2

‖H‖2 + n1
c

4
.

Moreover, the equality case holds identically if and only if x is a mixed totally
geodesic immersion, n1H1 = n2H2 and φkD1 ⊥ D2, for any k = 1, 2, 3.

As applications, one derives certain obstructions to the existence of minimal warped product
submanifolds in quaternion hyperbolic space.

Corollary 1.3.12. [197] If f is a harmonic function on M1, then the warped prod-
uct M1×f M2 does not admit any isometric minimal immersion into a quaternion
hyperbolic space.

Corollary 1.3.13. [197] There do not exist minimal warped product submanifolds
in a quaternion hyperbolic space with M1 compact.

Theorem 1.3.14. [197] Let x : M1×f M2 →M(c) be an isometric immersion of an
n-dimensional warped product into a 4m-dimensional flat quaternion space form.
Then

∆f

f
≤ n2

4n2

‖H‖2.

Moreover, the equality case holds identically if and only if x is a mixed totally
geodesic immersion and n1H1 = n2H2.

Corollary 1.3.15. [197] If f is an eigenfunction of Laplacian on M1 with corre-
sponding eigenvalue λ > 0, then the warped product M1 ×f M2 does not admit any
isometric minimal immersion into a quaternion hyperbolic space or a quaternion
Euclidean space.

A warped product is said to be proper if the warping function is non-constant.
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Corollary 1.3.16. [197] There do not exist minimal proper warped product sub-
manifold in the quaternion Euclidean space Qm with M1 compact .

Theorem 1.3.17. [197] Let x : M1 ×f M2 → M(c) be an isometric immersion of
an n-dimensional warped product into a 4m-dimensional quaternion space form
M(c) with c > 0. Then

∆f

f
≤ n2

4n2

‖H‖2 + n1
c

4
+ 3

c

4
min{n1

n2

, 1}.

Moreover, the equality case holds identically if and only if x is a mixed totally
geodesic immersion, n1H1 = n2H2 and φkD1 ⊥ D2, for any k = 1, 2, 3.

Also, Lemma 1.3.10 implies another inequality for certain submanifolds (in particular quater-
nion CR-submanifolds) in quaternion space forms with c > 0.

Theorem 1.3.18. [197] Let x : M1 ×f M2 → M(c) be an isometric immersion of
an n-dimensional warped product into a 4m-dimensional quaternion space form
M(c) with c > 0, such that φkD1 ⊥ D2, for any k = 1, 2, 3. Then

∆f

f
≤ n2

4n2

‖H‖2 + n1
c

4
.

Moreover, the equality case holds identically if and only if x is a mixed totally
geodesic immersion and n1H1 = n2H2.

Next, we will give some examples which satisfy identically the equality case of the inequality
given in Theorem 5.3.9.

Example 1.3.19. Let ψ : Sn → S4n+3 be an immersion defined by

ψ(x1, ..., xn+1) = (x1, 0, 0, 0, x2, 0, 0, 0, ..., xn+1, 0, 0, 0),

and π : S4n+3 → P n(Q) the Hopf submersion.
Then π ◦ ψ : Sn → P n(Q) satisfies the equality case.

Example 1.3.20. On Sn1+n2 let consider the spherical coordinates u1, ..., un1+n2 and on
Sn1 the function

f(u1, ...un) = cosu1... cosun1 ,

(f is an eigenfunction of ∆).
Then Sn1+n2 = Sn1 ×f S

n2 .
Let ψ : Sn1+n2 → S4(n1+n2)+3 be the above standard immersion and π the Hopf submersion

π : S4(n1+n2)+3 → P n1+n2(Q).
Then π ◦ ψ : Sn1+n2 → P n1+n2(Q) satisfies the equality case.
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Chapter 2

Structures in (Pseudo-)Riemannian
Geometry

2.1 Introduction

We introduce the basic definitions and notations used in the present chapter.
Let (M, g) be a Riemannian C∞-manifold and let ∇ be the covariant differential opera-

tor defined by the metric tensor g. We assume that M is oriented and ∇ is the Levi-Civita
connection. Let ΓTM = XM and [ : TM → T ∗M the set of sections of the tangent bun-
dle TM and the g-musical isomorphism [275] defined by g respectively, where ([(X))(Y ) =
g(X, Y ), ∀X, Y ∈ Γ(TM). Following [275], we set

Aq(M,TM) = Hom(ΛqTM, TM)

and notice that the elements of Aq(M,TM) are vector valued q-forms, q ≤ dimM. We denote
by d∇ : Aq(M,TM) → Aq+1(M,TM) the exterior covariant derivative operator with respect
to ∇. It should be noticed that generally d∇

2
= d∇ ◦ d∇ 6= 0, unlike d2 = d ◦ d = 0.

If p ∈ M, the vector valued 1-form dp ∈ A1(M,TM) is the canonical vector valued 1-form
of M and is called the soldering form of M [119]. Since ∇ is symmetric we have d∇(dp) = 0.

The operator

(2.1.1) dω = d+ e(ω)

acting on ΛM is called the cohomology operator. In (2.1.1) e(ω) means the exterior product by
the closed 1-form ω ∈ Λ1M, that is

(2.1.2) dωu = du+ ω ∧ u,

for any u ∈ ΛM, and one has dω ◦ dω = 0.
A form u ∈ ΛM is said to be dω-closed if dωu = 0 and if ω is exact, then u is said to be

dω-exact.
Any vector field X ∈ ΓTM such that

(2.1.3) d∇(∇X) = ∇2X = π ∧ dp ∈ A2(M,TM),

107
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for some 1-form π, is said to be an exterior concurrent vector field [282], [274]. The form π,
which is called the concurrence form, is given by

(2.1.4) π = f[(X), f ∈ C∞M.

In this case, if S denotes the Ricci tensor of ∇, one has

(2.1.5) S(X,Z) = −(n− 1)fg(X,Z), Z ∈ ΓTM.

A vector field X on a Riemannian manifold M is said to be quasi exterior concurrent if

(2.1.6) ∇2X = π ∧ dp+ ϕ⊗X,

for some 2-form ϕ on M ; π and ϕ will be called the quasi concurrence 1-form and the quasi
concurrence 2-form, respectively. The 2-form ϕ is always given by

(2.1.7) ϕ =
[(X) ∧ π
g(X,X)

.

Since the q-covariant differential ∇qX of X ∈ ΓTM is defined inductively, i.e. ∇qX =
d∇(∇q−1X), then a vector field X satisfying

(2.1.8) ∇qX = ϕq−1 ∧ dp, ϕq−1 ∈ Λq−1M

is called a (q − 1)-exterior concurrent vector field.
Let F = aAZA⊗ωA ∈ A1(M,TM), where aA are functions on M , ZA are vector fields on M

and ωA are 1-forms on M , be any vector valued 1-form on M . As another extension of exterior
concurrency of vector fields, one has the following definition [273]:

F is called a q-exterior concurrent vector valued 1-form on M if

(2.1.9) d∇
q

F = ϕq ∧ dp ∈ Aq+1(M,TM),

for some q-form ϕq on M , called the concurrence form associated with F.
If X and X ′ are exterior concurrent vector fields with conformal scalars f and f ′, respec-

tively, then if F = X ∧X ′, one has

(2.1.10) d∇
2

F = (f + f ′)([(X) ∧ [(X ′)) ∧ dp.

The above formula shows how 2-exterior concurrent vector valued 1-forms may by con-
structed on M, starting from exterior concurrent vector fields.

Let now O = vect{eA; A ∈ {1, ..., n}} be an adapted local field of orthonormal frames on
M and let O∗ = {ωA} be its associated coframe. Then one has

(2.1.11) dp = ωA ⊗ eA, ∀p ∈M,

and we recall the E. Cartan’s structure equations written in the indexless form:

(2.1.12) ∇e = θ ⊗ e ∈ A1(M,TM),
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(2.1.13) dω = −θ ∧ ω,

(2.1.14) dθ = −θ ∧ θ + Θ.

In the above equations, θ and Θ are the local connection forms in the bundle O(M), respec-
tively the curvature forms on M.

If Z ∈ ΓTM is any vector field, then as is known the second covariant differential ∇2Z ∈
A2(M,TM) of Z satisfies

(2.1.15) ∇2Z(U, V ) = R(U, V )Z, ∀U, V ∈ ΓTM,

where R ∈ ΓEnd(ΛTM) is the curvature operator on M.
A vector field X such that

(2.1.16) ∇X = V ∧ U,

where ∧ denotes as usual the wedge product of vector fields (∧ is a linear operator which is
skew symmetric with respect to g), has been defined in [236] as a skew symmetric Killing vector
field. As is known, one may develop (2.1.16) as

∇X = U [ ⊗ V − V [ ⊗ U.

A vector field U such that

(2.1.17) ∇U = λdp

is called a concurrent vector field [319].
Let T be any conformal vector field (i.e. the conformal version of Killing vector field). This

means

(2.1.18) LT g = ρg,

where L is the Lie derivative. Then one has

g(∇ZT , Z ′) + g(∇Z′T , Z) = ρg(Z,Z ′),

where the conformal scalar ρ is given by

ρ =
2

dimM
(divT ).

We recall the following formulas associated with T [42], [318].

(2.1.19) LT Z[ = ρZ[ + [T , Z][, Z ∈ ΓTM,

called ∅rsted’s lemma;

(2.1.20) 2(LT∇)(Z,Z ′) = dρ(Z)Z ′ + dρ(Z ′)Z − g(Z,Z ′)∇ρ,
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(2.1.21) LT τ = (n− 1)4ρ− ρτ,

where τ denotes the scalar curvature of M .
If M is endowed with a 2-form Ω, then we can define the morphism Ω[ : TM −→ T ∗M,

(2.1.22) Ω[(Z) = [Z = −iZΩ, iZΩ(X) = Ω(Z,X); Z ∈ ΓTM.

Moreover, one has [318]

(1.10) 2LTR(Z,Z ′) = (∆ρ)g(Z,Z ′)− (n− 2)(Hess∇ρ)(Z,Z
′),

where
(Hess∇ρ)(Z,Z

′) = g(Z,HpZ
′);HpZ

′ = ∇Z′(∇ρ),

Z, Z ′ ∈ ΓTM,∇f = grad f, f ∈ Λ◦(M).
A function f : Rn → R is isoparametric if ‖∇f‖ and div(∇f) are functions of f [313].

2.2 Distinguished vector fields on Riemannian manifolds

• In [207], we interrelated the concept of a torse forming vector field and the concepts of exterior
concurrent and quasi exterior concurrent vector fields. Different second order properties of a
torse forming vector field T were studied, as for instance it was proved that any torse forming
is a quasi exterior concurrent vector field. We obtained a necessary and sufficient condition for
a torse forming vector field to be 2-exterior concurrent. In this case a foliation was given.

We calculated the Ricci tensor of a torse forming vector field T and the sectional curvature
of a plane section tangent to T . Also T determines some eigenfunctions of the Laplacian. If M
is compact, an integral formula was proved.

Some applications of the existence of torse formings on Sasakian manifolds and Kenmotsu
manifolds, respectively, were discussed.

Let (M, g) be an n-dimensional Riemannian C∞-manifold with metric tensor g. Let ∇, d∇
and dp be the covariant differential operator with respect to g, the exterior covariant derivative
operator with respect to ∇ and the canonical vector valued 1-form respectively.

Torse forming vector fields were defined and studied first by K. Yano [316]. Afterwards they
were studied by different authors. Recently their study was extended to Finsler spaces (see
[248]).

The notion of an exterior concurrent vector field, first introduced by R. Rosca [282] (see also
[274]), can be seen as a generalization for higher order differentiation and for vector fields on
Riemannian or pseudo-Riemannian manifolds M , considered as objects on their own, from the
notion of concurrent vector fileds on a manifold N , studied by K. Yano and B.Y. Chen [319],
which are defined along submanifolds M of N and which involves only first order differentiation.
We want to point-out that several important characterizations for minimal submanifolds of
Euclidean spaces and of spheres can be obtained simultaneously from the property that the
Laplacian of a concurrent vector field on a submanifold M of a submanifold M ′ of a Riemannian
manifold N is normal to M ′ if and only if M is minimal in M ′ (see also [57]).

We give the complete proof of the first two results from this section in order to illustrate
the techniques. Other results are only stated, their proofs can be read in the cited papers.
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On a Riemannian manifold (M, g) we consider a torse forming vector field T ∈ ΓTM .
According to the general definition [316], its covariant derivative satisfies

(2.2.1) ∇T = sdp+ α⊗ T ⇔ ∇ZT = sZ + α(Z)T, Z ∈ ΓTM, s ∈ C∞M.

In the above equation we agree to call α the generating form of T and s the conformal scalar
of T. Recall that any vector field X such that

(2.2.2) ∇2X = π ∧ dp+ ϕ⊗X, π ∈ Λ1M, ϕ ∈ Λ2M,

is defined as a quasi exterior concurrent vector field [273] (see also (2.1.6)).
It is worth to emphasize that the concept of quasi exterior concurrent vector field is an

extension to A2(M,TM) of the concept of torse forming vector field.
In the following we shall not consider the particular case when T is a concircular vector

field, i.e., s 6= 0. Since ∇ is symmetric, if we apply d∇ to (2.2.1) one finds

(2.2.3) d∇(∇T ) = ∇2T = (ds− sα) ∧ dp+ dα⊗ T.

Hence, by reference to (2.1.6) or (2.2.2), we see that any torse forming vector field T is a
quasi exterior concurrent vector field whose concurrence 2-form ϕ is an exact form.

Setting

(2.2.4) 2λ = g(T, T ),

one derives from (2.2.1) and (2.2.2)

(2.2.5)

{
dλ = s[(T ) + 2λα
2λdα = [(T ) ∧ ω ,

where we have put

(2.2.6) ω = ds− sα.

We recall that a 1-form β is said to be exterior recurrent [109] if there exists a 1-form θ such
that dβ = θ ∧ β.

From the above equations one obtains by exterior differentiation

(2.2.7)

{
d[(T ) = α ∧ [(T )

dω = (α− s[(T )
2λ

) ∧ ω ,

which prove that [(T ) and ω are both exterior recurrent. If we put

(2.2.8) γ = [(T ) ∧ ω,

then, according to a known Proposition (see [109]), it follows that γ is also exterior recurrent
and by (2.2.7) one has

(2.2.9) dγ = 2α ∧ γ.
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Denote by Dγ = {Z ∈ ΓTM ; γ(Z) = 0} the differentiable distribution annihilated by γ.
Since the ideal J generated by α and [(T ) is a differential ideal, it follows by Frobenius theorem
that Dγ defines a (n− 2)-foliation.

Next, the recurence 1-form 2α is an element of the 1-st class of cohomology H1(Dγ;R)
corresponding to Dγ [180].

Let v be the form of Godbillon-Vey [180] associated with Dγ. From the general definition,
v is expressed in the case under discussion by

v = 23α ∧ (dα)2

and we notice that on behalf of the second equation (2.2.5) one has v = 0.
Applying d∇ to (2.2.3) and taking account of (2.2.6) one finds by (2.2.4)

(2.2.10) d∇(∇2T ) = ∇3T = (α ∧ ω) ∧ dp+ (α ∧ dα)⊗ T ∈ Λ3(M,TM).

According to (2.1.8), it follows from (2.2.10) that the necessary and sufficient condition for
T to be 2-exterior concurrent is that the generating form α of T is exterior recurrent. In this
case, it is a routine matter to verify that the (n− 3)-distribution orthogonal to T , [−1(ω) and
[−1(α) is involutive.

Summarizing, we have obtained the following.

Theorem 2.2.1. [207] Let (M, g) be a non-flat n-dimensional Riemannian C∞-
manifold. Let T be any torse forming vector field on M and let α ∈ Λ1M be the
generating form of T . Then any T is always quasi exterior concurrent and is
defined by a closed Pfaff system of rank 3.

If ω is the quasi concurrence 1-form corresponding to ∇2T , then the (n − 2)-
distribution Dγ orthogonal to T and [−1(ω) is involutive and the recurence 1-form
2α belongs to the 1-st class of cohomology corresponding to Dγ.

The necessary and sufficient condition in order that T be 2-exterior concurrent
is that α be exterior recurrent. In this case the distribution orthogonal to T , [−1(ω)
and [−1(α) is involutive.

We discussed some properties involving the Ricci tensor field S of ∇. As is known, one has

(2.2.11) S(Z,Z ′) = trace R(·, Z)Z ′,

where Z,Z ′ ∈ ΓTM are any vector fields.
On the other hand, if T is any torse forming vector field on M , then by (2.2.3), (2.2.5) and

(2.2.6) one may write

(2.2.12) ∇2T = ω ∧ dp+
[(T ) ∧ ω

2λ
⊗ T.

For each Z ∈ ΓTM one gets by (2.1.15), (2.2.4), (2.2.11) and (2.2.12)

(2.2.13) S(T, Z) = −(n− 2)g(Z, [−1(ω))− g(T, Z)g(T, [−1(ω))

2λ
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and setting Z = T , the Ricci tensor of T is expressed by

(2.2.14) S(T, T ) = −(n− 1)g(T, [−1(ω)).

On the other hand, the sectional curvature defined by Z and T is given by

(2.2.15) KZ∧T = −g(T, [
−1(ω))

2λ
.

Therefore, if Ric(T ) means the Ricci curvature with respect to T , then by (2.2.14) and
(2.2.15) one may write

(2.2.16) KZ∧T =
1

n− 1
Ric(T ).

It should be noticed that the above formula is similar to that regarding exterior concurrent
vector fields [273], [274].

Next we denote by trace ∇2T ∈ ΓTM the contraction of ∇2T with respect to g. By (2.2.12)
one finds after some calculations:

(2.2.17) trace ∇2T = [−1(ω) +
g(T, [−1(ω))

2λ
T.

We recall some results from [275] which will be used in the next discussion.
Any q-form β on a Riemannian C∞-manifold (M, g) defines a (0, q)-tensor field ρβ on M by

(2.2.18) ρβ(Z1, ..., Zq) =
n∑

A=1

q∑
B=1

(R(eA, Zβ)β)(Z1, ..., ZB−1, eB, ZB+1, ..., Zq).

Using the above equation, the Weitzenböck’s formula for the Laplacian is expressed by

(2.2.19) ∆β = −div∇β + ρβ.

Let now V ∈ ΓTM be any parallel vector field on M. If Z is any vector field on M , then
from

R(U1, U2)(Z1 ∧ ... ∧ Zq) =

q∑
A=1

Z1 ∧ ... ∧R(U1, U2)ZA ∧ ... ∧ Zq

and Weitzenböck’s formula, one has

(2.2.20) ∆[(Z)(V )(p) = (S(Z, V )− g(trace ∇2Z, V ))(p).

Setting Z = T and making use of (2.2.13) and (2.2.71), it follows by (2.2.20)

(2.2.21) ∆[(T )(V )(p) = −((n− 1)g(V, [−1(ω)) +
1 + 2λ

2λ
g(V, T )g(T, [−1(ω))(p).

Therefore for any V such that g(V, [−1(ω)) = 0, the equation (2.2.21) becomes

(2.2.22) ∆[(T )(V )(p) = −1 + 2λ

2λ
g(T, [−1(ω))[(T )(V )(p).
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Hence the above equation shows that the 0-form g(V, T ) is an eigenfunction of the Laplacian
∆ and that −1+2λ

2λ
g(T, [−1(ω)) is an eigenvalue of ∆.

Next we assume that the manifold M carrying T is compact. In this case one has the
following integral formula (see also [275]):

(2.2.23)

∫
M

(S(Z,Z) + trace (∇Z ◦ ∇Z) + (div Z)2) = 0,

where Z ∈ ΓTM is any vector field.
Since div T =

∑
ωA(∇eA

T ), one finds by (2.2.1) and (2.1.12)

(2.2.24) divT = ns+ g(T, [−1(α)).

Setting Z = T in (2.2.23) and taking account of (2.2.1), (2.2.14) and (2.2.24) the integral
formula (2.2.23) becomes∫

M

(g(T, [−1(ω)) + 2sg(T, [−1(α)) + ns2) = 0.

By summing the above results, we obtain the following.

Theorem 2.2.2. [207] Let T be any torse forming on an n-dimensional Rie-
mannian C∞-manifold and let α (respectively ω) be the generating 1-form of T
(respectively the quasi concurrence 1-form of ∇2T). One has the following prop-
erties:

i) the Ricci tensor field S(T, T ) of T is expressed by

S(T, T ) = −(n− 1)g(T, [−1(ω))

and for any Z ∈ ΓTM the sectional curvature

KZ∧T =
1

n− 1
Ric(T );

ii) if V is any parallel vector field orthogonal to the dual vector field [−1(ω) of
ω, then the functions g(T, V ) are eigenfunctions of the Laplacian ;

iii) if M is compact, one has the following integral formula∫
M

(g(T, [−1(ω)) + 2sg(T, [−1(α)) + ns2) = 0.

In particular, we investigated Sasakian manifolds and Kenmotsu manifolds, respectively,
endowed with torse forming vector fields.

We assume that the manifold M which carries the torse forming T is a Sasakian manifold
M(φ, η, ξ, g) (see, for example, [320]). Then, as is known, the structure tensor fields satisfy

φ2 = −I + η ⊗ ξ, φξ = 0, η(φZ) = 0, η(ξ) = 1,
g(Z,Z ′) = g(φZ, φZ ′) + η(Z)η(Z ′),
iξdη = 0, η(Z) = g(Z, ξ), ∇ξ = φdp⇐⇒ ∇Zξ = φZ,
(∇φ)Z = −[(Z)⊗ ξ + η(Z)dp,
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where Z and Z ′ are any vector fields on M. We obtained:

Theorem 2.2.3. [207] Let M(φ, η, ξ, g) be a Sasakian manifold endowed with a
torse forming vector field T . If DT = {T, φT, ξ} denotes the associated torse form-
ing distribution on M, then DT defines always a geodesic foliation.

In addition, the exterior 2-vector field F = ξ∧T ∈ A1(M,TM) is quasi 2-exterior
concurrent and its quasi concurrence 2-form is the differential of the generating
1-form of T .

Further the following statements are equivalent to each other :
i) T defines an infinitesimal conformal transformation of the structure 2-form

Ω = 1
2
dη;

ii) φT is 2-exterior concurrent ;
iii) ∇3T is a zero element of A3(M,TM).

If the manifold M which carries the torse forming T is a Kenmotsu manifold M(φ,Ω, η, ξ, g)
([166], [156]), the structure tensor fields satisfyφ2 = −I + η ⊗ ξ, φξ = 0, η(ξ) = 1,

η(Z) = g(Z, ξ), g(Z,Z ′) = g(φZ, φZ ′) + η(Z)η(Z ′),
∇ξ = dp− η ⊗ ξ, (∇φ)Z = −η(Z)φdp− [(φZ)⊗ ξ,

where Z and Z ′ are any vector fields on M.
In addition it has been outlined in [282] that the pairing (η,Ω) defines a special cosymplectic

structure 1× CSp(m;R), dimM = 2m+ 1, that is

dη = 0, dΩ = 2η ∧ Ω ⇐⇒ d−2ηΩ = 0,

which shows that Ω is d−2η-closed. We proved:

Theorem 2.2.4. [207] Let T be a torse forming vector field on a Kenmotsu
manifold M(φ,Ω, η, ξ, g). One has the following properties:

i) T and φT define a 2-foliation on M and both are exterior concurrent ;
ii) φT is divergence free and T (resp. φT) defines an infinitesimal conformal

transformation of [(φT ) (resp. [(T ));
iii) the Lie derivative of Ω with respect to φT is d−2η-closed and φT defines

an infinitesimal relatively conformal transformation of all (2q + 1)-forms Lq[(T ),
q < m, 2m+ 1 = dimM ;

iv) the torse forming T defines an infinitesimal conformal transformation of
all (2q + 1)-forms Lq[(φT ).

• In [190] we considered a Riemannian manifold M carrying a pair of skew symmetric Killing
vector fields (X, Y ). The existence of such a pairing is determined by an exterior differential
system in involution (in the sense of Cartan). In this case, M is foliated by 3-dimensional
submanifolds of constant scalar curvature. Additional geometric properties were proved.

Killing vector fields X (or infinitesimal isometries) play a distiguished role in differential
geometry. They also play an important role when dealing with manifolds having indefinite
metrics (as, for instance, connected Lorentzian manifolds or para-Kaehlerian manifolds [134],
or also when X is a null vector field in general relativity.
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Skew symmetric Killing vector fields have been defined in [282], and also studied in [193],
[116] and [285].

We consider the case when a Riemannian C∞-manifold M carries a pairing (X, Y ) of skew
symmetric Killing vector fields, such that the generator U of (X, Y ) is a torse forming [316].
It is first proved that the existence of such a pairing is determined by an exterior differential
system in involution (in the sense of Cartan [53], which depends on 2 arbitrary functions of 5
arguments.

Further it is shown that all three vector fields X, Y and U posses the property to be exterior
concurrent vector fields.

Let (M, g) be an n-dimensional oriented Riemannian C∞-manifold. Then be reference to
[45], we agree to say that two vector fields X and Y such that

(2.2.25)
{∇X = X ∧ U,
∇Y = Y ∧ U

define a skew symmetric Killing vector fields pairing, where U is a certain vector called the
generator of X and Y . In order to simplify, we set

(2.2.26) X[ = α, Y [ = β, U [ = u.

In terms of the above notations, equations (2.2.25) may be expanded as:

(2.2.27)

{
∇X = u⊗X − α⊗ U,
∇Y = u⊗ Y − β ⊗ U

.

In [190] we assume that the generator U is a torse forming vector field. Therefore, the
covariant derivative ∇U of U is expressed by

(2.2.28) ∇U = λdp+ γ ⊗ U, λ ∈ C∞M,

where γ is the recurrence form of u, i.e., du = γ ∧ u.
We proved the following.

Theorem 2.2.5. [190] Let M be an n-dimensional Riemannian C∞-manifold
carrying a pair of skew symmetric Killing vector fields (X, Y ) with torse forming
generator U .

Then X, Y, U are exterior concurrent vector fields with the same constant
conformal scalar λ.

The existence of such a pairing is determined by an exterior differential sys-
tem in involution which depends on 2 arbitrary functions of 5 arguments.

Any such manifold is foliated by 3-dimensional space forms MU of constant
sectional curvature −λ and the immersion x : MU →M is totally geodesic.

In addition :
i) U defines an infinitesimal conformal transformation of X and Y, i.e., [U,X] =

(2l − 1)X, [U, Y ] = (2l − 1)Y , where 2l = ||U ||2;
ii) the following properties are mutually equivalent :
a) U is of constant length ;
b) U commutes with X and Y ;
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c) U is a geodesic;
iii) X, Y, U define infinitesimal conformal transformations of the volume ele-

ment ϕ of MU (the Lie derivatives of ϕ with respect to X, Y and U are proportional
with ϕ);

iv) if M is compact, then λ = −a2 and the integral formulas∫
[(n− 1)a2 ‖X‖2 − 2(‖U‖2 ‖X‖2 − g(U,X)2)] = 0,

∫
[(n− 1)a2 ‖Y ‖2 − 2(‖U‖2 ‖Y ‖2 − g(U, Y )2)] = 0

hold good.

• As a natural prolongation of our study in the previous article, in [218] we considered a
Riemannian manifold M carrying a pair of skew symmetric conformal vector fields (X, Y ). The
existence of such a pairing is determined by an exterior differential system in involution (in the
sense of Cartan). In this case, M is foliated by 3-dimensional totally geodesic submanifolds.
Additional geometric properties were proved.

Conformal vector fields T are the conformal version of Killing vector fields, playing a dis-
tinguished role in differential geometry (they are also called conformal Killing vector fields).

If M is an n-dimensional Riemannian C∞-manifold with soldering form dp, a vector field T
such that its covariant derivative satisfies

∇T = fdp+ T ∧ U, f ∈ C∞M,

has been defined as a skew symmetric conformal vector field [283]. In the previous relation , ∧
means the wedge product of vector fields and U is a certain vector (generative of T ).

In [218], we studied the case when M carries a pair (X, Y ) of such vectors, having as
generative a concurrent vector field.

This means: {
∇X = adp+ (X ∧ U); 2a = ρX ; LXg = ρXg,
∇Y = bdp+ (Y ∧ U); 2b = ρY ; LY g = ρY g,

and

∇U = λdp, λ ∈ C∞M.

The following result was proven.

Theorem 2.2.6. [218] Let M be an n-dimensional Riemannian C∞-manifold
carrying a pair of skew symmetric conformal vector fields (X, Y ) with concurrent
generative vector field U .

The existence of such a pair is determined by an exterior differential system
in involution (in the sense of Cartan) and depends on 3 arbitrary functions of 4
arguments .

Any such manifold is foliated by totally geodesic 3-dimensional submanifolds
MU tangent to the set {X, Y, U} and the vector fields X, Y and U define infinites-
imal conformal transformations of the volume element of MU .
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The Ricci curvatures R(Z,X), R(Z, Y ), X, Y, Z ∈ ΓTM, are expressed by the
formulas

R(Z,X) = g(U,X)g(U,Z)− g(U,U)g(X,Z),

R(Z, Y ) = g(U, Y )g(U,Z)− g(U,U)g(Y, Z).

Since the Ricci curvatures R(X,X) = −‖X ∧ U‖2 and R(Y, Y ) = −‖Y ∧ U‖2 are
negative definite, the manifold M under consideration cannot be compact.

Furthermore, one finds
i) [X, Y ] = 0, [U,X] = −cX, [U, Y ] = −cY , c = constant, which show that X and Y

commute and U defines an infinitesimal homothety of X and Y ;
ii) if τ denotes the scalar curvature of M and ρX, resp. ρY , are the conformal

scalar corresponding to X, resp. Y, one has the formulas{
LXτ = −(n− 1)[(2‖U‖2 + 3c)n+ 4 ‖U‖2 + 2c]ρX − τρX ,
LY τ = −(n− 1)[(2‖U‖2 + 3c)n+ 4 ‖U‖2 + 2c]ρY − τρY .

• In [219] we dealt with a CR-submanifold M of a para-Kaehlerian manifold M̃ , which
carries a J-skew-symmetric vector field X. It was shown that X defines a global Hamiltonian
of the symplectic form Ω on M> and JX is a relative infinitesimal automorphism of Ω. Other
geometric properties were given.

CR-submanifolds M of some pseudo-Riemannian manifolds M̃ have been the first time
investigated by R. Rosca [280], and also studied in [44], [49], [281].

Let M̃(J, Ω̃, g̃) be a 2m-dimensional para-Kaehlerian manifold, where, as is well-known [177],

the triple (J, Ω̃, g̃) of tensor fields are the para-complex operator, the symplectic form and the
para-Hermitian metric tensor field, respectively.

If ∇̃ is the Levi-Civita connection on M̃, these manifolds satisfy

J2 = Id, dΩ̃ = 0, (∇̃J)Z̃ = 0, Z̃ ∈ ΓTM̃.

Let x : M → M̃ be the immersion of a l-codimensional submanifold M , l < m, in M̃ and
let T⊥p M and TpM be the normal space and the tangent space at each point p ∈M.

If J(T⊥p M) ⊂ TpM , then M is said to be a coisotropic submanifold of M̃ (see [44]). If

W̃ = vect{ha, ha∗ ; a = 1, ...,m, a∗ = a+m} is a real Witt vector basis on M̃ , one has

g̃(ha, hb) = g̃(ha∗ , hb∗) = δab.

Next, if W̃ ∗ = {ωa, ωa∗} denotes the associated cobasis of W̃ , g̃ and Ω̃ are expressed by

g̃ = 2
m∑

a=1

ωa ⊗ ωa∗ , Ω̃ =
m∑

a=1

ωa ∧ ωa∗ .

Also W̃ may split as W̃ = S̃ + S̃∗, where the pairing (S̃, S̃∗) defines an involutive automor-
phism of square 1, i.e.

Jha = ha∗ , Jha∗ = ha,
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and the local connection forms θ̃A
B ∈ Λ1M̃ , A,B ∈ {1, 2, ..., 2m} satisfy

θ̃a∗

b = 0, θ̃a
b∗ = 0, θ̃a

b + θ̃b∗

a∗ = 0.

It has been proved in [280] that any coisotropic submanifold M of a para-Kaehlerian man-

ifold M̃ is a CR-submanifold of M̃ (such a submanifold has been called a CICR-submanifold
[146]).

Let D> : p → D>
p = TpM \ J(T⊥p M), D⊥ : p → D⊥

p = J(T⊥p M) ⊂ TpM be the two
complementary differentiable distributions on M . One has

JD>
p = D>

p , JD
⊥
p = T⊥p M,

and D> (resp. D⊥) is called the horizontal (resp. vertical) distribution on M .
Hence, we may state the following

Theorem 2.2.7. [219] Let x : M → M̃ be a improper immersion of a CR-

submanifold in a para-Kaehlerian manifold M̃(J, Ω̃, g̃) and let D> (resp. D⊥) be
the horizontal distribution (resp. the vertical distribution) on M. If M is a fo-
liate CR-submanifold, then the necessary and sufficient condition in order that
the leaf M> of D> carries a J-skew-symmetric vector field X is that D⊥ is an
auto-parallel foliation. In this case, the CR-submanifold M under consideration
may be viewed as the local Riemannian product M = M> × M⊥, where M> is
an invariant totally geodesic submanifold of M and M⊥ is an isotropic totally
geodesic submanifold. In addition, in this case, JX is a gradient vector field.

Next, we pointed-out some additional properties of X, involving the symplectic form Ω of
M> and the exterior covariant differential d∇ of ∇X.

Theorem 2.2.8. [219] Let M be a CR-submanifold of a para-Kaehlerian manifold

M̃ and let Ω be the symplectic form on M>. If M carries a J-skew-symmetric
vector field X, then one has the following properties:

i) X is a global Hamiltonian of Ω and JX is a relative infinitesimal automor-
phism of Ω;

ii) the Ricci tensor field R(X,X) vanishes;
iii) the vector fields X + JX and X − JX are 2-covariant recurrent.

• In [201] we studied properties of biconcircular gradient vector fields.
We considered a Riemannian manifold carrying a biconcircular gradient vector field X,

having as generative a closed torse forming U . The existence of such an X is determined by
an exterior differential system in involution depending of 2 arbitrary functions of 1 argument.
The Riemannian manifold is foliated by Einstein surfaces tangent to X and U . Properties of
the biconcircular vector field X were investigated. Examples of biconcircular gradient vector
fields were entirely given.

Let (M, g) be a Riemannian (or pseudo-Riemannian) C∞-manifold and∇, dp and [ : TM →
T ∗M be the Levi-Civita connection, the soldering form of M (i.e. the canonical vector valued
1-form of M) and the musical isomorphism defined by g, respectively.

A vector field X on M such that

∇X = U [ ⊗X +X[ ⊗ U,
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where U is a certain vector field, called the generative of X, is defined as a biconcircular gradient
vector field (its covariant differential ∇X has nonzero components only in two directions).

In consequence of the definition, X is a self-adjoint vector field (i.e. dX[ = 0).
An example of biconcircular vector field is given by the skew symmetric Killing vector field

(in the sense of R. Rosca [285]).
We assume that U is a closed torse forming [236].

Theorem 2.2.9. [201] Let (M, g) be a Riemannian manifold carrying a biconcir-
cular gradient vector field X with closed torse forming generative U. The exis-
tence of such a X is determined by an exterior differential system in involution
depending of two arbitrary functions of one argument.

Any manifold (M, g) which carries such an X is foliated by Einstein surfaces
MX tangent to X and U.

Additional properties of biconcircular gradient vector fields were proved in the following.

Theorem 2.2.10. [201] Let (M, g) be a Riemannian manifold carrying a bicon-
circular gradient vector field X, having as generative a closed torse forming U.
Then

i) the generative U is an affine vector field ;
ii) the wedge product X ∧ U of X and U defines a 2-exterior concurrent vector

field V , which is a Killing vector field ;
iii) if W1 is a skew symmetric vector field having U as generative, then [W1, U ]

is also a Killing vector field.

Examples. We determined the biconcircular gradient vector fields on two Riemannian
manifolds.

1. As the model of the hyperbolic n-space form Hn, we take the upper half space xn > 0
in the sense of Poincaré’s representation. The metric of Hn is given by

gij(x) =
1

(xn)2
δij, ∀x ∈ Hn, ∀i, j ∈ {1, .., n}.

The Christoffel’s symbols with respect to g are

Γi
ni = −Γn

λλ = − 1

xn
, i ∈ {1, .., n}, λ ∈ {1, .., n− 1},

the other being zero.
The vector field ξ = xn ∂

∂xn is a closed torse forming (see [236]).
We determine the biconcircular gradient vector fields on Hn having ξ as generative. Then

we have
∇X = u⊗X + v ⊗ ξ,

where u = ξ[ and v = X[.
Let

X =
n−1∑
λ=1

fλ ∂

∂xλ
+ f

∂

∂xn
.

Then v = 1
(xn)2

(
∑n−1

λ=1 f
λdxλ + fdxn) and u = 1

xndx
n.
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In particular, we have

∇ ∂
∂xn

X = u(
∂

∂xn
)X + v(

∂

∂xn
)xn ∂

∂xn
,

i.e.,

∇ ∂
∂xn

(fλ ∂

∂xλ
+ f

∂

∂xn
) =

1

xn
(fλ ∂

∂xλ
+ f

∂

∂xn
) +

f

xn

∂

∂xn
,

or equivalently,

∂fλ

∂xn

∂

∂xλ
+ fλΓk

nλ

∂

∂xk
+

∂f

∂xn

∂

∂xn
+ fΓk

nn

∂

∂xk
=

1

xn

(
fλ ∂

∂xλ
+ 2f

∂

∂xn

)
.

Thus we have

∂fλ

∂xn

∂

∂xλ
− fλ

xn

∂

∂xλ
+

∂f

∂xn

∂

∂xn
− f

xn

∂

∂xn
=

1

xn

(
fλ ∂

∂xλ
+ 2f

∂

∂xn

)
.

It follows that {
∂fλ

∂xn = 2fλ

xn ,
∂f
∂xn = 3 f

xn .

By integrating we get {
fλ = cλ(x1, ..., xn−1)(xn)2,
f = a(x1, ..., xn−1)(xn)3.

On the other hand, for µ ∈ {1, .., n− 1}, we have

∇ ∂
∂xµ

(fλ ∂

∂xλ
+ f

∂

∂xn
) = u(

∂

∂xµ
)X + v(

∂

∂xµ
)xn ∂

∂xn
,

i.e.,
∂fλ

∂xµ

∂

∂xλ
+ fλΓk

µλ

∂

∂xk
+

∂f

∂xµ

∂

∂xn
+ fΓk

nµ

∂

∂xk
=
fµ

xn

∂

∂xn
,

or equivalently,
∂fλ

∂xµ

∂

∂xλ
+
fµ

xn

∂

∂xn
+

∂f

∂xµ

∂

∂xn
− f

xn

∂

∂xµ
=
fµ

xn

∂

∂xn
.

It follows that {
∂fλ

∂xµ = f
xn δλµ =⇒ cλ = cλ(xλ),

∂f
∂xµ = 0 =⇒ a = const.

For λ = µ, we get ∂cµ

dxµ = a⇐⇒ cµ = axµ + bµ.
Consequently

X =
n−1∑
λ=1

(axλ + bλ)(xn)2 ∂

∂xλ
+ a(xn)3 ∂

∂xn
.

2. Let T n−1 be an (n−1)-dimensional flat torus with coordinate system (x1, ..., xn−1) and R
a real line with coordinate xn. Consider the warped productM = R×σT

n−1, with σ(xn) = e−xn
.

Then the components of the Riemannian metric on M are

gλµ = e−2xn

δλµ, gnλ = 0, λ, µ ∈ {1, .., n− 1}; gnn = 1,
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and the Christoffel’s symbols are

Γλ
nλ = −1, Γn

λλ = e−2xn

,

the other being zero.

We can prove that ξ = ∂
∂xn is a closed torse forming. The biconcircular gradient vector

fields on M having ξ as generative are defined by

∇X = u⊗X + v ⊗ ξ,

with u = ξ[ and v = X[.

If we put

X =
n−1∑
λ=1

fλ ∂

∂xλ
+ f

∂

∂xn
,

then v = e−2xn
fλdxλ + fdxn.

We have

∇ ∂
∂xn

X = u(
∂

∂xn
)X + v(

∂

∂xn
)
∂

∂xn
,

i.e.,

∂fλ

∂xn

∂

∂xλ
− fλ ∂

∂xλ
+

∂f

∂xn

∂

∂xn
= fλ ∂

∂xλ
+ 2f

∂

∂xn
,

or equivalently {
∂fλ

∂xn = 2fλ,
∂f
∂xn = 2f,

⇐⇒
{
fλ = cλe2xn

, cλ = cλ(x1, ..., xn−1),
f = ae2xn

, a = a(x1, ..., xn−1).

For µ ∈ {1, .., n− 1}, we have

∇ ∂
∂xµ
X = u(

∂

∂xµ
)X + v(

∂

∂xµ
)
∂

∂xn
,

i.e.,

∂fλ

∂xµ

∂

∂xλ
+ e−2xn

fµ ∂

∂xn
+

∂f

∂xµ

∂

∂xn
− f

∂

∂xµ
= e−2xn

fµ ∂

∂xn
,

or equivalently, {
∂fλ

∂xµ = fδλµ,
∂f
∂xµ = 0.

The last equation implies a = constant; then fµ = (axµ + bµ)e2xn
.

Consequently

X =
n−1∑
µ=1

(axµ + bµ)e2xn ∂

∂xµ
+ ae2xn ∂

∂xn
.
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2.3 Almost contact manifolds endowed with special

vector fields

• In [155], we considered a skew symmetric conformal vector field on a closed concircular almost
contact manifold M and found some properties. Also, for a CR-product submanifold M ′ of
M , the mean curvature vector field of the invariant submanifold and the flatness of the anti-
invariant submanifold were studied, under the assumption that M ′ admits a skew symmetric
Killing vector field tangent to the invariant submanifold, such that its generative is tangent to
the anti-invariant submanifold.

Closed concircular almost contact manifolds M(Φ,Ω, η, ξ, U, g) have been defined in [135].
The structure tensors on M satisfy

Φ2 = −Id+ η ⊗ ξ, η ∧ Ωm 6= 0,
g(ΦZ,ΦZ ′) = g(Z,Z ′)− η(Z)η(Z ′)
∇ξ = η ⊗ U, dΩ = 0, dη = U [ ∧ η
∇U = λdp− (λ+ ||U ||2)η ⊗ ξ, dU [ = 0, λ = constant.

The vector fields ξ and U are called the Reeb vector field and its generative, respectively.
For such a manifold, the Reeb vector field ξ satisfies two properties: i) U is concircular, i.e.

∇ξ = η ⊗ U, and U [ is closed, where U = ∇ξξ.
We assume that M carries a skew symmetric conformal vector field C [283], i.e.,

∇C = ρdp+ C ∧ U, LCg = ρg,

where ρ =
2div C

dimM
is the conformal scalar associated with C and dp the soldering form of M .

Theorem 2.3.1. [155] Let M(Φ,Ω, η, ξ, U, g) be a (2m+ 1)-dimensional closed con-
circular almost contact manifold. Then the existence of a skew symmetric con-
formal vector field C, having the Reeb vector field ξ as generative, is determined
by an exterior differential system

∑
in involution. The following properties are

proved :
(i) the vector field C defines a weak authomorphism of the structure form Ω

and ΦC defines an infinitesimal automorphism of Ω, i.e. LCΩ = ρΩ−η∧C,LΦCΩ = 0;
(ii) C and ΦC commute and C is an exterior quasi concurent vector field ;
(iii) M is foliated by 3-codimensional submanifolds N, and the immersion x :

N −→M is of 1-geodesic index and 2-umbilical index ;
(iv) if R is the Ricci tensor and Z,Z ′ are any vector fields, the following

relation holds good

2R(Z,Z ′) =
[
(a− b)||U ||2 − (2m− 1)λ

]
g(Z,Z ′)+

+bg(U,Z)g(U,Z ′) + a(λ+ ||U ||2)g(ξ, Z)g(ξ, Z ′) + 2cη(Z)g(U,Z ′),

where a, b ∈ ∧◦M, c = constant.

Let M ′ be an m-dimensional CR-submanifold of M .
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We assume that the CR-product submanifoldM ′ = M>×M⊥ ofM carries a skew symmetric
Killing vector field X tangent to M> such that its generative V is tangent to M⊥

∇X = X ∧ V, V ∈ TpM
⊥, X ∈ TpM

>.

We agree to call such a vector field X a mixed skew symmetric Killing vector field on a CR-
submanifold.

Theorem 2.3.2. [155] Let M ′ be a CR-product submanifold of a closed concir-
cular almost cosymplectic manifold M, i.e. M ′ = M>×M⊥, where M> (respective
M⊥) is the invariant submanifold (respectively anti-invariant) submanifold of
M ′. Then, if M ′ carries a mixed skew symmetric Killing vector field X, it follows
that the mean curvature vector field H> of M> in M is, up to −1

2
, equal to the

generative V of X, i.e., H> = −1
2
V .

Also, if the skew symmetric Killing vector fields X and Y are orthogonal, then
Y defines an infinitesimal conformal transformation of X.

Moreover we obtain:

Theorem 2.3.3. [155] Let X be the skew symmetric Killing vector field of the
anti-invariant submanifold M⊥ of the CR-product submanifold M ′ = M> ×M⊥ of
a closed concircular almost contact manifold M .

If the generative V of the X is a closed torse forming, then the submanifold
M⊥ is flat.

• Let M(φ,Ω, ξ, η, g) be a (2m + 1)-dimensional locally conformal almost cosymplectic
manifold carrying a fivetuple (φ,Ω, ξ, η, g) of structure tensor fields, where φ is an endomorphism
of the tangent bundle TM of square −1, Ω a conformal cosymplectic form of rank 2m, ξ the
Reeb vector field and η the Reeb covector field. One may split the tangent space TpM of M at
p ∈ M as TpM = D>

p ⊕D⊥
p , where D>

p is called the horizontal distribution and D⊥
p = {ξ} the

vertical distribution.
One has [193]:
dΩ = 2η ∧ Ω, Ω(Z,Z ′) = g(φZ,Z ′), (∇Z′φ)Z = η(Z)φZ ′ + g(φZ,Z ′)ξ, ∇ξ = −dp + η ⊗ ξ,

dη = 0.

The following result was obtained in [189].

Theorem 2.3.4. [189] Let M(φ,Ω, ξ, η, g) be a (2m + 1)-dimensional conformal
cosymplectic C∞-manifold, with Reeb vector field ξ. Then, if M carries an hor-
izontal vector field X such that X is a skew symmetric vector field having ξ as
generative, one has the properties:

i) if 2l = ‖X‖2, then 2l is an isoparametric function; moreover, l is an eigen-
value of the Laplacian ∆ and grad l is an infinitesimal concircular transformation,
i.e.,

g(∇Z grad l, Z ′) = 2l g(Z,Z ′);

ii) X is a closed vector field which is 2-exterior concurrent, i.e.,

∇3X = 2(X[ ∧ η) ∧ dp;
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iii) X defines a relative conformal cosymplectic transformation of Ω, i.e.,

d(LXΩ) = −2η ∧ LXΩ.

• In [221] we considered a (2m+3)-dimensional Riemannian manifold M(ξr, η
r, g) endowed

with a vertical skew symmetric almost contact 3-structure. Such manifold is foliated by 3-
dimensional submanifolds M⊥ of constant curvature tangent to the vertical distribution and
the square of the length of the vertical structure vector field is an isoparametric function. If,
in addition, M(ξr, η

r, g) is endowed with an f -structure ϕ, M turns out to be a framed f -CR-
manifold. The fundamental 2-form Ω associated with ϕ is a presymplectic form. Locally, M is
the Riemannian product M = M> ×M⊥ of two totally geodesic submanifolds, where M> is
a 2m-dimensional Kaehlerian submanifold and M⊥ is a 3-dimensional submanifold of constant
curvature. If M is not compact, a class of local Hamiltonians of Ω was obtained.

Let (M, g) be a (2m+3)-dimensional oriented Riemannian manifold carrying 3 Reeb vector
fields ξr, r, s ∈ {2m + 1, 2m + 2, 2m + 3}, that is ηr(ξs) = δrs, where ηr = [(ξr) denotes the
Reeb covectors.

One may decompose the tangent space TpM at ∀p ∈ M as TpM = Dp ⊕ D⊥
p , where

D⊥ is a 3-distribution determined by {ξr}, called the vertical distribution, and its orthogonal
complement D (Dp = {Z ∈ TpM ; ηr(Z) = 0}), called the horizontal (or the almost contact)
distribution. In consequence of this decomposition, any vector field Z ∈ ΓTM may be split
as Z = Z> + Z⊥, where Z⊥ ∈ D⊥ (respectively Z> ∈ D) is the vertical component of Z
(respectively the horizontal component of Z).

Similarly, the soldering form dp may be split as dp = dp> + dp⊥, where dp> and dp⊥ are
the vertical and the horizontal components of dp, respectively.

On the other hand, by reference to [279], the connections forms θr
s in the vertical subbundle

O⊥(M) (r, s = 2m+ 1, 2m+ 2, 2m+ 3) are called the vertical connection forms. Let

ξ =
∑

r

λrξr ∈ D⊥, λr ∈ C∞M,

be a vertical vector field. Assume that ξ defines a skew symmetric connection in the sense of
[237]. Thus, the following relations θr

s =< ξ, ξs ∧ ξr > hold good. Since ξs ∧ ξr are expressed
by ξs ∧ ξr = ηr ⊗ ξs − ηs ⊗ ξr, it follows that

θr
s = λsη

r − λrη
s.

It should be noticed that one has θr
s(ξ) = 0, which shows that the vertical connection forms

are relations of integral invariance for the vertical vector field ξ (in the sense of [179]).
We say that the (2m+ 3)-dimensional Riemannian manifold M(ξr, η

r, g) is endowed with a
vertical skew symmetric almost contact 3-structure.

We call ξ the vertical structure vector field and its dual η = [(ξ) the vertical structure
1-form.

We proved the following

Theorem 2.3.5. [221] Let M(ξr, η
r, g) be a (2m+3)-dimensional Riemannian man-

ifold endowed with a vertical skew symmetric almost contact 3-structure with ξ as
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vertical structure vector field and [(ξ) = η as vertical structure Pfaffian. Any such
manifold is foliated by 3-dimensional submanifolds M⊥ of constant curvature −2c,
tangent to the vertical distribution D⊥ = {ξr} and ‖ξ‖2 is an isoparametric func-
tion.

Next we assume that the manifold M(ξr, η
r, g) under discussion is equipped with an f -

structure ϕ [322], i.e., ϕ is a field of endomorphisms of its tangent spaces of rank 2m, which
satisfies {

ϕ3 + ϕ = 0, ϕ2 = −Id+
∑

r η
r ⊗ ξr, ϕξr = 0, ηr ◦ ϕ = 0,

g(Z,Z ′) = g(ϕZ, ϕZ ′) +
∑

r η
r(Z)ηr(Z ′), Z, Z ′ ∈ ΓTM

where Id is the identity morphism on TM and r ∈ {2m+ 1, 2m+ 2, 2m+ 3}.
In addition, the fundamental 2-form Ω associated with the f -structure satisfies

Ω(Z,Z ′) = g(ϕZ,Z ′), Ωm ∧ η2m+1 ∧ η2m+2 ∧ η2m+3 6= 0.

We agree to say that in this case M(ϕ,Ω, ξr, η
r, g) is a framed f -manifold with a vertical

skew symmetric almost contact 3-structure.

We recall that the torsion tensor field S of an f -structure is the vector valued 2-form defined
by S = Nϕ + 2

∑
dηr ⊗ ξr, where

Nϕ(Z,Z ′) = [ϕZ, ϕZ ′] + ϕ2[Z,Z ′]− ϕ[Z,ϕZ ′]− ϕ[ϕZ,Z ′]

is the Nijenhuis tensor field of ϕ. The f -structure (ϕ, ηr, ξr) is said to be D-normal if S vanishes
on D. Recall now the following

Proposition. [25] A framed f -manifold endowed with a D-normal f -structure is a framed
f -CR-manifold.

We proved that a framed f -manifold endowed with a vertical skew symmetric almost contact
3-structure is a framed f -CR-manifold, more precisely,

Theorem 2.3.6. [221] Any framed f-manifold M(ϕ,Ω, ξr, η
r, g) endowed with a

vertical skew symmetric almost contact 3-structure is a CR-manifold and may be
viewed as the local Riemannian product M = M> ×M⊥, such that

i) M> is a Kaehlerian submanifold tangent to the horizontal distribution D of
M and is totally geodesic immersed in M ;

ii) M⊥ is a 3-dimensional submanifold of constant curvature tangent to the
vertical distribution D⊥ and totally geodesic immersed in M .

We also studied horizontal vector fields on a non-compact manifold. We obtained the
following.

Theorem 2.3.7. [221] If the manifold M(ϕ,Ω, ξr, η
r, g) is not compact, any hori-

zontal vector field X such that ∇ZX = τϕZ is a local Hamiltonian of the presym-
plectic form Ω and, in this case, ϕX defines an infinitesimal homothety of Ω,
i.e.,

LϕXΩ = 2τΩ, τ = constant.
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2.4 Skew-symmetric Killing vector fields on Lorentzian

manifolds

• In [203] we dealt with a hyperbolic n-dimensional manifold M carrying two skew-symmetric
Killing null vector fields ξ1 and ξn. They define a commutative left invariant pairing. The
(n− 2)-dimensional spatial distribution orthogonal to ξ1 and ξn is involutive and its leaves are
totally geodesic and pseudo-isotropic.

If n = 4, then it was shown that the general space-time M is of type D in Petrov’s clas-
sification and the spatial surfaces which foliate M are totally geodesic and pseudo-isotropic.
Properties of the congruence of Debever were pointed-out.

Let (M, g) be an n-dimensional hyperbolic C∞-manifold of index n−1 (number of negative
squares of g corresponding to an orthonormal basis on M). For reasons which will appear, we
consider as more adequate on M a quasi-orthonormal vector basis Q = {ξA;A = 1, ..., n} [285],
[147]. Denote by ξr, r = 1, n, the null real vector fields of Q. Then, following the definition
given in [285], we assumed in [203] that ξr are skew-symmetric Killing vector fields, that is their
covariant differential satisfy

∇ξr = ξr ∧ Ur, Ur ∈ ΓTM,

where ∧ means the wedge product, Ur are some vector fields and, if the relation holds good,
we agree to say that the hyperbolic manifold has the Killing property. One may decompose
the tangent space TpM at ∀p ∈ M as TpM = Dh ⊕ Ds, where Dh = {ξr} is a hyperbolic
2-distribution defined by the null vector fields ξ1 and ξn, and Ds = {ξi; i = 2, ..., n − 1} is a
spatial (n− 2)-distribution.

Two vector fields X, Y on M such that ∇XY +∇YX = 0 are said to define a left invariant
pairing.

Let x : M ′ →M be an immersion of a submanifold M ′ in a pseudo-Riemannian manifold M
and let n be a normal section associated with x. If the Gausss map (or spherical representation)
is ametrical, that is < ∇n,∇n >= 0, then, following [278], M ′ is defined as a pseudo-isotropic
submanifold of M . If S denotes the shape operator of M ′, the above property is equivalent to
< SX,SX >= 0, for all tangent vectors to M ′ [115].

There is an isomorphism between the Lie agebra of G and the space of Killing vector
fields (see also [275]). If X and Y are Killing vector fields and ω is any 1-form, one has
ω(X, Y ) = 2ω[X, Y ].

We have the following.

Theorem 2.4.1. [203] Let (M, g) be any hyperbolic manifold having the Killing
property and let ξr be the null Killing vector fields of such a manifold. Then :

i) ξ1 and ξn define a commutative left invariant pairing ;
ii) M is foliated by (n− 2)-dimensional spatial manifolds Ms, which are totally

geodesic and pseudo-isotropic submanifolds of M .
Moreover, the transversal curvature forms Ωi

1 and Ω1
i are binomial, i.e., are

expresssed by 
Ωi

1 = (dU i − U iγ1
1 + U jγi

j) ∧ αn,

Ω1
i = −(dU i + U iγ1

1 + U jγi
j) ∧ α1,
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and vanish on Ms, and the segmentary curvature dγ1
1 [147] is expressed by

dγ1
1 = Ω1

1 + ‖Us‖2 α1 ∧ αn,

where ‖Us‖2 means the square of the spatial vector field Us and Ω1
1 the hyperbolic

curvature 2-form. If ‖Us‖ is constant, then Ω1
1 is closed.

Assume now that the hyperbolic manifold M discussed above is a space-time manifold.

We will prove in details the next result (Theorem 2.4.2).

In the next considerations we will make use of the complex vectorial formalism developed
in [48]; we consider over M a local field of Sachs frames (or null frames) S = {hA; A = 1, ..., 4}.
The normalization conditions for the null vector fields hA are

(2.4.1) < h1, h4 >= 1, < h2, h3 >= −1,

where <,> stands for g and all the other scalar products are zero. Therefore, h1, h4 are real
null vectors and h2, h3 are complex conjugated.

If S∗ = {θA} is the associated coframe of S, then the soldering form dp of M is expressed
by

dp = θA ⊗ hA,

which implies

g = 2(θ1 ⊗ θ4 − θ2 ⊗ θ3).

The tangent space TpM may be split as in the general case TpM = Dh ⊕Ds, where Dh =
{h1, h4} and Ds = {h2, h3} are the hyperbolic and the spatial distributions on M , respectively.

The transformation from a quasi-orthonormal frame Q = {ξ} to a such frame S = {h} is
expressed by

(2.4.2) ξ1 = h1, ξ4 = h4, ξ2 =
h3 + h2√

2
, ξ3 = i

h3 − h2√
2

.

We recall that the complex vectorial formalism is based on the local isomorphismA : L(4) →
SO3(C), where L(4) is the 4-dimensional Lorentz group and SO3(C) is the 3-dimensional
complex rotation group.

With such a formalism are associated the six 1-forms

(2.4.3) σα = σαAθ
A, σα = σαAθ

A
, α = 1, 2, 3,

(the bar denotes the complex conjugate, i.e., θ2 = θ
3
, θ1 = θ

1
, θ4 = θ

4
), where the coefficients

σαA, σαA correspond to the 12 spinorial coefficients of Neumann and Penrose [48].

It should be noticed that similarly as in case of quasi-orthonormal frames Q = {ξ}, θ1,
respectively θ4, is the dual form of h4, respectively h1.

The null vector field h4, which is called Debever’s vector, plays a distinguished role in the
frame of the complex vectorial formalism.
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In terms of σαA, σαA the covariant derivatives of h are

(2.4.4)



∇h1 = −1
4
(σ3 + σ3)⊗ h1 + 1

2
σ2 ⊗ h2 + 1

2
σ2 ⊗ h3,

∇h2 = −1
2
σ1 ⊗ h1 + 1

4
(σ3 − σ3)⊗ h2 + 1

2
σ2 ⊗ h4,

∇h3 = −1
2
σ1 ⊗ h1 − 1

4
(σ3 − σ3)⊗ h3 + 1

2
σ2 ⊗ h4,

∇h4 = −1
2
σ1 ⊗ h2 − 1

2
σ1 ⊗ h3 + 1

4
(σ3 + σ3)⊗ h4

(see also [312]).
In consequence of the transformation (2.4.2), one derives

(2.4.5)

σ2 =
√

2(γ2
1 + iγ3

1),
σ2 =

√
2(γ2

1 − iγ3
1),

σ3 + σ3 = −4γ1
1 ,

and

(2.4.6)

{
θ2 = 1√

2
(α2 − iα3),

θ3 = 1√
2
(α2 + iα3).

From the last two relations one obtains

(2.4.7)


σ1 =

√
2(U2 − iU3)θ1,

σ1 =
√

2(U2 + iU3)θ1,
σ2 =

√
2(U2 + iU3)θ4,

σ2 =
√

2(U2 − iU3)θ4.

By reference to (2.4.2), one derives

(2.4.8) σ21 = 0, σ22 = 0, σ13 = 0, σ14 = 0

and

(2.4.9) σ13 = σ13, σ12 = σ12 = 0.

In terms of the complex vectorial formalism dictionary, equations (2.4.8) prove that the
space-time manifold under consideration is of type D in Petrov’s classification; also, equations
(2.4.9) prove that the congruence K(h4) is geodesic, shear-free and rotation-free.

Finally, by (2.4.8) and (2.4.9) one derives

(2.4.10) < ∇h1,∇h1 >= 0, < ∇h4,∇h4 >= 0.

Since, the considered space-time M is foliated by spatial surfaces Ms tangent to Ds, then
equations (2.4.10) prove that Ms is a pseudo-isotropic surface of M (in the sense of [278]).

Therefore the following result has been proved.

Theorem 2.4.2. [203] Any 4-dimensional hyperbolic manifold having the Killing
property is a space-time manifold of type D in Petrov’s classification.
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In addition :
i) the congruence of Debever on M is geodesic, shear-free and rotation-free;
ii) the spatial surface Ms is a pseudo-isotropic and totally geodesic surface of

M.

• In [220], we dealt with a general space-time (M, g) with usual differentiability conditions
and hyperbolic metric g of index 1, which carries 3 skew-symmetric Killing vector fields X, Y, Z
having as generative the unit time-like vector field e of the hyperbolic metric g. It is shown that
such a space-time (M, g) is an Einstein manifold of curvature −1, which is foliated by space-like
hypersurfaces Ms normal to e and the immersion x : Ms →M is pseudo-umbilical. In addition,
it is proved that the vector fields X, Y, Z and e are exterior concurrent vector fields and X,
Y, Z define a commutative Killing triple, M admits a Lorentzian transformation which is an
orthocronous Lorentz group and the distinguished spatial 3-form of M is a relatively integral
invariant of the vector fields X, Y and Z.

Let (M, g) be a general space-time with usual differentiability conditions and hyperbolic
metric g of index 1.

We assume that (M, g) carries 3 skew-symmetric Killing vector fields X, Y, Z having as
generative the unit time-like vector field e of the hyperbolic metric g (see [282], [236]). Therefore,
if ∇ is the Levi-Civita connection and ∧ means the wedge product of vector fields, one has

∇X = X ∧ e, ∇Y = Y ∧ e, ∇Z = Z ∧ e.

Setting α = X[, β = Y [, γ = Z[ ([ : TM → T ∗M , X 7→ X[, denotes the musical
isomorphism defined by g), one derives

dα = 2ω ∧ α, ω = e[,

and clearly similar equations for β and γ.
We consider now a general space-time (M, g) with usual differentiability conditions and

normal hyperbolic metric g, i.e. of index 1. Let O = {eA|A ∈ {1, ..., n}} be an adapted local
field of orthonormal frames on M and let O∗ = {ωA} be its associated coframe. We agree to
denote by ea, a, b ∈ {1, 2, 3} and by e4 the space-like vector basis and the time-like vector basis,
respectively, w.r.t. g. Then, by reference to [53] (see also [236]), one has

dp = −ωa ⊗ ea + ω4 ⊗ e4 =⇒< dp, dp >= (ω4)2 −
3∑

a=1

(ωa)2,

and Cartan’s structure equations are expressed by{
∇ea = −θb

aeb + θ4
a ⊗ e4,

∇e4 = −θa
4 ⊗ ea,{

dωa = −ωb ∧ θa
b + ω4 ⊗ θa

4 ,
dω4 = −ωa ∧ θ4

a,{
dθb

a = Θb
a − θc

a ∧ θb
c + θ4

a ∧ θb
4,

dθc
4 = Θa

4 − θc
4 ∧ θa

c .
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We assume that the manifold M under consideration carries 3 space-like vector fields X, Y,
Z which are skew-symmetric Killing vector fields having as generative the unit time-like vector
field e4 = e.

Theorem 2.4.3. [220] Let (M, g) be a space-time manifold with normal hyperbolic
metric g. Assume that M carries 3 skew-symmetric Killing vector fields X, Y, Z
having as generative the unit time-like vector field e of the hyperbolic metric g.
Then M is an Einstein manifold of curvature −1. The existence of the triple
{X, Y, Z} is assured by an exterior differential system

∑
in involution. Such a

manifold (M, g) has also the following properties:

i) M is foliated by space-like hypersurfaces Ms tangent to {X, Y, Z}, normal to
e and the immersion x : Ms →M is pseudo-umbilical ;

ii) the vector fields {X, Y, Z} define a comutative triple of Killing vector fields.

By making some additional considerations regarding the considered Einstein manifold we
obtained:

Theorem 2.4.4. [220] Let (M, g) be the space-time manifold considered above and
X, Y, Z be the 3 skew-symmetric Killing vector fields which determine M and e
the unit time-like vector field of the hyperbolic metric g. One has the following
properties:

i) the vector fields X, Y, Z and e are exterior concurrent vector fields;

ii) M admits an orthogonal transformation of a space-like Lorentz subgroup
O(3);

iii) the 3-form ϕ = α∧β ∧ γ is a relatively integral invariant of the vector fields
X, Y and Z (according to Abraham’s definition [2]), i.e., d(LXϕ) = 0, d(LY ϕ) = 0,
d(LZϕ) = 0.

2.5 Applications

2.5.1 Geometry of the solutions of localized induction equations in
the pseudo-Galilean space

In [19] we studied the surfaces corresponding to solutions of the localized induction equation in
the pseudo-Galilean space G1

3. We classified such surfaces with null curvature and characterize
some special curves on these surfaces in G1

3.

The localized induction equation (LIE), also called the vortex filament equation or the
Betchov-Da Rios equation, is an idealized model of the evolution of the centerline of a thin
vortex tube in a three-dimensional inviscid incompressible fluid. The connection of LIE with
the theory of solitons was discovered by H. Hasimoto proving that the solutions of LIE are
related to solutions of the cubic nonlinear Schrödinger equation, which is well known to be an
equation with soliton solutions. For details, see [22, 24, 153, 164, 277].

The soliton surface associated with the nonlinear Schrödinger equation is called a Hasimoto
surface. The geometric properties of such surfaces are investigated in [1, 132, 164]. By motivat-
ing the fact that the study of the Hasimoto surfaces can be interesting in the pseudo-Galilean
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space which is one of the Cayley-Klein spaces, we are mainly interested in the geometric prop-
erties of these surfaces in the pseudo-Galilean space.

Let (M, g) be a 3-dimensional Riemannian manifold and ∇ the Levi-Civita connection with
respect to g. Note that, the cross product of two vector fields X, Y on M may be defined as

g (X × Y, Z) = dvg (X, Y, Z) ,

where dvg is the volume form of the manifold and X, Y, Z ∈ Γ (TM) . Denote by r = r (s, t) the
vortex filament, then LIE or the Betchov-Da Rios filament equation is

rt = rs ×∇rsrs.

On the other hand, the Galilean space which can be defined in three-dimensional projective
space P3 (R) is the space of Galilean relativity. The geometries of Galilean space and pseudo-
Galilean space have similarities, but, of course, are different. For study of surfaces in the
pseudo-Galilean space, we refer to Šipuš and Divjak’s series of papers [128], [129], [294], [296].

In the classical geometry of surfaces, it makes sense to classify the surfaces having null
curvature. In particular, a surface is said to be developable if it has null Gaussian curvature. In
this case the surface can be flattened onto a plane without distortion. We remark that cylinders
and cones are examples of developable surfaces, but the spheres are not under any metric.

There exist significant applications of the results obtained on the surfaces of null curvature
in different fields, for example in microeconomics. When the graphs of production functions in
microeconomics have null Gaussian curvature, one can realize a “good” analysis of isoquants
by projections, without losing essential information about their geometry (see [14], [310]). By
targeting that, we study the Hasimoto surfaces in the pseudo-Galilean space G1

3.
In [19], we classified the Hasimoto surfaces having null curvature in G1

3. Then we analyze
the parameter curves on such surfaces from the point of view to be geodesics, asymptotic lines
and principal curves in G1

3.
The pseudo-Galilean space G1

3 is one of the Cayley-Klein spaces with absolute figure that
consists of the ordered triple {ω, f, I}, where ω is the absolute plane in the three dimensional
real projective space P3 (R), f the absolute line in ω and I the fixed hyperbolic involution of
points of f ([129], [127], [296]).

Homogeneous coordinates of G1
3 can be given in the following way: The absolute plane

ω is given by x0 = 0, the absolute line f by x0 = x1 = 0 and the hyperbolic involution by
(0 : 0 : x2 : x3) 7−→ (0 : 0 : x3 : x2) , which is equivalent to the requirement for the conic x2

2−x2
3 =

0 to be the absolute conic. The metric connections in G1
3 are introduced with respect to the

absolute figure. According to the affine coordinates given by (x0 : x1 : x2 : x3) = (1 : x : y : z) ,
the distance between the points X = (x1, x2, x3) and Y = (y1, y2, y3) is defined by (see [323])

d (X,Y) =

{
|y1 − x1| , if x1 6= y1,√∣∣(y2 − x2)

2 − (y3 − x3)
2
∣∣, if x1 = y1.

The pseudo-Galilean scalar product of the vectors X = (x1, x2, x3) and Y = (y1, y2, y3) is defined
by

X ·Y =

{
x1y1, if x1 6= 0 or y1 6= 0,
x2y2 − x3y3, if x1 = 0 and y1 = 0.
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In this sense, the pseudo-Galilean norm of a vector X is ‖X‖ =
√
|X ·X|. A vector X =

(x1, x2, x3) is called isotropic if x1 = 0, otherwise it is called non-isotropic. All unit non-isotropic
vectors are of the form (1, x2, x3) . The isotropic vector X = (0, x2, x3) is called spacelike, timelike
and lightlike if x2

2− x2
3 > 0, x2

2− x2
3 < 0 and x2 = ±x3, respectively. The pseudo-Galilean cross

product of X and Y on G1
3 is given by

(2.5.1.1) X×Y =

∣∣∣∣∣∣
0 −e2 e3

x1 x2 x3

y1 y2 y3

∣∣∣∣∣∣ ,
where ei = (δi1, δi2, δi3) , 1 ≤ i ≤ 3.

Let γ be an admissible curve given by γ (s) = (γ1 (s) , γ2 (s) , γ3 (s)) in G1
3, i.e. it has no

isotropic tangent vectors for ∀s. Note that an admissible curve has nonzero curvature. Then
its curvature and torsion functions are respectively defined by

κ (s) =

√∣∣(γ̈2 (s))2 − (γ̈3 (s))2
∣∣

(γ̇1 (s))2 , τ (s) =
γ̈2 (s)

...
γ3 (s)−

...
γ2 (s) γ̈3 (s)

|γ̇1 (s)|5 κ2 (s)
,

where γ̇i (s) = dγi

ds
, etc., 1 ≤ i ≤ 3. If γ is an admissible curve parametrized by the arclength s,

it is of the form
γ (s) = (s, γ2 (s) , γ3 (s)) .

The associated Frenet frame field of γ is the trihedron {T,N,B} such that

T (s) = γ̇ (s) = (1, γ̇2 (s) , γ̇3 (s)) ,

N (s) =
1

κ (s)
γ̈ (s) =

1

κ (s)
(0, γ̈2 (s) , γ̈3 (s)) ,

B (s) =
1

κ (s)
(0, εγ̈3 (s) , εγ̈2 (s)) ,

where ε = sgn
(
(γ̈2 (s))2 − (γ̈3 (s))2) . In this sense, the Frenet formulas for the curve γ are

([133], [165])

(2.5.1.2) Ṫ = κN, Ṅ = τB, Ḃ = τN.

Let M2 be a surface in the pseudo-Galilean space G1
3 parametrized by

r (u1, u2) = (r1 (u1, u2) , r2 (u1, u2) , r3 (u1, u2)) .

Denote (rk)ui
= ∂rk/∂ui and (rk)uiuj

= ∂2rk/∂ui∂uj, 1 ≤ k ≤ 3 and 1 ≤ i, j ≤ 2. Then such

a surface is admissible if and only if (r1)ui
6= 0 for some i = 1, 2. The coefficients of the first

fundamental form of M2 are

gi = (r1)ui
, hij =

(
0, (r2)ui

, (r3)ui

)
·
(
0, (r2)uj

, (r3)uj

)
, i, j = 1, 2,

and, in matrix form, one can be written as

ds2 =

(
ds2

1 0
0 ds2

2

)
,
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where ds2
1 = (g1du1 + g2du2)

2 and ds2
2 = h11du

2
1 + 2h12du1du2 + h22du

2
2.

We define the function W by

W =

√∣∣∣((r1)u1
(r2)u2

− (r1)u2
(r2)u1

)2 − ((r1)u1
(r3)u2

− (r1)u2
(r3)u1

)2∣∣∣.
Thus a side tangential vector is defined by

S =
1

W

[
(r1)u1

ru2 − (r1)u2
ru1

]
,

which can be a spacelike isotropic or a timelike isotropic vector. The unit normal vector field
U of M2 is given by

U =
1

W

(
0, (r1)u1

(r3)u2
− (r1)u2

(r3)u1
, (r1)u1

(r2)u2
− (r1)u2

(r2)u1

)
.

The second fundamental form II of M2 and its coefficients are defined by

II = L11du
2
1 + 2L12du1du2 + L22du

2
2

and

Lij = ε
1

g1

(
g1

(
0, (r2)uiuj

, (r3)uiuj

)
− (gi)uj

(
0, (r2)u1

, (r3)u1

))
·U

= ε
1

g2

(
g2

(
0, (r2)uiuj

, (r3)uiuj

)
− (gi)uj

(
0, (r2)u2

, (r3)u2

))
·U,

where ε = U · U = −S · S = ±1. Two types of admissible surfaces can be distinguished:
spacelike surfaces having timelike unit normals (ε = −1) and timelike ones having spacelike
unit normals (ε = 1) . The third fundamental form of M2 is

III = P11du
2
1 + 2P12du1du2 + P22du

2
2,

where

(2.5.1.3)


P11 = −εg2

2L2
11−2g1g2L11L12+g2

1L2
12

W 2 ,

P12 = −εg2
2L11L12−g1g2(L11L22+L2

12)+g2
1L12L22

W 2 ,

P22 = −εg2
2L2

12−2g1g2L11L22+g2
1L2

22

W 2 .

The Gaussian curvature and the mean curvature of M2 are respectively defined by

(2.5.1.4) K = −εL11L22 − L2
12

W 2

and

(2.5.1.5) H = −εg
2
2L11 − 2g1g2L12 + g2

1L22

2W 2
.

A surface in G1
3 is said to be minimal if its mean curvature vanishes.
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We considered Hasimoto surfaces with null curvature in G1
3.

Let Is and It be the open intervals of R and D = Is × It an open domain of R2.
A Hasimoto surface M2 is the surface traced out by a curve in G1

3 as it evolves over time
according to this evolution equation:

(2.5.1.6) rt = rs × rss,

where r : D ⊂ R2 −→ G1
3 is smooth and regular mapping such that M2 = r (D).

In order to parametrize by arclength the curve r (s, t) for ∀t ∈ It, the parametrization of
the surface in G1

3 may be choosen as follows

(2.5.1.7) r (s, t) = (s+ u (t) , r2 (s, t) , r3 (s, t)) ,

where u = u (t) is a smooth function of one variable on It. After using the pseudo-Galilean
cross product given by (2.5.1.1) and (2.5.1.6), it can be easily seen that the function u (t) is a
constant function. In this sense, we get the parametrization of a Hasimoto surface M2 in G1

3 as

(2.5.1.8) r (s, t) = (s+ λ, r2 (s, t) , r3 (s, t))

for arbitrary constant λ. Note that the Hasimoto surface given by (2.5.1.8) is always admissible,
i.e. it has not pseudo-Euclidean tangent planes, if (r2)t 6= 0.

Now, let M2 be a Hasimoto surface given by (2.5.1.8) in G1
3. Denote the associated Frenet

frame field of the curve r = r (s, t) for ∀t ∈ It by {T,N,B} . Then, the derivative of T with
respect to t has the expression

(2.5.1.9) Tt = ϕ1N + ϕ2B

for some smooth functions ϕ1, ϕ2 on D. By (2.5.1.6) and (2.5.1.9), we get

ϕ1 = εκτ and ϕ2 = εκs.

Morever, applying the compatibility condition Tst = Tts yields that

κt = ε ((κτ)s + κsτ) .

In similar ways, we deduce

Nt = ε
(κss

κ
+ τ 2

)
B and Bt = ε

(κss

κ
+ τ 2

)
N.

The compatibility conditions Nst = Nts and Bst = Bts give that

τt = ε
(κss

κ

)
s
+ 2εττss.

Summing up, we have the following result.

Lemma 2.5.1.1. [19] Let M2 be a Hasimoto surface in G1
3. Then the following

equations hold :
i) κt = ε ((κτ)s + κsτ) and τt = ε

(
κss

κ

)
s
+ 2εττss;
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ii) Tt

Nt

Bt

 =

 0 εκτ εκs

0 0 ε
(

κss

κ
+ τ 2

)
0 ε

(
κss

κ
+ τ 2

)
0

T
N
B

 ,
where {T,N,B} is the Frenet frame field of the curve r = r (s, t) for ∀t ∈ It.

Example 2.5.1.2. Let us consider the spacelike admissible Hasimoto surface M2 in G1
3

parametrized by

r (s, t) =

(
s− 3, ts− 2,

s3

6

)
, − 2.5 ≤ s, t ≤ 2.5.

It can be easily seen that

T (s, t) =

(
1, t,

s2

2

)
, N (s, t) = (0, 0, 1) , B (s, t) = (0,−1, 0) , κ (s, t) = s, τ (s, t) = 0.

Example 2.5.1.3. Take the timelike admissible Hasimoto surface M2 in G1
3 as

r (s, t) = (s, cosh (s+ t)− 1, sinh(s+ t)) , − 1.3 ≤ s, t ≤ 1.3.

It follows that

T (s, t) = (1, sinh(s+ t), cosh (s+ t)) , N (s, t) = (0, cosh (s+ t) , sinh(s+ t)) ,

B (s, t) = (0, sinh(s+ t), cosh (s+ t)) , κ (s, t) = 1, τ (s, t) = 1.

From the previous relations, by technical calculations, we proved:

Theorem 2.5.1.4. [19] Let M2 be a Hasimoto surface given by (2.5.1.8) in G1
3.

Then
(i) M2 has null Gaussian curvature in G1

3 if and only if εκss

κ
+ (ε− 1) τ 2 = 0;

(ii) M2 is a minimal Hasimoto surface in G1
3 if and only if κss + κτ 2 = 0, where

κ and τ are respectively the curvature and the torsion of the curve r = r (s, t) for
∀t ∈ It.

Recall that Gheorghe Tzitzeica (1873-1939) introduced a class of curves, nowadays called
Tzitzeica curves and a class of surfaces of the Euclidean 3-space, called Tzitzeica surface.

A Tzitzeica surface is a spatial surface for which the ratio of its Gaussian curvature K and
the distance d from the origin to the tangent plane at any arbitrary point of the surface satisfy
K = λd4 for a constant λ. This class of surface is of great interest, having important applications
both in mathematics and in physics. The relation between Tzitzeica curves and surfaces is the
following: For a Tzitzeica surface with negative Gaussian curvature, the asymptotic lines are
Tzitzeica curves [15], [106], [107].

It is easy to prove that the tangent plane at an arbitrary point of any Hasimoto surface passes
through the origin of G1

3. That is why all Hasimoto surfaces having null Gaussian curvature
satisfies Tzitzeica condition in G1

3.
Therefore the following result can be given.
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Theorem 2.5.1.5. [19] Let M2 be a Hasimoto surface given by (2.5.1.8) in G1
3.

Then it is a Tzitzeica surface if and only if εκss

κ
+ (ε− 1) τ 2 = 0, where κ and τ are

respectively the curvature and the torsion of the curve r = r (s, t) for ∀t ∈ It

On the other hand, the third fundamental form III of a surface in G1
3 may be introduced in

an analogous way as in Euclidean space. Let M2 be a surface and U its unit normal vector in
G1

3. If M
2 is spacelike (timelike) in G1

3, then the end points of associated position vectors of U lie
on a unit spacelike sphere z2−y2 = 1 (unit timelike sphere y2−z2 = 1). The mapping obtained
in such a way is called the Gauss mapping or the spherical mapping in G1

3. The set of all end
points of U is called the spherical image of M2 in G1

3. In this sense, the third fundamental
form is indeed the first fundamental form of the spherical image (cf. [296]). Thus the following
result for the Hasimoto surfaces in G1

3 can be given.

Corollary 2.5.1.6. [19] Let M2 be a Hasimoto surface in G1
3. Then its third

fundamental form is singular, i.e., det III = 0.

Next we focussed on curves on Hasimoto surfaces in G1
3.

There exists a frame field, also called the Darboux frame field, for the curves lying on surfaces
apart from the Frenet frame field. For details, see [130], [149]. Let γ be a curve lying on the
surface M2 with unit normal vector field U. By taking T = γ∗

(
d
dt

)
one can get a new frame

field {T,T×U,U} which is the Darboux frame field of γ with respect to M2.
On the other hand, the second derivative γ̈ of the curve γ on M2 has a component perpen-

dicular to M2 and a component tangent to M2, i.e.,

(2.5.1.10) γ̈ = γ̈ᵀ + γ̈⊥,

where the dot ” · ” denotes the derivative with respect to the parameter of the curve. The
norms ‖γ̈ᵀ‖ and

∥∥γ̈⊥∥∥ are called the geodesic curvature and the normal curvature of γ on M2,
respectively. The curve γ is called geodesic (resp. asymptotic line) if and only if its geodesic
curvature κg (resp. normal curvature κn) vanishes.

In our framework, the following results provide some characterizations for the parameter
curves of the Hasimoto surfaces to be geodesics and asymptotic lines in G1

3.

Theorem 2.5.1.7. [19] Let M2 be a Hasimoto surface in G1
3. Then

(i) The s-parameter curves on M2 are geodesics of M2,
(ii) The t-parameter curves on M2 are geodesics of M2 if and only if (κτ)s +κsτ

vanishes, where κ and τ are respectively the curvature and the torsion of the
curve r (s, t) for ∀t ∈ It.

Theorem 2.5.1.8. [19] Let M2 be a Hasimoto surface in G1
3. Then

(i) The s-parameter curves on M2 cannot be asymptotic lines of M2,
(ii) The t-parameter curves on M2 are asymptotic lines of M2 if and only if

κss + κτ 2 vanishes, where κ and τ are respectively the curvature and the torsion
of the curve r (s, t) for ∀t ∈ It.

Comparing Theorem 2.5.1.4 and Theorem 2.5.1.8, we have the following
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Corollary 2.5.1.9. [19] A Hasimoto surface given by (2.5.1.8) in G1
3 is minimal

if and only if its t-parameter curves are asymptotic lines.

A curve γ on a regular surface M2 is called a principal curve if and only if the its velocity
vector field always points in a principal direction. Morever, a surface M2 is called a principal
surface if and only if its parameter curves are principal curves.

A principal curve γ on a surface in G1
3 is determined by the following formula

(2.5.1.11) det
(
γ̇,U, U̇

)
= 0,

where U is the unit normal vector field of the surface. Thus, we have the following results.

Theorem 2.5.1.10. [19] Let M2 be a Hasimoto surface in G1
3. Then

(i) The s-parameter curves on M2 are principal curves of M2 if and only if τ
vanishes, where τ is the torsion of the curve r (s, t) for all t.

(ii) The t-parameter curves on M2 are principal curves of M2.

As a consequence of the above theorem, the following result can be given.

Corollary 2.5.1.11. [19] A Hasimoto surface M2 in G1
3 is a principal surface if

and only if the torsions of s-parameter curves vanish.

2.5.2 Translation hypersurfaces and Tzitzeica translation hypersur-
faces of a Euclidean space

The determinants of bordered Hessian matrices (also called Allen’s matrices) play important
roles in many areas of mathematics and economics. In [15], we completely classified the trans-
lation hypersurfaces (Mn, f) whose Allen’s matrices of f are singular in the Euclidean (n+ 1)-
space Rn+1. Also, we obtained that the translation hypersurfaces satisfying the Tzitzeica condi-
tion are only hyperplanes in Rn+1. An application of such hypersurfaces to production functions
in microeconomics was given.

Let f : Rn −→ R, f = f (x1, ..., xn) be a twice differentiable function. Then the Hessian
matrix H (f) is the symmetric square matrix

(
fxixj

)
of second-order partial derivatives of the

function f .
The bordered Hessian matrix of the function f is given by the (n+ 1) × (n+ 1) square

matrix

(2.5.2.1) HB (f) =


0 fx1 ... fxn

fx1 fx1x1 ... fx1xn

...
... ...

...
fxn fxnx1 ... fxnxn

 ,

where fxi
= ∂f

∂xi
, fxixj

= ∂2f
∂xi∂xj

for all i, j ∈ {1, ..., n} .
The bordered Hessian matrices of functions have important applications in various areas

of mathematics and economics. For instance, the bordered Hessian matrix is used to analyze
quasi-convexity of the functions. If the signs of the bordered principal diagonal determinants
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of the bordered Hessian matrix of a function are alternate (resp. negative), then the function
is quasi-concave (resp. quasi-convex). For more detailed properties see [28], [108], [160].

By using the bordered Hessian matrices, elasticity of substitution of production functions
in economics can be defined. Explicitly, let f = f (x1, ..., xn) be a production function. Then
the Allen elasticity of substitution of the i−th production variable with respect to the j-th
production variable is given by

Aij (x) = −
(x1f1 + x2f2 + ...+ xnfn)HB (f)ij

xixj (detHB (f))

(
x = (x1, ..., xn)∈Rn

+, i, j ∈ {1, ...n} , i 6= j
)
,

where HB (f)ij is the co-factor of the element fxixj
in the determinant of HB (f) [183]. The

authors call the bordered Hessian matrix HB (f) by Allen’s matrix and detHB (f) by Allen
determinant in [14].

On the other hand, it is known that a hypersurface Mn of the (n+ 1)-dimensional Euclidean
space Rn+1 is called a translation hypersurface if it is the graph of a function of the form:

f (x1, ..., xn) = f1 (x1) + ...+ fn (xn) ,

where f1, ..., fn are functions of class C∞ [293]. We call f1, ..., fn the components of f, and also
denote the translation hypersurface Mn by a pair (Mn, f).

The non-lightlike translation hypersurfaces with constant curvature in (semi)-Euclidean
spaces have been classified in [125], [182], [293], [307]. W. Goemans and I. Van de Woestyne
[142] proved that every translation lightlike and every homothetical lightlike hypersurface in a
semi-Euclidean space is a hyperplane.

In [15] we gave a classification theorem for translation hypersurfaces satisfying Tzitzeica
condition and classify the translation hypersurfaces by using Allen’s matrices with applications
in microeconomics. We assume that f1, ..., fn are real valued functions of class C∞ and have
non-vanishing first derivatives.

Recall shortly the basics on hypersurfaces in Euclidean spaces.
Let Mn be a hypersurface of a Euclidean space Rn+1. The Gauss map ν : Mn −→ Sn+1

maps Mn to the unit hypersphere Sn of Rn+1. The differential dν of the Gauss map ν is the
shape operator or Weingarten map. Denote by TpM

n the tangent space of Mn at the point
p ∈Mn. Then, for v, w ∈ TpM

n, the shape operator Ap at the point p ∈Mn is defined by

g (Ap (v) , w) = g (dν (v) , w) ,

where g is the induced metric tensor on Mn from the Euclidean metric of Rn+1.
The determinant of the shape operator Ap is called the Gauss-Kronocker curvature. A

hypersurface having zero Gauss-Kronecker curvature is said to be developable. In this case the
hypersurface can be flattened onto a hyperplane without distortion. We remark that cylinders
and cones are examples of developable surfaces, but the spheres are not (under any metric).

For a given function f = f (x1, ..., xn) , the graph of f is the non-parametric hypersurface
of Rn+1 defined by

(2.5.2.2) ϕ (x) = (x1, ..., xn, f (x))

for x = (x1, ..., xn) ∈ Rn.
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Denote by

(2.5.2.3) ω =

√√√√1 +
n∑

i=1

(fxi
)2,

where fxi
= ∂f

∂xi
. The unit normal vector field of the graph of f is

(2.5.2.4) ξ =
−1

ω
(fx1 , ..., fxn ,−1) .

The Gauss-Kronecker curvature G of the graph, given by (2.5.2.2), of f is

(2.5.2.5) G =
det (H (f))

ωn+2
,

where H (f) is the Hessian matrix of f.
On the other hand, in microeconomics, a production function is a mathematical expression

which denotes the relations between the output generated of a firm, an industry or an economy
and inputs that have been used. Explicitly, a production function is a map which has non-
vanishing first derivatives defined by

f : Rn
+ −→ R+, f = f (x1, x2, ..., xn) ,

where f is the quantity of output, n are the number of inputs and x1, x2, ..., xn are the inputs.
For more detailed properties of production functions, see [83], [105], [310].

A homothetic production function is a production function of the form:

f (x1, ..., xn) = F (h (x1, ..., xn)) ,

where h (x1, ..., xn) is homogeneous function of arbitrary given degree and F is a monotonically
increasing function. Homothetic functions are production functions whose marginal technical
rate of substitution is homogeneous of degree zero (see [91] for details).

In 1928, C. W. Cobb and P. H. Douglas introduced in [105] a famous two-factor production
function

Y = bLkC1−k,

where b presents the total factor productivity, Y the total production, L the labor input and
C the capital input. This function is nowadays called Cobb-Douglas production function. In its
generalized form, the Cobb-Douglas production function may be expressed as

f (x) = γxα1
1 ...x

αn
n ,

where γ is a positive constant and α1, ..., αn are nonzero constants. A homothetic production
function of the form

f (x) = F (xα1
1 ...x

αn
n ) ,

is called a homothetic generalized Cobb-Douglas production function [85].
A translation hypersurface (Mn, f) in Rn+1 is parametrized by

(2.5.2.6) ϕ (x) = (x1, ..., xn, f1 (x1) + ...+ fn (xn))
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for x = (x1, ..., xn)∈Rn.
The next result completely classifies the translation hypersurfaces whose the Allen’s matrices

of f are singular.

Theorem 2.5.2.1. [15] Let (Mn, f) be a translation hypersurface of Rn+1. Then
the Allen’s matrix HB (f) of f is singular if and only if (Mn, f) is one of the
following :

(a) An open part of the x1x2-plane of R3, when n = 2;
(b) A product manifold Γ × R2, where Γ is a curve lying in x3x4-plane of R4,

when n = 3;
(c) A product manifold Mn−2×R2, where Mn−2 is a translation hypersurface in

Rn−1, n ≥ 4;
(d) A translation hypersurface parametrized by

ϕ (x) =

(
x1, ..., xn,

n∑
i=1

(αi ln (xi + βi) + µi)

)
, n ≥ 2,

where αi, i = 1, n, are nonzero constants satisfying α1+ ...+αn = 0 and βi, µi, i = 1, n,
are some constants.

Proof. Let f be a function of class C∞ given by

(2.5.2.7) f (x) = f1 (x1) + ...+ fn (xn)

for x = (x1, ..., xn) ∈ Rn+1. We first need to calculate the determinant of the Allen’s matrix
HB (f) . For that, it follows that

fxi
=
∂f

∂xi

= f ′i , fxixj
=

∂2f

∂xi∂xj

= 0, fxixi
=
∂2f

∂x2
i

= f ′′i , i, j ∈ {1, ..., n} , i 6= j.

From (2.5.2.1) , the determinant of the Allen’s matrix of the function given by (2.5.2.7) is

det
(
HB (f)

)
=

∣∣∣∣∣∣∣∣∣∣

0 f ′1 f ′2 ... f ′n
f ′1 f ′′1 0 ... 0
f ′2 0 f ′′2 ... 0
...

...
... ...

...
f ′n 0 0 ... f ′′n

∣∣∣∣∣∣∣∣∣∣
= −

n∑
j=1

f ′′1 ...f
′′
j−1

(
f ′j
)2
f ′′j+1...f

′′
n .

On the other hand, let (Mn, f) be a translation hypersurface of Rn+1 parametrized by

ϕ (x) = (x1, ..., xn, f1 (x1) + ...+ fn (xn)) ,

where f1 (x1) , ..., fn (xn) are functions of class C∞ having nonzero first derivatives. Let us
assume that the Allen’s matrix HB (f) is singular. Then we have

(2.5.2.8)
n∑

j=1

f ′′1 ...f
′′
j−1

(
f ′j
)2
f ′′j+1...f

′′
n = 0.
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From (2.5.2.8), two cases occur:
Case (i): At least one of f ′′1 , ..., f

′′
n vanishes. Without loss of generality, we may assume

that f ′′1 = 0. Hence we get

(2.5.2.9) (f ′1)
2
f ′′2 ...f

′′
n = 0.

Without loss of generality, we may assume that f ′′2 = 0. Thus we have

f1 (x1) = α1x1 + β1, f2 (x2) = α2x2 + β2.

for some constants α1, α2, β1, β2 with α1, α2 6= 0. Hence (Mn, f) is parametrized by

ϕ (x) = (x1, ..., xn, α1x1 + α2x2 + f3 (x3) + ...+ fn (xn)) ,

which implies cases (a)-(c).

Case (ii): f ′′1 , ..., f
′′
n are nonzero. Then from (2.5.2.8), by dividing with the product f ′′1 ...f

′′
n ,

we write

(2.5.2.10)
(f ′1)

2

f ′′1
+ ...+

(f ′n)2

f ′′n
= 0.

Taking the partial derivative with respect to xi, we obtain

(2.5.2.11) 2 (f ′′i )
2

= f ′if
′′′
i , i = 1, ..., n.

By solving (2.5.2.11), we find
fi = αi ln |xi + βi|+ µi

for some nonzero constants αi satisfying α1+...+αn = 0, because
(f ′i)

2

f ′′i
= αi, and some constants

βi, µi for all i ∈ {1, ..., n} . Therefore, we complete the first part of the proof.
Conversely, it is straightforward to verify that each of the cases (a)-(d) implies that f has

vanishing Allen determinant.

Theorem 2.5.2.1 is a reformulation (in this special case) of a result obtained in [14] by the
same authors. As a consequence we have the following

Corollary 2.5.2.2 [15] Let (Mn, f) be a translation hypersurface of Rn+1
+ such that

all components of f are non-linear functions. Then the Allen’s matrix HB (f) is
singular if and only if, up to suitable translations of x1, ..., xn, (Mn, f) is the graph
hypersurface of the homothetic function given by

f (x1, ..., xn) = ln (xα1
1 ...x

αn
n ) ,

where α1, ..., αn are nonzero constants with α1 + ...+ αn = 0.

A Tzitzeica hypersurface is a hypersurface satisfying

(2.5.2.12) G (x) = k.d (x)n+2 ,



Habilitation Thesis Adela MIHAI 143

where G (x) denotes the Gauss-Kronecker curvature at a point x, d (x) is the distance between
the origin and the hyperplane tangent to the hypersurface at x and k is a real constant. It is
known that the simplest Tzitzeica hypersurface is described by the equation x1...xn = 1

xn+1
.

The following theorem classifies translation hypersurfaces satisfying Tzitzeica condition.

Theorem 2.5.2.3. [15] Let (Mn, f) be a translation hypersurface in Rn+1. Then
(Mn, f) is a Tzitzeica hypersurface if and only if it is an open part of a hyperplane.

The proof is based on technical calculations by using the formulae for the unit normal vector
ξ and the Gauss-Kronocker curvature G, given by

ξ =
−1

ω
(f ′1, ..., f

′
n,−1)

and

G =
1

ωn+2

n∏
j=1

f ′′j ,

where f ′j =
dfj

dxj
, f ′′j =

d2fj

dx2
j
, for all j ∈ {1, ..., n} and ω =

√
1 +

∑n
j=1

(
f ′j
)2

, and the distance be-

tween the origin O = (0, ..., 0) and the tangent hyperplane to the hypersurface at x = (x1, ..., xn)

d =
1

ω

∣∣∣∣∣
n∑

j=1

xjf
′
j − fj

∣∣∣∣∣ ,
which are derived from (2.5.2.6).

It immediately follows.

Corollary 2.5.2.4. [15] There is no translation hypersurface with G 6= 0 satisfy-
ing Tzitzeica condition in Rn+1.

On the other hand, in economics, goods that are completely substitutable with each other
are called perfect substitutes (they may be characterized as goods having a constant ”marginal
rate of substitution”; see [83]).

Mathematically, a production function is called a perfect substitute if it is of the form

f (x) =
n∑

i=1

αixi,

for some nonzero constants α1, ..., αn.
Thus Theorem 2.5.2.3 yields the following application of our study in microeconomics.

Theorem 2.5.2.5. [15] Let (Mn, f) be a translation hypersurface in Rn+1
+ . Then

(Mn, f) is a Tzitzeica hypersurface if and only if it is the graph hypersurface of
a perfect substitute.
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Chapter 3

Complex Contact Geometry

3.1 Introduction

For a general discussion of complex contact manifolds we refer to Chapter 12 of [30].

A complex contact manifold is a complex manifold M of odd complex dimension 2n + 1
together with an open covering {O} of coordinate neighborhoods such that:

1) On each O there is a holomorphic 1-form θ such that θ ∧ (dθ)n 6= 0.
2) On O ∩O′ 6= ∅ there is a non-vanishing holomorphic function f such that θ′ = fθ.

The complex contact structure determines a non-integrable subbundle H by the equation
θ = 0; H is called the complex contact subbundle or the horizontal subbundle.

On the other hand if M is a Hermitian manifold with almost complex structure J , Hermitian
metric g and open covering by coordinate neighborhoods {O}, it is called a complex almost
contact metric manifold if it satisfies the following two conditions:

1) In each O there exist 1-forms u and v = u ◦ J with dual unit vector fields U and V = −JU
and (1,1) tensor fields G and H = GJ such that

G2 = H2 = −I + u⊗ U + v ⊗ V,

GJ = −JG, GU = 0, g(X,GY ) = −g(GX, Y ),

2) On O ∩O′ 6= ∅,
u′ = Au−Bv, v′ = Bu+ Av,

G′ = AG−BH, H ′ = BG+ AH

where A and B are functions with A2 +B2 = 1.

A complex contact manifold admits a complex almost contact metric structure for which
the local contact form θ is u − iv to within a non-vanishing complex-valued function multiple
[163]. The local tensor fields G and H are related to du and dv by

du(X, Y ) = Ĝ(X, Y ) + (σ ∧ v)(X, Y ),

dv(X, Y ) = Ĥ(X, Y )− (σ ∧ u)(X, Y ),

145
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for some 1-form σ and where Ĝ(X, Y ) = g(X,GY ) and Ĥ(X, Y ) = g(X,HY ). Moreover on
O ∩ O′ it is easy to check that U ′ ∧ V ′ = U ∧ V and hence we have a global vertical bundle
V orthogonal to H which is generally assumed to be integrable; in this case σ takes the form
σ(X) = g(∇XU, V ), ∇ being the Levi-Civita connection of g. The subbundle V can be thought
as the analogue of the characteristic or Reeb vector field of real contact geometry. We refer
to a complex contact manifold with a complex almost contact metric structure satisfying these
conditions as a complex contact metric manifold.

In the case that the complex contact structure is given by a global holomorphic 1-form θ, u
and v may be taken globally such that θ = u− iv and σ = 0.

Remark. The triple (J,G,H) restricted to the subbundle defined by u = v = 0 behaves
like a quaternionic structure. This kind of situation arises in a number of contexts on manifolds
of dimension 4n + 3, for example, quaternionic CR-structures as studied by Alekseevsky and
Kamishima [7], Sasakian 3-structures and pseudo-Sasakian 3-structures (see e.g. Chapter 13 of
[30] and the references therein).

Ishihara and Konishi [162] introduced a notion of normality for complex contact structures.
Their notion is the vanishing of the two tensor fields S and T given by

S(X, Y ) = [G,G](X, Y ) + 2Ĝ(X, Y )U − 2Ĥ(X, Y )V + 2(v(Y )HX − v(X)HY )+

+σ(GY )HX − σ(GX)HY + σ(X)GHY − σ(Y )GHX,

T (X, Y ) = [H,H](X, Y )− 2Ĝ(X, Y )U + 2Ĥ(X, Y )V + 2(u(Y )GX − u(X)GY )+

+σ(HX)GY − σ(HY )GX + σ(X)GHY − σ(Y )GHX

where [G,G] and [H,H] denote the Nijenhuis tensors of G and H respectively. However this
notion seems to be too strong; among its implications is that the underlying Hermitian manifold
(M, g) is Kaehler. Thus while indeed one of the canonical examples of a complex contact
manifold, the odd-dimensional complex projective space, is normal in this sense, the complex
Heisenberg group, is not. B. Korkmaz [172] generalized the notion of normality and we adopt
her definition here. A complex contact metric structure is normal if

S(X, Y ) = T (X, Y ) = 0, for every X, Y ∈ H,

S(U,X) = T (V,X) = 0, for every X.

Even though the definition appears to depend on the special nature of U and V , it respects the
change in overlaps, O ∩ O′, and is a global notion. With this notion of normality both odd-
dimensional complex projective space and the complex Heisenberg group with their standard
complex contact metric structures are normal.

We now give expressions for the covariant derivatives of the structure tensors on a normal
complex contact metric manifold; for proofs see Korkmaz [172].

(3.1.1) ∇XU = −GX + σ(X)V,

(3.1.2) ∇XV = −HX − σ(X)U.
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A complex contact metric manifold is normal if and only if the covariant derivatives of G and
H have the following forms.

(3.1.3) g((∇XG)Y, Z) = σ(X)g(HY,Z) + v(X)dσ(GZ,GY )−

−2v(X)g(HGY,Z)− u(Y )g(X,Z)− v(Y )g(JX,Z)+

+u(Z)g(X, Y ) + v(Z)g(JX, Y ),

(3.1.4) g((∇XH)Y, Z) = −σ(X)g(GY,Z)− u(X)dσ(HZ,HY )−

−2u(X)g(GHY,Z) + u(Y )g(JX,Z)− v(Y )g(X,Z)+

+u(Z)g(X, JY ) + v(Z)g(X, Y ).

For the underlying Hermitian structure we have

(3.1.5) g((∇XJ)Y, Z) = u(X)(dσ(Z,GY )− 2g(HY,Z))+

+v(X)(dσ(Z,HY ) + 2g(GY,Z)).

The differential of σ enjoys the following properties.

(3.1.6) dσ(JX, Y ) = −dσ(X, JY ),

(3.1.7) dσ(GY,GX) = dσ(X, Y )− 2u ∧ v(X, Y )dσ(U, V ),

(3.1.8) dσ(HY,HX) = dσ(X, Y )− 2u ∧ v(X, Y )dσ(U, V ),

(3.1.9) dσ(U,X) = v(X)dσ(U, V ), dσ(V,X) = −u(X)dσ(U, V ).

We will also need the basic curvature properties of normal complex contact metric manifolds
which we will list here and again refer to [172] for their proofs. In this chapter, our convention
for the curvature is

R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z, R(X, Y, Z,W ) = g(R(X, Y )Z,W )

(having different sign from that in Chapter 1).
First of all we have R(U, V )V = −2dσ(U, V )U and a similar expression for R(V, U)U , either

of which gives the sectional curvature R(U, V, V, U) = −2dσ(U, V ). Now for X and Y horizontal
we have the following (see [172] for details).

(3.1.10) R(X,U)U = X, R(X,V )V = X,

(3.1.11) R(X, Y )U = 2(g(X, JY ) + dσ(X, Y ))V,

(3.1.12) R(X, Y )V = −2(g(X, JY ) + dσ(X, Y ))U,
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(3.1.13) R(X,U)V = σ(U)GX + (∇UH)X − JX,

(3.1.14) R(X,V )U = −σ(V )HX + (∇VG)X + JX,

(3.1.15) R(X,U)Z = −g(X,Z)U − g(JX,Z)V + dσ(HZ,HX)V.

In real contact geometry, Sasakian manifolds play an important role. As an analogue of
Sasakian manifolds, in complex contact geometry one deals with normal complex contact metric
manifolds.

Also, in real contact geometry there is a symmetric operator h = 1
2
Lξφ, where ξ is the

characteristic vector field, φ is the structure tensor of the real contact metric structure and L
denotes Lie differentiation. In particular, on a real contact manifold we have

∇Xξ = −φX − φhX.

For a general reference see [30].
Similarly, one defines the symmetric operators hU , hV : TM → H as follows

hU =
1

2
sym(LUG) ◦ p, hV =

1

2
sym(LVH) ◦ p,

where sym denotes the symmetrization and p : TM → H is the projection map. Then we
have

hUG = −GhU , hVG = −GhV ,

hUU = hUV = hV V = hVU = 0

and

(3.1.16) ∇XU = −GX −GhUX + σ(X)V,

(3.1.17) ∇XV = −HX −HhVX − σ(X)U.

If M is normal, then hU = hV = 0.

Let M be a complex contact metric manifold with structure tensors (u, v, U, V,G,H, J, g).
For a positive constant α, one defines new tensors by

ũ = αu, ṽ = αv,

Ũ =
1

α
U, Ṽ =

1

α
V,

G̃ = G, H̃ = H,

g̃ = αg + α(α− 1)(u⊗ u+ v ⊗ v).

This change of structure is called an H-homothetic deformation. Under an H-homothetic
deformation the 1-form σ does not change, while the symmetric tensor h transforms by h̃ = 1

α
h.

The formulas for the transformations of curvature tensor are given in [173].
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There is a complex contact metric structure on Cn+1×CPn(16) with the propertyR(V, Y )V =
0 and hU = hV . In order to get the conditions for a complex (κ, µ)-manifold, one applies an H
-homothetic deformation to this structure (see [173]) and then it is reasonable to work with the
assumption hU = hV from the outset. Since we now have hU = hV , we denote these by h and it
follows that h is a symmetric operator which anti-commutes with G and H, and commutes with
J. In [173] the author defines a complex (κ, µ)-space, as the complex analogue of a (κ, µ)-space
from real contact geometry. More precisely, one has the following

Definition. A complex (κ, µ)-space is a complex contact metric manifold (M,u, v, U, V,G,H, g)
with hU = hV =: h whose curvature tensor and 2-form dσ satisfy

(3.1.18) R(X, Y )U = κ[u(Y )X − u(X)Y ] + µ[u(Y )hX − u(X)hY ]+

+(κ− µ)[v(Y )JX − v(X)JY ] + 2[(k − µ)g(JX, Y ) + (4κ− 3µ)u ∧ v(X, Y )]V,

(3.1.19) R(X, Y )V = κ[v(Y )X − v(X)Y ] + µ[v(Y )hX − v(X)hY ]−

−(κ− µ)[u(Y )JX − u(X)JY ]− 2[(κ− µ)g(JX, Y ) + (4κ− 3µ)u ∧ v(X, Y )]U,

(3.1.20) dσ(X, Y ) = (2− µ)g(JX, Y ) + 2g(JhX, Y ) + 2(2− µ)u ∧ v(X, Y ),

for some constants κ and µ.
Moreover, the following theorem from [173] shows that the curvature tensor of a complex

(κ, µ)-space with κ < 1 is completely determined:

Theorem. [173] Let (M,u, v, U, V,G,H, g) be a complex (κ, µ)-space. Then κ ≤ 1. If κ = 1,
then h = 0 and M is normal. If κ < 1, then M admits three mutually orthogonal and integrable
distributions [0], [λ] and [−λ], defined by the eigenspaces of h, where λ =

√
1− κ. Moreover,

(3.1.21) R(Xλ, Yλ)Z−λ = (κ− µ)[g(Xλ, GZ−λ)GYλ − g(Yλ, GZ−λ)GXλ+

+g(Xλ, HZ−λ)HYλ − g(Yλ, HZ−λ)HXλ],

(3.1.22) R(X−λ, Y−λ)Zλ = (κ− µ)[g(X−λ, GZλ)GY−λ − g(Y−λ, GZλ)GX−λ+

+g(X−λ, HZλ)HY−λ − g(Y−λ, HZλ)HX−λ],

(3.1.23) R(Xλ, Y−λ)Z−λ = −κ[g(Xλ, GZ−λ)GY−λ + g(Xλ, HZ−λ)HY−λ]−

−µ[g(Xλ, GY−λ)GZ−λ + g(Xλ, HY−λ)HZ−λ],

(3.1.24) R(Xλ, Y−λ)Zλ = κ[g(Y−λ, GZλ)GXλ + g(Y−λ, HZλ)HXλ]−

−µ[g(Xλ, GY−λ)GZλ + g(Xλ, HY−λ)HZλ],

(3.1.25) R(Xλ, Yλ)Zλ = (2− µ+ 2λ)[g(Yλ, Zλ)Xλ − g(Yλ, JZλ)JXλ−

−g(Xλ, Zλ)Yλ + g(Xλ, JZλ)JYλ − 2g(JXλ, Yλ)JZλ],
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(3.1.26) R(X−λ, Y−λ)Z−λ = (2− µ− 2λ)[g(Y−λ, Z−λ)X−λ − g(Y−λ, JZ−λ)JX−λ−

−g(X−λ, Z−λ)Y−λ + g(X−λ, JZ−λ)JY−λ − 2g(JX−λ, Y−λ)JZ−λ],

where Xλ, Yλ and Zλ are in [λ] and X−λ, Y−λ and Z−λ are in [−λ].

For further calculations, we also need to mention the following Lemmas from [173].

Lemma 1. [173] Let (M,u, v, U, V,G,H, g) be a complex (κ, µ)-space. Then

(3.1.27) R(U,X)Y = κ[g(X, Y )U − u(Y )X] + µ[g(hX, Y )U − u(Y )hX]+

+(κ− µ)[g(X, JY )V + v(Y )JX + 2v(X)JY ] + (4κ− 3µ)v(X)[u(Y )V − v(Y )U ],

(3.1.28) R(V,X)Y = κ[g(X, Y )V − v(Y )X] + µ[g(hX, Y )V − v(Y )hX]−

−(κ− µ)[g(X, JY )U + u(Y )JX + 2u(X)JY ]− (4κ− 3µ)u(X)[u(Y )V − v(Y )U ].

Lemma 2. [173] Let (M,u, v, U, V,G,H, g) be a complex (κ, µ)-space. Then for any vector
fields X and Y we have

(3.1.29) (∇Xh)Y = u(Y )[hGX + (κ− 1)GX] + v(Y )[hHX + (κ− 1)HX]+

+µh(u(X)GY + v(X)HY ) + [g(H, hGY )− (κ− 1)g(X,GY )]U+

+[g(X, hHY )− (κ− 1)g(X,HY )]V.

Also, from (3.1.16) and (3.1.17) we have:

(3.1.30) (∇Xu)Y = g(∇XU, Y ) = −g(GX, Y )− g(GhX, Y ) + σ(X)v(Y ),

(3.1.31) (∇Xv)Y = g(∇XV, Y ) = −g(HX, Y )− g(HhX, Y )− σ(X)u(Y ).

From [173] we recall:

(3.1.32) (∇XG)Y = −u(Y )(X + hX)− v(Y )J(X + hX) + σ(X)HY − µv(X)JY+

+[g(X + hX, Y ) + µv(X)v(Y )]U + [g(J(X + hX), Y )− µv(X)u(Y )]V,

(3.1.33) (∇XH)Y = u(Y )J(X + hX)− v(Y )(X + hX)− σ(X)GY + µu(X)JY−

−[g(J(X + hX), Y ) + µu(X)v(Y )]U + [g(X + hX, Y ) + µu(X)u(Y )]V.

Using (3.1.32), (3.1.33) and the second lemma we have

(3.1.34) (∇XGh)Y = σ(X)HhY+

+u(Y )((1− κ)X + hX) + v(Y )((1− κ)JX + hJX)+

+((1− κ)g(X, Y ) + g(hX, Y ))U + ((1− κ)g(JX, Y ) + g(hJX, Y ))V−
−2(1− κ)(u(X)u(Y ) + v(X)v(Y ))U + 2(1− κ)(u(X)v(Y )− v(X)u(Y ))V + µu(X)hY,

(3.1.35) (∇XHh)Y = −σ(X)GhY+

+v(Y )((1− κ)X + hX)− u(Y )((1− κ)JX + hJX)+

+((1− κ)g(X, Y ) + g(hX, Y ))V − ((1− κ)g(JX, Y ) + g(hJX, Y ))U−
−2(1− κ)(u(X)u(Y ) + v(X)v(Y ))V − 2(1− κ)(u(X)v(Y )− v(X)u(Y ))U + µv(X)hY.
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3.2 Symmetry in complex contact geometry

In this section we recall the results from [34], by giving the detailed proofs.

In real contact geometry the question of locally symmetric contact metric manifolds has a
long history and a short answer. Already in 1962 Okumura [257] proved that a locally symmetric
Sasakian manifold is locally isometric to the sphere S2n+1(1) and in 2006 Boeckx and Cho [38]
proved that a locally symmetric contact metric manifold is locally isometric to S2n+1(1) or to
En+1×Sn(4), the tangent sphere bundle of Euclidean space. Various studies and generalizations
of this question were made in the intervening years. Perhaps most importantly, since the locally
symmetric condition is very restrictive, Takahashi [301] introduced the notion of a locally φ-
symmetric space for Sasakian manifolds by restricting the locally symmetric condition to the
contact subbundle and showed that these manifolds locally fiber over Hermitian symmetric
spaces. Blair and Vanhecke [36] showed that this condition is equivalent to reflections in the
integral curves of the characteristic (Reeb) vector field being isometries. Subsequently, to extend
the notion to contact metric manifolds, Boeckx and Vanhecke [39] took this reflection idea as
the definition of a strongly locally φ-symmetric space; a contact metric manifold satisfying the
condition of restricting local symmetric to the contact subbundle is called a weakly locally
φ-symmetric space.

In [34], we studied these ideas for complex contact manifolds. We first show that a locally
symmetric normal complex contact metric manifold is locally isometric to the complex projec-
tive space, CP 2n+1(4), with the Fubini-Study metric of constant holomorphic curvature +4.
We then study reflections in the integral submanifolds of the vertical subbundle of a normal
complex contact metric manifold. In complex contact geometry the vertical subbundle is gen-
erally assumed to be integrable and we suppose that the induced foliation is regular. When
such reflections are isometries we show that the manifold fibers locally over a locally symmetric
space. Moreover if the normal complex contact metric manifold is Kaehler, then the manifold
fibers over a quaternionic symmetric space. Already in Wolf [315] a correspondence between
quaternionic symmetric spaces and certain complex contact manifolds was established. On
the other hand if the complex contact structure is given by a global holomorphic contact form,
then the manifold fibers over a locally symmetric complex symplectic manifold, e.g. the Calabi-
Eckmann manifold S2n+1 × S2n+1 fibering over the complex symplectic manifold CP n × CP n.
See Foreman [136] for other examples and discussion.

We give a characterization in complex contact geometry of the complex projective space of
constant holomorphic curvature 4, CP 2n+1(4).

Theorem 3.2.1. [34] Let M2n+1 be a locally symmetric normal complex con-
tact metric manifold. Then M2n+1 is locally isometric to CP 2n+1(4). Thus in the
complete, simply connected case the manifold is globally isometric to CP 2n+1(4).

Proof. We begin with the observation that since our manifold is locally symmetric it is
semi-symmetric, i.e., R ·R = 0, so that

R(R(X, Y )X1, X2, X3, X4) +R(X1, R(X, Y )X2, X3, X4)+

+R(X1, X2, R(X, Y )X3, X4) +R(X1, X2, X3, R(X, Y )X4) = 0.
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Taking X4 = U , X1 = X3 = Y = V , and X2 and X horizontal and using (3.1.10) we have

R(X2, X, U, V ) + g(R(V, U)V,R(X,V )X2) +R(X2, V, U,X)−R(X,V, U,X2) = 0.

Using R(U, V )V = −2dσ(U, V )U and (3.1.14) in the second term and applying the first Bianchi
identity to the fourth term we have

2R(X2, X, U, V )− 2dσ(U, V )g(−σ(V )HX + (∇VG)X + JX,X2) = 0.

Then (3.1.11) and (3.1.3) give

2(g(X2, JX) + dσ(X2, X))−

−dσ(U, V )(dσ(GX2, GX)− 2g(HGX,X2) + g(X2, JX)) = 0.

Finally using (3.1.7) we have

[2 + dσ(U, V )][g(X2, JX) + dσ(X2, X)] = 0.

This gives us two cases to consider,

2 + dσ(U, V ) = 0 and g(X2, JX) + dσ(X2, X) = 0.

In the first case note that since R(U, V )V = −2dσ(U, V )U , dσ(U, V ) = −2 implies that

R(U, V, V, U) = 4.

Also from R(U, V )V = −2dσ(U, V )U we have R(U, V, V, Y ) = 0 for a horizontal unit vector
field Y . From the local symmetry condition, ∇R = 0, differentiation with respect to X, gives

R(−GX, V, V, Y ) +R(U,−HX, V, Y )+

+R(U, V,−HX − σ(X)U, Y ) +R(U, V, V,∇XY ) = 0.

By using (3.1.10), (3.1.13) and that R(U, V )V and R(V, U)U are vertical, we obtain

−g(GX, Y ) + g(σ(U)GHX + (∇UH)HX − JHX, Y )+

+R(Y,HX,U, V )− 2dσ(U, V )g(U,∇XY ) = 0,

which, by (3.1.4), (3.1.9) and (3.1.11), is equivalent to

−g(GX, Y )− dσ(HY,−X) + 2g(HGHX, Y )− g(JHX, Y )+

+2g(Y, JHX) + 2dσ(Y,HX)− 2dσ(U, V )g(GX, Y ) = 0.

Then it follows that

−2g(GY,X) + dσ(HY,X) + 2dσ(Y,HX) + 2dσ(U, V )g(GY,X) = 0.

Setting X = GY , recalling that H = GJ and using (3.1.7) we obtain

(3.2.1) −2 + 3dσ(Y, JY ) + 2dσ(U, V ) = 0.
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Since in this first case we have dσ(U, V ) = −2, (3.2.1) yields

dσ(Y, JY ) = 2 = −2g(Y, J2Y ) = −2Ω(Y, JY ),

where Ω(X, Y ) = g(X, JY ) denotes the fundamental 2-form of the almost Hermitian structure.
Similarly dσ(U, V ) = −2 gives immediately dσ(U, JU) = 2g(U,U) and dσ(V, JV ) = 2g(V, V ).
Now for a general vector field, write X = X ′+u(X)U +v(X)V and compute dσ(X, JX) giving
us dσ(X, JX) = 2g(X,X) for all X. Linearizing using (3.1.6) then gives us that

(3.2.2) dσ = −2Ω.

Equation (3.1.5) now implies that M2n+1 is Kaehler.
On the other hand, from formula (3.1.11) we have

R(HX,GX,U,HX) = 2[−g(HX,HX) + dσ(HX,GX)]g(V,HX) = 0,

where X is an unit horizontal vector field. We now do a computation differentiating this with
respect to X without using (3.2.2) so that (3.2.3) below will be available to us in treating the
second case as well. Using (3.1.11) and (3.1.12) along with (3.1.2), it follows that

0 = R(u(∇XHX)U + v(∇XHX)V,GX,U,HX)+

+R(HX, u(∇XGX)U + v(∇XGX)V, U,HX)−R(HX,GX,GX,HX)+

+2[g(HX,−HX) + dσ(HX,GX)]g(V,∇XHX) =

= R(V,GX,U,HX) +R(HX,U, U,HX)−R(HX,GX,GX,HX)− 2 + 2dσ(HX,GX).

Continuing the computation using (3.1.14) and (3.1.3) we have

0 = dσ(JX,X) + 2−R(HX,GX,GX,HX) + 2dσ(HX,GX).

Moreover, for X = GY , this formula gives

−dσ(HY,GY ) + 2−R(JY, Y, Y, JY )− 2dσ(JY, Y ) = 0.

Therefore by virtue of (3.2.1) we have

R(Y, JY, JY, Y ) = 2 + 2dσ(Y, JY )− dσ(HY,GY ) = 4dσ(Y, JY ) + 2dσ(U, V ).

However we know that R(U, V, V, U) = −2dσ(U, V ) and hence

(3.2.3) R(Y, JY, JY, Y ) = 4dσ(Y, JY )−R(U, V, V, U).

Returning to the first case, substituting (3.2.2) into (3.2.3) we have

R(Y, JY, JY, Y ) = 4.

Of course, R(Y, JY, JY, Y ) = 4 for Y horizontal and R(U, V, V, U) = 4 do not in general
imply that the manifold has constant holomorphic curvature +4. Thus we must compute the
holomorphic sectional curvature for a general vector X = X ′ + u(X)U + v(X)V . Suppose
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both the horizontal and vertical holomorphic sectional curvatures have value µ. Then a long
computation using normality gives

R(X, JX, JX,X) = µ(|X ′|4 + (u(X)2 + v(X)2)2)− 4|X ′|2(u(X)2 + v(X)2)+

+6(u(X)2 + v(X)2)dσ(X ′, JX ′),

but for us µ = 4 and dσ = −2Ω giving R(X, JX, JX,X) = 4 for all X. Thus the complex
contact metric manifold M is locally isometric to CP 2n+1(4).

To eliminate the second case, note that R(Z,U, V, U) = 0 for horizontal Z. Differentiating
with respect to X in the same manner as above we obtain

(3.2.4) 2dσ(U, V )g(Z,HX)− 2dσ(GX,Z) + dσ(JX,HZ)− 2g(JZ,GX) = 0.

However we now have g(X2, JX) + dσ(X2, X) = 0 giving

(2dσ(U, V ) + 1)g(X,HZ) = 0.

Therefore dσ(U, V ) = −1
2

and hence R(U, V, V, U) = 1.
We return again to R · R = 0 and set X4 = Y = U , X1 = X and X2 = X3 = JX. Then

computing using (3.1.15) and our other relations we have

−4− dσ(GX,HX) + dσ(HX,GX)− dσ(HX,GX)2 − 2dσ(GX,HX)+

+2dσ(X, JX) + 2dσ(X, JX)dσ(GX,HX) +R(X, JX, JX,X) = 0.

Using (3.1.7) and the condition for the second case we have R(X, JX, JX,X) = 1. As noted
above equation (3.2.3) is available and now gives

1 = 4dσ(Y, JY )− 1,

but g(X2, JX) + dσ(X2, X) = 0 which then would imply 1 = 4(−g(Y, J2Y )) − 1 or 2 = 4, a
contradiction.

As we have seen the condition of local symmetry for a normal complex contact metric
manifold is extremely strong. We therefore consider a weaker condition in terms of local
reflections in the integral submanifolds of the vertical subbundle of a normal complex contact
metric manifold. To do this we first recall the notion of a local reflection in a submanifold.
Given a Riemannian manifold (M, g) and a submanifold N , local reflection in N , ϕN , is defined
as follows. For m ∈M consider the minimal geodesic from m to N meeting N orthogonally at
p. Let X be the unit vector at p tangent to the geodesic in the direction toward m. Then ϕN

maps m = expp(tX) −→ expp(−tX). In [99] Chen and Vanhecke gave the following necessary
and sufficient conditions for a reflection to be isometric.

Theorem. [99] Let (M, g) be a Riemannian manifold and N a submanifold. Then the
reflection ϕN is a local isometry if and only if

1. N is totally geodesic;
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2. (∇2r
X···XR)(X, Y )X is normal to N,

(∇2r+1
X···XR)(X, Y )X is tangent to N and

(∇2r+1
X···XR)(X,V )X is normal to N,

for all vectors X, Y normal to N and vectors V tangent to N and all k ∈ N.

In regard to reflections it is worth noting that on a normal complex contact metric manifold,
a geodesic that is initially orthogonal to V remains orthogonal to V ; without normality this is
not true.

Proposition 3.2.2. [34] Let γ be a geodesic on a normal complex contact metric
manifold. If γ′(0) is a horizontal vector, then γ′(s) is horizontal for all s.

Proof. We have immediately

γ′g(γ′, U) = g(γ′,−Gγ′ + σ(γ′)V ) = σ(γ′)v(γ′),

γ′g(γ′, V ) = g(γ′,−Hγ′ − σ(γ′)U) = −σ(γ′)u(γ′).

Multiplying the first equation by u(γ′), the second by v(γ′) and adding we see that u(γ′)2+v(γ′)2

is constant along the geodesic; but at s = 0 this is zero giving g(γ′(s), U) = g(γ′(s), V ) = 0
completing the proof.

Let M2n+1 be a normal complex contact metric manifold. Since the vertical subbundle V is
integrable, we will suppose that this is a regular foliation, i.e. each point has a neighborhood
such that any integral submanifold of V passing through the neighborhood passes through only
once. Then M2n+1 fibers over a manifold M ′ of real dimension 4n. An easy computation
shows that the horizontal parts of the Lie derivatives £Ug and £V g vanish. Thus the metric
is projectable and we denote by g′ the metric on the base, ∇′ its Levi-Civita connection and
R′ its curvature. For vectors fields X, Y , etc. on the base we denote by X∗, Y ∗, etc. their
horizontal lifts to M .

Theorem 3.2.3. [34] Let M2n+1 be a normal complex contact metric manifold and
suppose that the foliation induced by vertical subbundle is regular. If reflections
in the integral submanifolds of the vertical subbundle are isometries, then the
manifold fibers over a locally symmetric space.

Proof. By a result of Cartan [54] (pp. 257-258) it is sufficient to show that
g′((∇′

XR
′)(X, Y )X, Y ) = 0 for orthonormal pairs {X, Y } on the base manifold M ′. First note

that from the fundamental equations of a Riemannian submersion, see e.g. [258],

∇X∗Y ∗ = (∇′
XY )∗ + u(∇X∗Y ∗)U + v(∇X∗Y ∗)V.

Consequently from the equations for the curvature of a Riemannian submersion

R(X∗, Y ∗, Z∗,W ∗) =

= R′(X, Y, Z,W )− 2(u(∇X∗Y ∗)u(∇Z∗W ∗) + v(∇X∗Y ∗)v(∇Z∗W ∗))+

+u(∇Y ∗Z∗)u(∇X∗W ∗) + v(∇Y ∗Z∗)v(∇X∗W ∗)−
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−u(∇X∗Z∗)u(∇Y ∗Y ∗)− v(∇X∗Z∗)v(∇Y ∗Y ∗).

From this, using the normality, we have

(3.2.5) R(X∗, Y ∗)X∗ = (R′(X, Y )X)∗ − 3(g(GX∗, Y ∗)GX∗ + g(HX∗, Y ∗)HX∗).

Now, since the reflections in the integral submanifolds of V are isometries, we have by the above
theorem of Chen and Vanhecke that

g((∇X∗R)(X∗, Y ∗)X∗, Y ∗) = 0

and our task is to expand this using (3.2.5).

(∇X∗R)(X∗, Y ∗)X∗ = ∇X∗(R′(X, Y )X)∗

−3∇X∗(g(GX∗, Y ∗)GX∗ + g(HX∗, Y ∗)HX∗)−R((∇′
XX)∗, Y ∗)X∗

−R(X∗, (∇′
XY )∗ + g(GX∗, Y ∗)U + g(HX∗, Y ∗)V )X∗ −R(X∗, Y ∗)(∇′

XX)∗.

Terms in R(X∗, U)X∗ and R(X∗, V )X∗ are vertical by (3.1.11) and (3.1.12). Expanding the
remaining terms, using (3.1.3) and (3.1.4) where necessary we obtain

0 = g((∇X∗R)(X∗, Y ∗)X∗, Y ∗) = g′((∇′
XR

′)(X, Y )X, Y )

and hence that the base manifold M ′ is locally symmetric.

Theorem 3.2.4. [34] Let M2n+1 be a normal complex contact metric manifold
whose vertical foliation is regular and whose underlying Hermitian structure is
Kaehler. If reflections in the integral submanifolds of the vertical subbundle are
isometries, then M2n+1 fibers over a quaternionic symmetric space.

Proof. Since M2n+1 is Kaehler, taking X = U in equation (3.1.5) we have that dσ(Z,GY ) =
2g(HY,Z) and hence replacing Y by −GY with Y horizontal we see that dσ is equal to minus
twice the fundamental 2-form when restricted to horizontal vectors. Thus for X and Y hori-
zontal we have dσ(X, Y ) = −2Ω(X, Y ) and hence taking X and Y to be basic with respect to
the fibration (see e.g. [258]) we readily have the following Lie derivatives.

(£UĜ)(X, Y ) = Ug(X,GY ) = σ(U)Ĥ(X, Y ),

(£UĤ)(X, Y ) = Ug(X,HY ) = −σ(U)Ĝ(X, Y )− dσ(HX,HY ) =

= −σ(U)Ĝ(X, Y )− 2Ω(X, Y ),

(£UΩ)(X, Y ) = Ug(X, JY ) = dσ(X,GY ) = 2Ĥ(X, Y )

and similar expressions for Lie derivatives with respect to V . Then, it follows that

(£U(Ĝ ∧ Ĝ))(X, Y, Z,W ) = 2σ(U)(Ĥ ∧ Ĝ)(X, Y, Z,W ),

(£U(Ĥ ∧ Ĥ))(X, Y, Z,W ) = −2σ(U)(Ĝ ∧ Ĥ)(X, Y, Z,W )− 4(Ω ∧ Ĥ)(X, Y, Z,W ),

£U(Ω ∧ Ω)(X, Y, Z,W ) = 4(Ĥ ∧ Ω)(X, Y, Z,W ).
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Adding we see that

£U(Ĝ ∧ Ĝ+ Ĥ ∧ Ĥ + Ω ∧ Ω) = 0

and similarly for the Lie derivative with respect to V . Therefore the 4-form Λ = Ĝ ∧ Ĝ+ Ĥ ∧
Ĥ+Ω∧Ω is projectable giving an almost quaternionic structure Λ′ on the base manifold M ′. It
remains to show that Λ′ is parallel. For this it is enough to show that (∇XΛ)(Y1, Y2, Y3, Y4) = 0
for horizontal vector fields X, Y1, . . . , Y4. From (3.1.3), we have for horizontal vector fields

(∇XĜ)(Y, Z) = g(Y, (∇XG)Z) = σ(X)g(HZ, Y ) = σ(X)Ĥ(Y, Z).

Similarly from (3.1.4) and (3.1.5) we have

(∇XĤ)(Y, Z) = −σ(X)Ĝ(Y, Z), (∇XΩ)(Y, Z) = 0.

Then

(∇XΛ)(Y1, Y2, Y3, Y4) = 2σ(X)(Ĥ ∧ Ĝ− Ĝ ∧ Ĥ)(Y1, Y2, Y3, Y4) = 0.

That the base manifold is symmetric follows from Theorem 3.2.3.

Theorem 3.2.5. [34] Let M2n+1 be a normal complex contact metric manifold
whose vertical foliation is regular and whose complex contact structure is given by
a global holomorphic contact form. If reflections in the integral submanifolds of
the vertical subbundle are isometries, then M2n+1 fibers over a locally symmetric
complex symplectic manifold.

Proof. We noted in Section 3.1 that when the complex contact structure is given by a global
holomorphic 1-form, u and v may be taken globally such that θ = u − iv and σ = 0. Thus
Ĝ and Ĥ are closed 2-forms and the Lie derivatives of Ĝ and Ĥ, with respect to U and V ,
vanish. Also computing as in the preceding proof, we have £UΩ = £V Ω = 0. Therefore each
of the 2-forms Ĝ, Ĥ and Ω projects to a closed 2-form on M ′, say Ĝ′, Ĥ ′ and Ω′ respectively.
The projectability of Ω and g from the complex manifold M2n+1, gives M ′ a complex structure
for which g′ is a Hermitian metric. Let Ψ = Ĝ′ − iĤ ′. Now, since Ψ is the projection of
dθ = du− idv, it is a closed holomorphic 2-form and from the rank of Ĝ′ and Ĥ ′, Ψn 6= 0 giving
us a complex symplectic structure on M ′. Again the rest of the result follows from Theorem
3.2.3.

3.3 Homogeneity and local symmetry of complex (κ, µ)-

spaces

In real contact geometry the (κ, µ)-spaces were introduced by Blair, Koufogiorgos and Papanto-
niou in [33] and their relation to locally φ-symmetric spaces was studied in [37]. As an analogue
to (κ, µ)-spaces in complex contact geometry, Korkmaz [173] introduced the notion of complex
(κ, µ)-spaces.

In [35] we studied the homogeneity and local symmetry of complex (κ, µ)-spaces. We proved
that for κ < 1 a complex (κ, µ)-space is locally homogeneous and GH-locally symmetric.
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Because κ ≤ 1 (from the theorem of [173] given in Section 3.1), we have two cases to
consider:

1) κ = 1, which implies h = 0. Then the complex contact metric structure is normal. As
an example of normal complex (1, µ)-space we mention the complex Heisenberg group (κ = 1,
µ = 2, h = 0).

2) κ < 1, λ =
√

1− κ.

Remark. The complex projective space CP2n+1 is not a complex (κ, µ)-space, because, for a
complex (κ, µ)-space it is easy to see that we have dσ(U, V ) = 0 from (3.1.20), but this is not
true in the case of the complex projective space CP2n+1.

Further, examples of complex (κ, µ)-spaces can be obtained via H-homothetic deformations,

where for the new structure one has κ̄ = κ+α2−1
α2 and µ̄ = µ+2(α−1)

α
.

A homogeneous structure on a Riemannian manifold (M, g) is a (1, 2)-tensor field T satisfying

(3.3.1) ∇̃g = 0,

(3.3.2) ∇̃R = 0,

(3.3.3) ∇̃T = 0,

where ∇̃ is the connection determined by ∇̃ = ∇− T (see [302]).
The existence of a homogeneous structure on a manifold (M, g) implies that (M, g) is lo-

cally homogeneous. Under additional topological conditions (complete, connected and simply
connected) the manifold is homogeneous.

In the present case, we have a Riemannian manifold (M, g) with additional structure tensors
u, v, U, V,G,H. If we can find a homogeneous structure T such that, in addition to (3.3.1),
(3.3.2) and (3.3.3), we have

(3.3.4) ∇̃u = ∇̃v = 0,

(3.3.5) ∇̃U = ∇̃V = 0,

(3.3.6) ∇̃G = ∇̃H = 0,

(3.3.7) ∇̃σ = 0,
then there is a transitive pseudo-group of local automorphisms of complex contact metric
structure (u, v, U, V,G,H, g). The manifold M is then called a locally homogeneous complex
contact metric manifold.

We define a tensor field T on a complex (κ, µ)-space with κ < 1 by the following formula:

TXY = [g(GX, Y ) + g(GhX, Y )]U + [g(HX, Y ) + g(HhX, Y )]V−

−u(Y )(GX +GhX)− v(Y )(HX +HhX)− µ

2
u(X)GY − µ

2
v(X)HY−

−1

2
σ(X)[JY − u(Y )V + v(Y )U ].

The (1, 1)-tensor field TX is skew-symmetric, i.e. g(TXY, Z) + g(Y, TXZ) = 0, which is
equivalent to (3.3.1).

Next we prove that the tensor field T defined above satisfies also all relations (3.3.2)-(3.3.7)
and hence the complex (κ, µ)-space (M,u, v, U, V,G,H, g) with κ < 1 is a locally homogeneous
complex contact metric manifold. We show one of these, the rest being similar.
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For horizontal X, we have GX, hX, GhX horizontal. Then, since u(U) = v(V ) = 1,
u(V ) = v(U) = 0 and JU = −V , for horizontal X it follows that

∇̃XU = ∇XU − TXU = −GX −GhX + σ(X)V−

−[g(GX,U) + (GhX,U)]U − [g(HX,U) + g(HhX,U)]V+

+u(U)(GX +GhX) + v(U)(HX +HhX)+

+
µ

2
u(X)GU +

µ

2
v(X)HU+

+
1

2
σ(X)(JU − u(U)V − v(U)U) =

= −GX −GhX +GX +GhX + σ(X)V − σ(X)V = 0.

For X = U and X = V we have, respectively:

∇̃UU = ∇UU − TUU = σ(U)V +
1

2
σ(U)(JU − u(U)V − v(U)U) = σ(U)V − σ(U)V = 0,

∇̃VU = ∇VU − TVU = σ(V )V +
1

2
σ(V )(JU − u(U)V − v(U)U) = σ(V )V − σ(V )V = 0.

Therefore, we have the following results.

Theorem 3.3.1. [35] A complex (κ, µ)-space (M,u, v, U, V,G,H, g) with κ < 1 has a
homogeneous structure. Therefore, a complex (κ, µ)-space M with κ < 1 is lo-
cally homogeneous. Moreover, if M is complete, connected and simply connected
manifold, the complex (κ, µ)-space (κ < 1) M is homogeneous.

Theorem 3.3.2. [35] A complex (κ, µ)-space (M,u, v, U, V,G,H, g) with κ < 1 is a
locally homogeneous complex contact metric manifold.

Definition. A complex contact metric manifold is GH-locally symmetric if the reflections
in the integral submanifolds of the vertical subbundle are isometries.

The name ”GH” was inspired by the defintion of a GH-plane section and of a GH-sectional
curvature of a GH-plane section (see Section 12.4 from [30] and [172]).

Theorem 3.3.3. [35] A complex (k, µ)-space has either k = 1 or is GH-locally sym-
metric.

Proof. That the integral submanifolds of V are totally geodesic follows immediately from
(3.1.16) and (3.1.17).

Next we verify i), iii) and ii) of theorem of Chen and Vanhecke [99] (see Section 3.2) for
r = 0.

i) This follows immediately from theorem of Korkmaz [172] (see Section 3.1), becauseX ∈ H
implies GX,HX ∈ H and then the inner product with U and V vanish.

iii) We have

g((∇XR)(X,U)X,U) = Xg(R(X,U)X,U)− g(R(X,U)X,∇XU)−
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−g(R(∇XX,U)X,U)− g(R(X,∇XU)X,U)− g(R(X,U)∇XX,U) =

= −Xg(R(U,X)X,U)− 2R(X,U,X,∇XX)− 2R(∇XX,U,X,U).

By applying (3.1.27), the first term is

Xg(R(U,X)X,U) = Xg(k[g(X,X)U − u(X)X] + µ[g(hX,X)U − u(X)hX]+

+(k − µ)[g(X, JX)V + v(X)JX + 2v(X)JX] + (4k − 3µ)v(X)[u(X)V − v(X)U ], U) =

= Xg(kU + µg(hX,X)U,U) = X(k + µg(hX,X)) = µXg(hX,X).

The second term is zero, because applying (3.1.16) and (3.1.27):

R(X,U,X,∇XU) = −R(U,X,X,−GX −GhX + σ(X)V ) =

= g(R(U,X)X,GX) + g(R(U,X)X,GhX)− σ(X)g(R(U,X)X,V ) = 0.

Using (3.1.18), the third term gives

2R(∇XX,U,X,U) = −2g(R(X,U)U,∇XX) = −2g(kX + µhX,∇XX).

It follows that (see (3.1.29))

g((∇XR)(X,U)X,U) = µXg(hX,X)− 2kg(X,∇XX)− 2µg(hX,∇XX) =

= µ[g(∇XhX,X)− g(hX,∇XX] = µg((∇Xh)X,X) = 0.

The cases g((∇XR)(X,V )X,V ) = 0 and g((∇XR)(X,U)X,V ) = 0 follow in a similar
manner.

To verify ii) we use the formulas from the same theorem of Korkmaz and take all combina-
tions for [λ] and [−λ]. We give the details for one case (for example X, Y, Z ∈ D[λ]) and the
rest are proved in a similar way. To simplify (only at this moment) we write Xλ,Yλ,Zλ simply
as X, Y, Z and use the formula (see (3.1.25))

R(X, Y )Z = (2− µ+ 2λ)[g(Y, Z)X − g(Y, JZ)JX−

−g(X,Z)Y + g(X, JZ)JY − 2g(JX, Y )JZ].

Recall that g(X, JX) = 0 and g(X,∇XX) = 0, since X is unit. It follows that

g((∇XR)(X, Y )X,Z) = Xg(R(X, Y )X,Z)− g(R(X, Y )X,∇XZ)−

−g(R(∇XX, Y )X,Z)− g(R(X,∇XY )X,Z)− g(R(X, Y )∇XX,Z) =:

=: A+B + C +D + E.

By straightforward calculations, we get

A = (2λ+ 2− µ){g(X,Z)[g(∇XX, Y ) + g(X,∇XY )] + g(X, Y )[g(∇XX,Z) + g(X,∇XZ)]−

−3g(JX,Z)[g(∇XJX, Y ) + g(JX,∇XY )]− 3g(JX, Y )[g(∇XJX,Z) + g(JX,∇XZ)]−

−[g(∇XY, Z) + g(Y,∇XZ)]},
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B = (2λ+ 2− µ){−g(X, Y )g(X,∇XZ) + 3g(JX, Y )g(JX,∇XZ) + g(Y,∇XZ},

C = (2λ+ 2− µ){−g(X, Y )g(Z,∇XX) + g(X, JY )g(JZ,∇XX)−

−g(Z, JY )g(JX,∇XX) + 2g(JZ,X)g(JY,∇XX)},

D = (2λ+ 2− µ){g(Z,∇XY )− 3g(X, JZ)g(JZ,∇XY )− g(X,Z)g(X,∇XY )},

E = (2λ+ 2− µ){−g(Y, JZ)g(JX,∇XX)− g(X,Z)g(Y,∇XX)+

+g(X, JZ)g(JY,∇XX)− 2g(JX, Y )g(JZ,∇XX)}.

Then A+B+C+D+E = 0, so we have proved that ii) occurs for r = 0 and X, Y, Z ∈ D[λ].

Next, by using the fact that the formulas (3.1.16), (3.1.17) and (3.1.29)-(3.1.35) imply
that all covariant derivatives of the curvature tensor will again involve factors of u(X), v(X),
σ(X), g(X, Y ), g(JX, Y ), g(GX, Y ), g(HX, Y ), g(hX, Y ), g(JhX, Y ), g(GhX, Y ), g(HhX, Y )
(similar arguments as in Lemma 7 and proof of Theorem 1 from [37]), it follows that the
conditions i), ii) and iii) from Theorem of Chen and Vanhecke [99] also occur for all r = 1, 2, ....
This proves Theorem 3.2.3.



162 Habilitation Thesis Adela MIHAI



(B-ii) The evolution and development
plans for career development

Chapter 4
Discussions and Further Developments

The research areas in which I contributed are, at this moment, very active in the field of
differential geometry.

In the previous chapters, I widely presented the topics we developed. In the two final
annexes I gave examples of related results.

The total number of the original papers, as single author or written in the collaboration,
is 69. In the Bibliography I have also mentioned the accepted papers (see [16], [223]). The
citations number of whole work is over 200.

I shall enumerate further directions of study, some of them as a natural prolongation of
our research, but also new topics, for example fractional differential geometry or link between
differential geometry and knot theory.

In Chapter 1, I presented the original results obtained in the theory of Chen invariants
for different types of submanifolds, including statistical submanifolds and warped product sub-
manifolds.

1.1. I propose to continue with the study of the invariant δ(2, 2). Among Chen invari-
ants, δ(2, 2) is a special one. There are only few papers on it:

B.Y. Chen, A. Prieto-Martin, Classification of Lagrangian submanifolds in complex space
forms satisfying a basic equality involving δ(2, 2), Diff. Geom. Appl. 30 (2012), 107-123.

B.Y. Chen, A. Prieto-Martin, X. Wang, Lagrangian submanifolds in complex space forms
satisfying an improved equality involving δ(2, 2), Publ. Math. Debrecen 82 (2013), 193-217.

The subject can be developed and promises interesting results on different types of subman-
ifolds.

1.2. Another direction is the study of statistical manifolds and, moreover, to define
submanifolds of Hessian manifolds and work on them. To remark that the papers on
statistical submanifolds are very few in the literature and in the same time my joint articles
on statistical submanifolds (see [17], [18]) already received 6 citations, even they are published
recently, in 2015 and 2017, respectively.
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The main monograph on Hessian manifolds was written by H. Shima [The Geometry of
Hessian Structures, World Sci. 2007]. As Shima remarked in the Preface, for flat manifolds it
is natural to pose the following fundamental problem: Among the many Riemannian metrics
that may exist on a flat manifold, which metrics are the most compatible with the flat structure?

Both Hessian and Kaehlerian metrics are similarly expressed by Hessian forms, they differ
by being real or complex. Chern and Yau called Hessian metrics by affine Kaehler metrics.

A Hessian manifold is a particular case of a statistical manifold, but it has more interesting
geometric properties. I shall use the concepts presented in the above mentioned book (as the
definition of curvature for Hessian structure, Hessian sectional curvature, etc.).

As references for this proposal I also consider the recent articles:
B. Opozda, Bochner’s technique for statistical structures, Ann. Global Anal. Geom. 48

(2015), 357-395.
B. Opozda, A sectional curvature for statistical structures, Linear Algebra Appl. 497 (2016),

134-161.

In Chapter 2 I presented original results on structures in pseudo-Riemannian geometry,
based mainly on the papers jointly written with Radu Rosca, one of the worldwide known
specialists on this subject. More precisely, I obtained results on distinguished vector fields
on pseudo-Riemannian manifolds, special vector fields on almost contact manifolds, skew-
symmetric Killing vector fields on Lorentzian manifolds and Einstein space-time manifolds;
also, as applications, I studied localized induction equations in the pseudo-Galilean spaces or
translation hypersurfaces in Euclidean space. A recent paper on this topics, jointly written
with I. Mihai [207], was published in the prestigious J. Geom. Phys. in 2013 and received 10
citations.

2.1. My proposed research directions, related to Chapter 2, will start from the following
papers, presented below in chronological order:

[1] B.Y. Chen, S. Deshmukh, Ricci solitons and concurrent vector fields, Balkan J. Geom.
Appl. 20(6) (2015), 14-25.

[2] B.Y. Chen, Some results on concircular vector fields and their applications to Ricci
solitons, Bull. Korean Math. Soc. 52(5) (2015), 1535-1547.

[3] B.Y. Chen, A survey on Ricci solitons on Riemannian submanifolds, Chapter in Recent
Advances in the Geometry of Submanifolds, American Math. Soc., 2016, Eds.: B.D. Suceava,
A. Carriazo, Y.M. Oh, J. Van der Veken, 27-39.

[4] B.Y. Chen, L. Verstraelen, A link between torse-forming vector fields and rotational
hypersurfaces, Intern. J. Geometric Meth. in Modern Physics (2017),
https://doi.org/10.1142/S0219887817501778, to appear.

[5] B.Y. Chen, Rectifying submanifolds of Riemannian manifolds and torqued vector fields,
Kragujevac J. Math. 41(1) (2017), 93-103.

[6] B.Y. Chen, Classification of torqued vector fields and its applications to Ricci solitons,
Kragujevac J. Math. 41(2) (2017), 239-250.

As Chen explained in his chapter from the AMS volume (see [3] from above), a Riemannian
manifold (M, g) is said to be a Ricci solitonif it admits a smooth vector field ξ satisfying the
following Ricci soliton equation: (1/2)Lξg + Ric = λg, where Lξg denotes the Lie-derivative
of the metric tensor g with respect to ξ, Ric is the Ricci tensor and λ is a constant. Compact



Habilitation Thesis Adela MIHAI 165

Ricci solitons are the fixed points of the Ricci flow projected from the space of metrics onto
its quotient modulo diffeomorphisms and scalings, and often arise as blow-up limits for the
Ricci flow on compact manifolds. Further, Ricci solitons model the formation of singularities
in the Ricci flow and they correspond to self-similar solutions. Chen’s chapter represents a
survey article on recent results on Ricci solitons which occur naturally on certain Riemannian
submanifolds. In addition, recent criterions of trivial compact shrinking Ricci solitons via
Poisson’s equation are presented.

Also, Chen and Deshmukh, in their paper from Balkan J. Geom. Appl. (see [1] from
above), define a Ricci soliton (M, g, v, λ), with v a concurrent potential field. They classified
Ricci solitons with concurrent potential fields and derived a necessary and sufficient condition
for a submanifold to be a Ricci soliton in a Riemannian manifold equipped with a concurrent
vector field. In the last part, they completely classified shrinking Ricci solitons with λ = 1 on
Euclidean hypersurfaces and also several applications are presented.

In this paper, articles of A. Mihai, I. Mihai and R. Rosca are cited ([220], [207]).

By combining the known results about Ricci solitons and our research expertise on special
fields in pseudo-Riemannian geometry, we will focus on getting results on Ricci solitons
related to other special vector fields.

2.2. Another proposed direction for further studies is on isotropic spaces in the sense
of Rosca. In the book of R. Rosca [Pseudo-Isotropic and Isotropic Manifolds included into a
Relativistic Manifold (in Romanian), Ed. Academiei, 1972] the general formulae corresponding
to the 3 types of ortonormalized frames from relativity are reminded and their applications are
presented. Many kinds of isotropic and pseudo-isotropic submanifolds in a symplectic manifold
are studied, as well as pseudo-isotropic hypersurfaces in a Minkowski space.

Such topics are very important, especially for their applications in relativity or physics,
but not enough developed. By taking the advantage of having these manifolds well presented,
we intend to work with them as warped products and get interesting applications from their
properties.

Chapter 3 of the Thesis deals with complex contact geometry and is based on the papers
written in collaboration with David E. Blair.

I note that I already initiated discussions with B. Foreman, a well-known specialist in
complex contact geometry, and agreed to work together and develop the following subjects
(3.1-3.4), by involving Master and Ph.D. students.

The study of submanifolds of Kaehler and Sasakian manifolds has yielded some very deep
results in the past half-century. The study of submanifolds of complex contact manifolds,
though, is rife with open questions.

There has been some work on submanifolds of complex contact manifolds. However, these
results have usually been localized to specific complex contact manifolds. In 1982, R. Bryant
[Conformal and minimal immersions of compact surfaces into 4-sphere, J. Diff. Geom. 17
(1982), 455-473] showed that any Riemann surface can be embedded in S4 as a holomorphic
Legendrian curve. In 1996, Blair et al. [Calabi curves as holomorphic Legendre curves and
Chen’s inequality, Kyungpook Math. J. 35 (1996), 407-416] studied the existence of Calabi
curves embedded as holomorphic Legendrian curves in complex projective space; and in 1998,
C. Baikoussis, D.E. Blair and T. Koufogiorgos [Integral submanifolds of Sasakian space forms
M7(k), Results Math. 27 (1995), 207-226] characterized the holomorphic Legendrian curves
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of the complex Heisenberg group. Furthermore, in 2000, J.A. Galvez, A. Martinez and F.
Milan [Flat surfaces in the hyperbolic 3-space, Math. Annalen 316 (2000), 419-435] found a
geometric characterization of holomorphic Legendrian curves in Sl(2,C). And a few years later
in 2012, Martin, Umehara and Yamada [Calabi-Yau problem for Legendrian curves in C3 and
applications, arXiv.org] attempted, but were unable to succeed in determining which complete
Legendrian surfaces exist in S3 .

One of the only systematic and general approaches to submanifolds of complex contact ge-
ometry was taken by Merkulov in 1997 (see [S.A. Merkulov, Existence and geometry of Legendre
moduli spaces, Math. Z. 226 (1997), 211-265]), where he proved the existence of complete and
maximal analytic families of compact Legendrian submanifolds within certain complex contact
manifolds.

A general theory of submanifolds of complex contact manifolds needs to be de-
veloped. Specifically, we should work on the curvature equations of submanifolds of normal
(and where possible, general) complex contact manifolds. Particular submanifolds of impor-
tance would be totally real, Legendrian submanifolds and isotopic submanifolds. Attention has
usually been paid to the submanifolds with the smallest possible dimension (namely, Legendrian
curves). We should look on the other hand at the largest possible dimension of Legendrian sub-
manifolds. Does the curvature of a normal complex contact manifold affect the largest possible
Legendrian submanifold within in? Even more specifically, we should investigate the restric-
tion as to which Riemann surfaces can be embedded in a given complex contact manifold as
complete Legendrian curves.

This research plan can be divided in several directions (objectives):

3.1. We shall start looking at a specific and significant normal complex contact
manifold first, such as complex projective space, and then work towards generalizations.
The questions we would ask would be:

- What are the possible dimensions of the Legendrian submanifolds?
- Which Riemann surfaces admit Legendrian embeddings?
- Which surfaces admit totally real embeddings?
- Can any of the above be classified effectively within the given manifold?
Then the main steps will be:
- Development of general structure equations for various categories of submanifolds.
- Applications of general structure equations to important cases, as: 3-dimensional normal

complex contact manifolds; CP 2n+1; with constant GH-sectional curvature < 3; strict, normal
complex contact manifolds.

3.2. At the presentation given in Osaka (2012), I considered invariant and anti-invariant
submanifolds of a (normal) complex contact manifolds. After giving good definitions, some basic
properties were studied. An open problem was formulated, more exactly, to find examples of
such submanifolds and state good properties for them, for example curvature properties.

A complex contact space form can be defined and studied and we plan to derive geometric
inequalities for such submanifolds in complex contact space forms, giving then answers
to an important problem of the submanifold theory.

In this part we also plan to consider in complex contact settings an analogue of n-Sasakian
manifolds (see O. Dearricott [Lectures on n-Sasakian Manifolds, in Geometry of Manifolds with
Non-negative Sectional Curvature, Lecture Notes Math. 2110, Springer, 2014].



Habilitation Thesis Adela MIHAI 167

Besides the already mentioned books and papers, we suggest as references few papers of B.
Foreman:

B. Foreman, K-contact Lie groups of dimension five or greater, Kodai Math. J. 34(1)
(2011), 79-84.

B. Foreman, Discrete groups and the complex contact geometry of Sl(2,C), Trans. American
Math. Soc. 362 (2010), 4191-4200.

B. Foreman, Ghys’s Theorem and semi-osculating conics of planar curves, American Math.
Monthly 114 (2007), no, 4, 351-356.

B. Foreman, Complex contact Lie groups and generalized Heisenberg groups, Diff. Geometry
Appl. 24 (2006), 351-367.

B. Foreman, Conjugacy invariants of Sl(2,H), Linear Algebra Appl. 381 (2004), 25-35.
B. Foreman, Curvature characterizations of twistor spaces over four-dimensional Rieman-

nian manifolds, Kodai Math. J. 25 (2002), 167-190.
B. Foreman, Decompositions and the complex contact structures of Sl(2,C), Kyungpook

Math. J. 42(2) (2002), 351-367.
B. Foreman, Boothby-Wang fibrations on complex contact manifolds, Diff. Geom. Appl. 13

(2000), 179-196.
B. Foreman, Complex contact manifolds and hyperkaehler geometry, Kodai Math. J.l 23

(2000), 12-26.
B. Foreman, Three-dimensional complex homogeneous complex contact manifolds, Balkan J.

Geom. Appl. 4 (1999), 53-67.

3.3. We propose the study of Legendrian submanifolds of Sl(2,C). We shall be look-
ing for the technique of embedding any compact Riemann surface as a Legendrian holomorphic
curve in CP 3 can be extended to Legendrian curves in Sl(2,C); more precisely, to immerse the
Riemann surface minus a finite number of points into Sl(2,C) as a Legendrian curve, since, of
course, Sl(2,C), being an affine variety, cannot contain any compact Riemann surfaces.

3.4. On the other hand, there are in the literature many papers regarding constant angle
surfaces (also known as helix surfaces) in various (real) 3-manifolds.

Recently, B. Foreman considered Vertex-type curves in constant angle surfaces in Hyp2 ×
R [Contemporary Mathematics: Recent Advances in Submanifold Geometry, A Proceedings
Volume Dedicated to the Memory of Franki Dillen (1963-2013), American Mathematics Society,
2016, 49-57].

We shall propose a way to extend this idea to Legendrian surfaces in Sl(2,C), as, for
example: a Legendrian surface that makes a constant complex angle with one of the parallel
contact directions. From there we may be able to move to other types of submanifolds in
Sl(2,C). Our research could start from the paper of K. Scharnhorst [Angles in complex vector
spaces, Acta Appl. Math. 69 (2001), 95-103], which (according to its abstract) reviews some
of the information available in the mathematical literature on the subject of angles in complex
vector spaces. The following angles and their relations are considered: Euclidean, complex and
Hermitian angles, (Kasner’s) pseudo-angle, the Kaehler angle (synonyms for the latter used in
the literature are angle of inclination, characteristic deviation, holomorphic deviation, holomor-
phy angle, Wirtinger angle, slant angle). So, we can start for looking at complex surfaces of the
complex Heisenberg space whose normal holomorphic vector forms a constant angle with the
vertical holomorphic vector of the complex contact structure. Blair and Baikoussis and others
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basically classified all of the Legendrian complex curves of this space a few years. So, this is a
nice intersection of constant angle geometry and complex normal geometry.

Next, I present research directions in which I intend to work, apart of the subjects
mentioned above and separated from the Thesis’ chapters.

I. I have been awarded with a DAAD fellowship at Institute of Mathematics, Technical
University of Berlin, in 2015. The host professor at TU Berlin was Prof. Udo Simon, one of
the most known specialists in the world in affine differential geometry.

A joint paper with U. Simon was accepted for publication in Colloq. Math. ([223]) and
studies Curvature symmetries characterizing Einstein spaces. From the main result of this
paper, which extends the well known results of Singer-Thorpe [The curvature of 4-dimensional
Einstein spaces, Global Analysis (Papers in Honor of K. Kodaira), Univ. Tokyo Press, Tokyo
1969, 355-365] and B.-Y. Chen, F. Dillen, L. Verstraelen, L. Vrancken [Characterizations of
Riemannian space forms, Einstein spaces and conformally flat spaces, Proc. AMS 128 (2000),
589-598], we envisage to obtain new results on Einstein manifolds.

II. By following the monograpf of A.-M. Li, U. Simon, G. Zhao, Z. Hu [Global Affine
Differential Geometry of Hypersurfaces, De Gruyter Expositions in Mathematics 11, 2015], I
have published a note [A. Mihai, D. Tudor, Affine surfaces in R4 and R5. Laplace operator
and corresponding Beltrami formulae, Proc. Math. Educational Symp., Dept. Math. Comp.
Sci., Technical University of Civil Engineering, Bucharest, 2015, pp. 122-126].

I intend to continue the study of affine surfaces in R4 and R5.

For example, to consider affine surfaces of Nomizu-Vrancken type in R4, under the assump-
tions that the metrics g and g⊥ are parallel. Such surfaces are flat and have constant affine
mean curvature. Then to define the normal Gauss curvature and look for the Wintgen inequal-
ity in a non-trivial case. Also, under a new almost complex structure of R4 the surface becomes
Kaehlerian slant in the sense of Chen. My conjecture is that the parallel complex structure is
unique (up to the sign). For affine surfaces in R5 with zero cubic form and Ricci tensor of rank
two, we will investigate the Wintgen inequality.

As references for this proposal I mention:
[1] F. Decruyenaere, F. Dillen, L. Vrancken, L. Verstraelen, Affine surfaces in R5, Internat.

J. Math. 5 (1994), 657-679.
[2] F. Decruyenaere, F. Dillen, L. Vrancken, L. Verstraelen, Affine differential geometry for

surfaces in codimension one, two and three, Geometry and Topology of Submanifolds VI, World
Sci. 1994, 82-90.

[3] I.V. Guadalupe, L. Rodriguez, Normal curvature of surfaces in space forms, Pacific J.
Math. 106 (1983), 95-103.

[4] J. Li, Harmonic surfaces in affine 4-space, Int. J. Math. 10(6) (1999), 763-771.
[5] M. Magid, C. Scharlach, L. Verstraelen, Affine umbilical surfaces in R4, Manuscripta

Math. 88 (1995), 275-289.
[6] M. Magid, L. Vrancken, Totally real affine surfaces in R4, Geometry and Topology of

Submanifolds VIII, World Sci. 1996, 257-264.
[7] M. Magid, L. Vrancken, Affine surfaces in R5 with zero cubic form, Diff. Geom. Appl.

14 (2001), 125-136.
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[8] K. Nomizu, L. Vrancken, Affine Differential Geometry. Geometry of Affine Immersions,
Cambridge Univ. Press 1994.

[9] K. Nomizu, L. Vrancken, A new equiaffine theory for surfaces in R4, Internat. J. Math.
4 (1993), 127-165.

[10] P. Wintgen, Sur l’inegalité de Chen-Wilmore, C.R. Acad. Sci. Paris. Ser. A-B 288
(1979), A993-A995.

III. The field of fractional calculus and fractional differential equations became very active in
the last years, having many important and interesting applications in other areas. Calculus with
derivatives and integrals of fractional order is applied in Lagrange and Hamilton mechanics and
dynamical models, fractal and chaotic, dynamics, quantum mechanics, kinetic theories, plasma
physics and astrophysics and cosmology etc.

Beside the classical monographs:

K. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential
Equations, Wiley-Intersci. Publ. 1993;

I. Podlubny, An Introduction to Fractional Derivatives, Fractional Differential Equations,
Some Methods of Their Solution and Some of their Applications, Academic Press 1999,
there is some work on this topic with applications in geometry:

K. Lazopoulos, A. Lazopoulos, Fractional differential geometry of curves and surfaces,
Progr. Fract. differ. Appl. 2(3) (2016), 169-186.

S. Vacaru, Fractional dynamics from Einstein gravity, general solutions, and black holes,
arXiv:1004.0628v1.

I intend to study special curves in fractional differential geometry, by defining and
study their properties and similarly for special surfaces.

IV. Knot theory is a branch of the geometry of 3 dimensions. Since three dimensions is the
limit of what is usually perceived intuitively, this is the convenient ambient space to explain
the concepts.

The following definitions which I shortly recall are well known (see, for example: [K. Mura-
sugi, Knot Theory and Its Applications, Springer 1996] or
[https://en.wikipedia.org/wiki/Link (knot theory)]).

A knot is an embedding of a circle in a 3-dimensional Euclidean space E3, considered up to
continuous deformations (isotopies). A crucial difference between the standard mathematical
and conventional notions of a knot is that mathematical knots are closed, there are no ends
to tie or untie on a mathematical knot. Physical properties such as friction and thickness also
do not apply, although there are mathematical definitions of a knot that take such properties
into account. The term knot is also applied to embeddings of Sj in Sn, especially in the case
j = n− 2.

A link is a collection of knots which do not intersect, but which may be linked (or knotted)
together. A knot can be described as a link with one component. Links and knots are studied
in the branch of mathematics called knot theory. For example, a co-dimension two link in a
3-dimensional space is a subspace of the 3-dimensional Euclidean space (or often the 3-sphere)
whose connected components are homeomorphic to circles. The simplest nontrivial example of
a link with more than one component is called the Hopf link, which consists of two circles (or
unknots) linked together once.
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Frequently the word link is used to describe any submanifold of the sphere Sn diffeomorphic
to a disjoint union of a finite number of spheres, Sj.

Generally, a link is essentially the same as a knot: the context is that one has a submanifold
M of a manifold N (considered to be trivially embedded) and a non-trivial embedding of M
in N , non-trivial in the sense that the 2-nd embedding is not isotopic to the 1-st. If M is
disconnected, the embedding is called a link (or said to be linked). If M is connected, it is
called a knot.

I identified several research directions, which are stated next:

IV.1. In [Mathematisches Forschungsinstitut Oberwolfach, Report No. 22/2013,
DOI: 10.4171/OWR/2013/22, Geometric Knot Theory, 28 April – 4 May 2013] the following
ideas are presented:

Classically, knot theory uses topological methods to classify knot and link types, for instance
by considering their complements in the three-sphere. But in recent decades there has been
increasing interest in connecting these topological knot types with geometric properties of the
various space curves representing them, and in finding optimal geometric shapes for a given
knot type by minimizing various energy functionals. To find an optimal shape for a given knot,
one usually minimizes some geometric energy.

Integral Menger curvature and its interpolating relatives have successfully been generalized
to submanifolds of arbitrary dimension and co-dimension in Euclidean spaces, which opens up
the search for corresponding results in the context of higher dimensional (knotted) submanifolds,
such as finiteness of isotopy types with bounds on integral Menger curvature and regularity
theorems for finite or minimal energy submanifolds.

Practically, the theory of knots and links studies one-dimensional submanifolds of E3. These
are often described as loops of string, or rope, with their ends glued together. Real ropes however
are not one-dimensional, but have a positive thickness and a finite length. Indeed, most physical
applications of knot theory are related more closely to the theory of knots of fixed thickness
and length than to classical knot theory. For example, biologists are interested in curves of
fixed thickness and length as a model for DNA and protein molecules. In these applications the
thickness of the curve modeling the molecule plays an essential role in determining the possible
configurations.

I shall focus on the following

Open Problem [H. von der Mosel]: The Menger integral curvature Mp(γ) of a space curve
γ can be used to give upper bounds on geometric quantities like the average crossing number of
and on invariants like stick number of its knot type. One can define similar energies Mp(Σ) for
k-submanifolds in En. What are the analogous geometric quantities and topological invariants
that might be bounded in terms of Mp(Σ)?

IV.2. The theory of 3-manifolds has remarkable progress, with the solution of many key
conjectures, for example, the Poincaré conjecture. This leads to the conclusion that the related
field of knot theory might be devoid of interesting unsolved problems.

As references, we propose:

[1] G. Perelman, The entropy formula for the Ricci flow and its geometric applications,
preprint, arxiv:math.DG/0211159

[2] G. Perelman, Ricci flow with surgery on three-manifolds, preprint, arxiv:math.DG/0303109
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[3] G. Perelman, Finite extinction time for the solutions to the Ricci flow on certain three-
manifolds, preprint, arxiv:math.DG/0307245

For details, see [https://arxiv.org/pdf/1604.03778.pdf].

The paper [207] has many citations (over 10 on google scholar), proving my expertize in
the field. Many of these citing papers are focussed on Ricci solitons and also on some special
classes of 3-manifolds.

IV.3. An interesting paper relating differential geometry and knot theory belongs to Lee
Rudolf, [Knot theory of complex plane curves, https://arxiv.org/abs/math/0411115]:

The knot theory of complex plane curves is attractive not only for its own internal results,
but also for its intriguing relationships and interesting contributions elsewhere in mathemat-
ics. Within low-dimensional topology, related subjects include braids, concordance, polynomial
invariants, contact geometry, fibered links and open books, and Lefschetz pencils. Within low-
dimensional algebraic and analytic geometry, related subjects include embeddings and immer-
sions of the complex line in the complex plane, line arrangements, Stein surfaces, and Hilbert’s
16th problem. There is even some experimental evidence that nature favors quasipositive knots.

I propose to extend this study by involving complex contact low-dimensional
manifolds, more precisely starting from the holomorphic Legendre curves.

IV.4. Another relation between the 2 research fields is given by the notion of a Legendrian
knot. Details are given in the K. Honda’s, Notes for Math 599: Contact Geometry
(http://www.math.ucla.edu/ honda/math599/notes.pdf).

I shall extend this study in the context of complex contact geometry, by adapting
the definitions.

The link between differential geometry and knot theory, divided into 4 directions itself,
represents a very recent proposed project, entitled Differential Geometry of Submanifolds To-
wards Knot Theory, submitted for a Japan Society Promotion of Science Program, having as
co-worker a specialist in knot theory, Professor Yoshiaki Uchida, from Kobe Pharmaceutical
University, Japan.

Finally, we consider that the new proposed directions of research will be of interest and
helpful for Ph. D. students to start their academic career; new results can be obtained by
working in collaboration, in such a way proving that the present Habilitation Thesis and the
Habilitation Certificate will fulfil their target.
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manifolds, Beiträge Algebra Geom. 34(2) (1993), 209-215.

[112] F. Decruyenaere, F. Dillen, I. Mihai, L. Verstraelen, Tensor products of spherical and
equivariant immersions, Bull. Belg. Math. Soc. Simon Stevin 1 (1994), 643-648.

[113] F. Defever, I. Mihai, L. Verstraelen, B.Y.Chen’s inequality for C-totally real submanifolds
in Sasakian space forms, Boll. Un. Mat. Ital. 11 (1997), 365-374.

[114] F. Defever, I. Mihai, L. Verstraelen, A class of C-totally real submanifolds of Sasakian
space forms, J. Austral. Math. Soc. 65 (1998), 120-128.

[115] F. Defever, R. Rosca, On space-time manifolds carrying a skew symmetric Killing vector
field, J. Geom. Phys. 31 (1991), 64-74.

[116] F. Defever, R. Rosca, L. Verstraelen, On null Killing vector fields, Riv. Mat. Univ. Parma
5 (1992), 239-253.

[117] S. Deng, An improved Chen-Ricci inequality, Int. Electron. J. Geom. 2 (2009), 39-45.



180 Habilitation Thesis Adela MIHAI

[118] S. Deng, Improved Chen-Ricci inequality for Lagrangian submanifolds in quaternion space
forms, Int. Electron. J. Geom. 5 (2012), 163-170.
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Math. Zeitschr. 21 (1924), 211-223.

[138] H. Furuhata, Hypersurfaces in statistical manifolds, Diff. Geom. Appl. 27 (2009), 420-429.

[139] H. Furuhata, Statistical hypersurfaces in the space of Hessian curvature zero, Diff. Geom.
Appl. 29 (2011), 586-590.

[140] J. Ge, Z. Tang, A proof of the DDVV conjecture and its equality case, Pacific J. Math.
237 (2008), 87-95.

[141] B. Gmira, L. Verstraelen, A curvature inequality for Riemannian submanifolds in a semi-
Riemannian space forms, Geometry and Topology of Submanifolds, IX, World Sci., 148-
159, 1999.

[142] W. Goemans, I. Van de Woestyne, Translation and homothetical lightlike hypersurfaces
of semi-Euclidean space, Kuwait J. Sci. Eng. 38(2A) (2011), 35-42.

[143] W. Goemans, I. Van de Woestyne, On flat tensor product surfaces, in: Riemannian
Geometry and Applications, Proceedings RIGA 2011, A. Mihai, I. Mihai (Eds.), Editura
Univ. Bucharest, 2011, 163-172.

[144] W. Goemans, I. Van de Woestyne, L. Vrancken, Minimal tensor product surfaces of two
pseudo-Euclidean curves, Balkan J. Geom. Appl. 16(2) (2011), 62-69.

[145] S. Goldberg, Curvature and Homology, Academic Press, New York, 1962.

[146] V.V. Goldberg, R. Rosca, Contact coisotropic CR-submanifolds of a pseudo-Sasakian
manifold, Internat. J. Math. Math. Sci. 7 (1984), 211-220.

[147] V.V. Goldberg, R. Rosca, Spatial submanifolds with orthogonal quasi-concurrent mean
curvature of a hyperbolic manifold structured by a principal connection, Tensor N.S. 41
(1984), 56-58.

[148] V.V. Goldberg, R. Rosca, Almost conformal 2-cosymplectic pseudo-Sasakian manifolds,
Note Mat. 8 (1988), 123-140.

[149] A. Gray, Modern Differential Geometry of Curves and Surfaces with Mathematica, CRC
Press LLC, 1998.

[150] I.V. Guadalupe, L. Rodriguez, Normal curvature of surfaces in space forms, Pacific J.
Math. 106(1983), 95-103.
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Paris 298, Série I, 7 (1984), 149-151.

[281] R. Rosca, Variétés neutres M̃ admittant une structure conforme symplectique et feuil-
letage coisotrope, C.R. Acad. Sci. Paris 300, Série I, no.18 (1985), 631-634.

[282] R. Rosca, Exterior concurrent vector fields on a conformal cosymplectic manifold endowed
with a Sasakian structure, Libertas Math. 6 (1986), 167-174.

[283] R. Rosca, On conformal cosymplectic quasi-Sasakian manifolds, Giornate di Geometria,
Univ. Messina, 1988.

[284] R. Rosca, On para Sasakian manifolds, Rend. Sem. Messina 1 (1991), 201-216.

[285] R. Rosca, On exterior concurrent skew symmetric Killing vector field, Rend. Sem. Mat.
Messina 2 (1993), 131-145.

[286] R. Rosca, On Lorentzian manifolds, Atti Acad. Peloritana Pericolanti 69 (1993), 15-30.



190 Habilitation Thesis Adela MIHAI

[287] R. Rosca, On K-left invariant almost contact 3-structure, Results Math. 27 (1995), 117-
128.

[288] B. Rouxel, A-submanifolds in Euclidean space, Kodai Math. J. 4 (1981), 181-188.

[289] B. Rouxel, Sur une famille des A-surfaces d’un espace Euclidien E4, Österreischer Math-
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Abstract. We determine the flat tensor product surfaces of two curves in pseudo-
Euclidean spaces of arbitrary dimensions.

1. Introduction. In [2] B. Y. Chen defined the tensor product of two
immersions of a Riemannian manifold and started its study. In [4] the au-
thors examined the tensor products of two immersions of, in general, dif-
ferent manifolds. I. Mihai and L. Verstraelen [15] gave an overview of the
origins of the study of tensor products of submanifolds.

As a particular case, the tensor product of two curves results in a tensor
product surface. Taking into account some curvature conditions and char-
acterizations, many authors studied this topic.

In [11], minimal, totally real, complex, slant and pseudo-umbilical ten-
sor product surfaces of two Euclidean planar curves are studied (see also
[10] and [9]). Classification theorems for minimal, totally real and pseudo-
minimal tensor product surfaces of two Lorentzian planar curves are given
in [14]. Minimal and pseudo-minimal tensor product surfaces of a Lorentzian
planar curve and a Euclidean planar curve are studied in [13].

Recently, in [1] and [6], the authors generalized previous results on mini-
mal tensor product surfaces; classification theorems for minimal tensor prod-
uct surfaces of two curves in Euclidean and pseudo-Euclidean spaces, respec-
tively, of arbitrary dimensions were proved.

When the ambient space is a sphere, tensor products are used in [8] to
construct examples of Willmore surfaces. It is proved that a surface in a
unit sphere which is a tensor product immersion of two curves is flat.

To relate this topic to another interesting topic in differential geometry,
submanifolds of finite type, we mention that flat tensor product surfaces of
two curves of finite type on a unit sphere are surfaces of finite type [3].
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Besides the minimality condition, an interesting curvature condition for
a surface is the vanishing of the Gaussian curvature, that is, one wants to
determine under which conditions the surface is flat. In [12] a classification of
flat tensor product surfaces of two Euclidean planar curves in 4-dimensional
Euclidean space is proved.

In [5], the authors classified flat tensor product surfaces of two pseudo-
Euclidean planar curves and also gave examples of flat tensor product sur-
faces in higher dimensional pseudo-Euclidean spaces.

In the present article we determine the flat tensor product surfaces in
pseudo-Euclidean spaces of arbitrary dimensions.

2. Preliminaries. In this section we shall fix the notations and recall
some known formulae which we shall use.

The Gaussian curvature of a pseudo-Riemannian surface parameterized
by f(s, t) is given by the formula of Brioschi (see [16], [5]):

K(s, t) =
1

(EG− F 2)2

×


∣∣∣∣∣∣∣∣
−1

2Ett + Fst − 1
2Gss

1
2Es −

1
2Et + Fs

Ft − 1
2Gs E F

1
2Gt F G

∣∣∣∣∣∣∣∣−
∣∣∣∣∣∣∣∣

0 1
2Et

1
2Gs

1
2Et E F
1
2Gs F G

∣∣∣∣∣∣∣∣
 ,

where E(s, t), F (s, t) and G(s, t) are the components of the induced metric
on the surface and the subscript s or t denotes differentiation with respect
to s or t, respectively.

Definition 2.1. A surface is called flat if its Gaussian curvature van-
ishes identically.

Let Emµ denote the m-dimensional pseudo-Euclidean space of index µ
with the standard flat metric g1. Analogously, denote the metric on Enν
by g2. Let G1 and G2 denote the metric matrices of Emµ and Enν respectively.
Consider the elements of Emµ and Enν as column vectors and identify Emn
with the spaceM of real valued m×n matrices. Define a metric g inM by

g(A,B) = trace(G1AG2
tB)

for A,B ∈ M, where tB denotes the transpose of B. Then (M, g) is iso-
metric to the pseudo-Euclidean space Emnρ of index ρ = µ(n−ν)+ν(m−µ).

Definition 2.2. The tensor product is defined as

⊗ : Emµ × Enν →M; (X,Y ) 7→ X ⊗ Y = X tY.

We recall the following lemma [5]:
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Lemma 2.3. If W,X ∈ Emµ and Y, Z ∈ Enν , then

g(W ⊗ Y,X ⊗ Z) = g1(W,X)g2(Y, Z).

Finally, assume that the tensor product

f(s, t) := c1(s)⊗ c2(t) = c1(s)
tc2(t)

= (c11(s)c
1
2(t), . . . , c

1
1(s)c

n
2 (t), c21(s)c

1
2(t), . . . , c

m
1 (s)cn2 (t))

of two pseudo-Euclidean curves

c1 : R→ Emµ , s 7→ c1(s) = (c11(s), . . . , c
m
1 (s)),

c2 : R→ Enν , t 7→ c2(t) = (c12(t), . . . , c
n
2 (t))

defines an immersion of R2 into M. Then

fs(s, t) =
∂f

∂s
(s, t) = ċ1(s)⊗ c2(t)

and

ft(s, t) =
∂f

∂t
(s, t) = c1(s)⊗ ċ2(t),

where the dot denotes ordinary differentiation.

By applying the previous lemma, the components of the induced metric
on the surface f(s, t) = c1(s)⊗ c2(t) are ([5])

E(s, t) = g(fs, fs) = g1(ċ1, ċ1)g2(c2, c2),

F (s, t) = g(fs, ft) = g1(c1, ċ1)g2(c2, ċ2),

G(s, t) = g(ft, ft) = g1(c1, c1)g2(ċ2, ċ2).

The position vectors of c1 and c2 cannot be null since EG−F 2 must be
non-zero in order for the surface to be non-degenerate.

3. Flat tensor product surfaces. In [5] the authors studied flat tensor
product surfaces of two pseudo-Euclidean planar curves.

We shall use the following formula expressing the flatness of a tensor
product surface, arising from the formula of Brioschi [5, (1) and (2)]):

(3.1) g1(ċ1, ċ1){g1(c1, ċ1)2 − g1(c1, c1)g1(ċ1, ċ1)}
· g2(ċ2, ċ2){g2(c2, ċ2)2 − g2(c2, c2)g2(ċ2, ċ2)}

= g1(c1, c1){g1(ċ1, ċ1)g1(c1, c̈1)− g1(c1, ċ1)g1(ċ1, c̈1)}
· g2(c2, c2){g2(ċ2, ċ2)g2(c2, c̈2)− g2(c2, ċ2)g2(ċ2, c̈2)}.

We recall the following remark from [5]:

Remark ([5]). From equation (3.1), two special cases of flat tensor prod-
uct surfaces follow directly.
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(i) Assume one of the curves c1 or c2 is a straight line through the origin.
Then the tensor product surface f(s, t) = c1(s) ⊗ c2(t) has zero Gaussian
curvature, and therefore is flat.

(ii) Assume one of the curves c1 or c2 is a null curve. For instance, if
g1(ċ1, ċ1) = 0, then also g1(ċ1, c̈1) = 0, so that equation (3.1) is satisfied.
Hence, the tensor product surface f(s, t) = c1(s)⊗ c2(t) is flat if c1 or c2 is
a null curve.

We shall now consider the general case for any m and n.
The formula (3.1) can be written as

(3.2)
g1(ċ1, ċ1){g1(c1, ċ1)2 − g1(c1, c1)g1(ċ1, ċ1)}

g1(c1, c1){g1(ċ1, ċ1)g1(c1, c̈1)− g1(c1, ċ1)g1(ċ1, c̈1)}

=
g2(c2, c2){g2(ċ2, ċ2)g2(c2, c̈2)− g2(c2, ċ2)g2(ċ2, c̈2)}

g2(ċ2, ċ2){g2(c2, ċ2)2 − g2(c2, c2)g2(ċ2, ċ2)}
.

The left hand side depends only on c1 and the right hand side depends only
on c2. It follows that both sides are constant, say equal to k, i.e.,

g1(ċ1, ċ1){g1(c1, ċ1)2 − g1(c1, c1)g1(ċ1, ċ1)}
g1(c1, c1){g1(ċ1, ċ1)g1(c1, c̈1)− g1(c1, ċ1)g1(ċ1, c̈1)}

= k,(3.3)

g2(c2, c2){g2(ċ2, ċ2)g2(c2, c̈2)− g2(c2, ċ2)g2(ċ2, c̈2)}
g2(ċ2, ċ2){g2(c2, ċ2)2 − g2(c2, c2)g2(ċ2, ċ2)}

= k.(3.4)

We shall solve the above equation according to the causal character of
c1 and c2, respectively.

I. (i) c1 is space-like, i.e. g1(ċ1, ċ1) = 1.
We denote g1(c1, c1)=r1. Then g1(c1, ċ1) = ṙ1/2 and g1(c1, ċ1) = r̈1/2−1.
Substituting in (3.3), we get

ṙ21/4− r1 = kr1(r̈1/2− 1),

or equivalently

(3.5) 2kr1r̈1 − ṙ21 − 4(k − 1) = 0.

To solve (3.5), we define

p1(y) =

y�

y0

dy√
4y + cy1/k

, c ∈ R.

Then the inverse function of p1(y) = x is a solution of (3.5).
(ii) c1 is time-like, i.e. g1(c1, c1) = −1.
We denote again g1(c1, c1) = r1. Then (3.3) becomes

−ṙ21/4 + r1 = kr1(r̈1/2− 1),

or, equivalently,

(3.6) 2kr1r̈1 + ṙ21 − 4(k + 1) = 0.
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The solution of (3.6) is the inverse function of p2(y) = x, where

p2(y) =

y�

y0

dy√
4y + cy−1/k

, c ∈ R.

Analogously, according to the causal character of c2, we have the follow-
ing cases.

II. (i) c2 is space-like, i.e. g2(ċ2, ċ2) = 1.

We denote g2(c2, c2)=r2. Then g2(c2, ċ2)= ṙ2/2 and g2(c2, c̈2)= r̈2/2−1.
Then (3.4) becomes

ṙ22/4− r2 = 1
kr2(r̈2/2− 1),

or, equivalently,

(3.7) 2
kr2r̈2 − ṙ

2
2 − 4(1/k − 1) = 0.

The solution of (3.7) is the inverse function of p3(y) = x, where

p3(y) =

y�

y0

dy√
4y + cyk

, c ∈ R.

(ii) c2 is time-like, i.e. g2(ċ2, ċ2) = −1.

We denote again g2(c2, c2) = r2. Then (3.4) becomes

−ṙ22/4 + r2 = 1
kr2(r̈2/2− 1),

or, equivalently,

(3.8) 2
kr2r̈2 + ṙ22 − 4(1/k + 1) = 0.

The solution of (3.8) is the inverse function of p4(y) = x, where

p4(y) =

y�

y0

dy√
4y + cy−k

, c ∈ R.

Summarising, we proved the following classification theorem:

Theorem 3.1. Let c1 : R → Emµ and c2 : R → Enν be two pseudo-

Euclidean curves. Then their tensor product surface c1 ⊗ c2 : R2 → Emnρ ,
where ρ = µ(n−ν)+ν(m−µ), is flat if and only if one of conditions (i)–(iii)
below holds:

(i) c1 or c2 is a straight line through the origin.
(ii) c1 or c2 is a null curve.

(iii) Either c1 is a space-like curve and r1 = g1(c1, c1) is the inverse
function of

p1(y) =

y�

y0

dy√
4y + cy1/k

, c ∈ R,
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or c1 is a time-like curve and r1 = g1(c1, c1) is the inverse function
of

p2(y) =

y�

y0

dy√
4y + cy−1/k

, c ∈ R;

and either c2 is a space-like curve and r2 = g2(c2, c2) is the inverse
function of

p3(y) =

y�

y0

dy√
4y + cyk

, c ∈ R,

or c2 is a time-like curve and r2 = g2(c2, c2) is the inverse function
of

p4(y) =

y�

y0

dy√
4y + cy−k

, c ∈ R.

Remarks. 1. The flatness condition depends only on the functions r1(s)
and r2(t) and does not depend on all components of the curves c1(s) and
c2(t).

2. For k = ±1 the functions p1, p2, p3 and p4 can be elementarily com-
puted.
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Abstract. In this paper, we derive an explicit formula for the determinant of Allen’s matrix of quasi-sum
production functions. We completely classify the quasi-sum production functions by using their Allen
determinants. Further, we give some geometric applications of Allen determinants.

1. Introduction

In economics, a production function is a mathematical expression which denotes the physical relations
between the output generated of a firm, an industry or an economy and inputs that have been used.
Explicitly, a production function is a map which has non-vanishing first derivatives defined by

f : Rn
+ −→ R+, f = f (x1, x2, ..., xn) , (1.1)

where f is the quantity of output, n is the number of inputs and x1, x2, ..., xn are the inputs. For more detailed
properties of production functions, see [4, 13, 17, 19, 20] .

A production function f is called quasi-sum if there are continuous strict monotone functions hi : R+ −→

R, i = 1, ...,n, and there exist an interval I ⊂ R of positive length and a continuous strict monotone function
F : I −→ R such that for each x = (x1, ..., xn)∈Rn

+ we have h1 (x1) + ... + h (xn) ∈ I and

f (x) = F (h1 (x1) + ... + h (xn)) . (1.2)

The justification for studying production functions of quasi-sum form is that these functions appear as
solutions of the general bisymmetry equation and they are related to the problem of consistent aggregation
[1, 7]. A quasi-sum production function is called quasi-linear if at most one of F, h1, ..., hn from (1.2) is a
nonlinear function.

The most common quantitative indices of production factor substitutability are forms of the elasticity of
substitution. R.G.D. Allen and J.R. Hicks [2] suggested two generalizations of Hicks’ original two variable
elasticity concept.

The first concept, called Hicks elasticity of substitution, is defined as follows.
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Let f (x1, ..., xn) be a production function. Then Hicks elasticity of substitution of the i−th production
variable with respect to the j−th production variable is given by

Hi j (x) = −

1
xi fi

+ 1
x j f j

fii

( fi)2 −
2 fi j

fi f j
+

f j j

( f j)2

(
x ∈Rn

+, i, j = 1, ...,n, i , j
)
, (1.3)

where fi = ∂ f/∂xi, fi j = ∂2 f/∂xi∂x j.
L. Losonczi [14] classified homogeneous production functions of 2 variables, having constant Hicks

elasticiy of substitution. Then, the classification of L. Losonczi was extended to n variables by B-Y. Chen
[6].

The second concept, investigated by R.G.D. Allen [2] and H. Uzawa [18] , is the following:
Let f be a production function. Then Allen elasticity of substitution of the i−th production variable with

respect to the j−th production variable is defined by

Ai j (x) = −
x1 f1 + x2 f2 + ... + xn fn

xix j

Di j

D
(
x = (x1, ..., xn)∈Rn

+, i, j = 1, ...,n, i , j
)
, (1.4)

where D is the determinant of the matrix

M
(

f
)

=


0 f1 ... fn−1 fn
f1 f11 ... f1n−1 f1n
...

... ...
...

...
fn−1 f1n−1 ... fn−1n−1 fn−1n
fn f1n ... fn−1n fnn


(1.5)

and Di j is the co-factor of the element fi j in the determinant D (D , 0 is assumed). M
(

f
)

is called the Allen’s
matrix and we call det

(
M

(
f
))

the Allen determinant.
It is a simple calculation to show that in case of two variables Hicks elasticity of substitution coincides

with Allen elasticity of substitution.
In this paper, we focus on the singularity of the Allen’s matrix of quasi-sum production functions, by

analogy to the Hessian Determinant Formula given by B.-Y. Chen in [10] for the composite functions of the
form:

f (x) = F (h1 (x1) + h2 (x2) + ... + hn (xn)) . (1.6)

We give an explicit formula for Allen determinant of quasi-sum production functions. We classify the
quasi-sum production functions by their Allen determinants. Further we give some geometric applications
of Allen determinants.

2. Quasi-Sum Production Functions with Allen Determinants

Allen Determinant Formula. Let f = F (h1 (x1) + h2 (x2) + ... + hn (xn)) be a quasi-sum production function
of n variables. Then the determinant of the Allen’s matrix M

(
f
)

is given by

det
(
M

(
f
))

= − (F′)n+1
n∑

j=1

h′′1 ...h
′′

j−1

(
h′j

)2
h′′j+1...h

′′

n , (2.1)

where h′j =
dh j

dx j
, h′′j =

d2h j

dx2
j
, for j = 1, ...,n, and F′ = F′ (u), for u = h1 (x1) + h2 (x2) + ... + hn (xn) .

Proof. Let f = F (h1 (x1) + h2 (x2) + ... + hn (xn)) be a twice differentiable quasi-sum production function.
First we show that the equality (2.1) is satisfied for n = 2. For this, the Allen’s matrix for the two variables
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quasi-sum production function f = F (h1 (x1) + h2 (x2)) is given by

M
(

f
)

=

 0 f1 f2
f1 f11 f12
f2 f21 f22

 , (2.2)

where fi =
∂ f
∂xi
, fi j =

∂2 f
∂xi∂x j

. Then, in our case,

fi = h′i F
′, fi j = h′i h

′

jF
′′, for i , j, and fii =

(
h′i

)2
F′′ + h′′i F′. (2.3)

So, we write the Allen’s matrix for the two variables quasi-sum production function
f = F (h1 (x1) + h2 (x2)) as follows:

M
(

f
)

=


0 h′1F′ h′2F′

h′1F′
(
h′1

)2
F′′ + h′′1 F′ h′1h′2F′′

h′2F′ h′1h′2F′′
(
h′2

)2
F′′ + h′′2 F′

 .
The determinat of M

(
f
)

is

det
(
M

(
f
))

= − (F′)3
[(

h′1
)2 (

h′′2
)

+
(
h′′1

) (
h′2

)2
]
. (2.4)

Therefore, we have formula (2.1) for n = 2.
Now, we prove the formula (2.1) by mathematical induction. Let us assume that (2.1) holds for n = k,

with n ≥ 2. We shall show that (2.1) is satisfied for n = k + 1. For n = k + 1, we have

M
(

f
)

=


0 f1 ... fk fk+1
f1 f11 ... f1k f1k+1
...

... ...
...

...
fk f1k ... fkk fkk+1

fk+1 f1k+1 ... fkk+1 fk+1k+1


, (2.5)

and then the determinant of M
(

f
)

is given by

det
(
M

(
f
))

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 h′1F′ ... h′kF′ h′k+1F′

h′1F′
(
h′1

)2
F′′ + h′′1 F′ ... h′1h′kF′′ h′1h′k+1F′′

...
... ...

...
...

h′kF′ h′1h′kF′′ ...
(
h′k

)2
F′′ + h′′k F′ h′kh′k+1F′′

h′k+1F′ h′1h′k+1F′′ ... h′kh′k+1F′′
(
h′k+1

)2
F′′ + h′′k+1F′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (2.6)

Now, we apply some elementary transformations for the determinant.
We replace the (k + 2)−th row by (k + 2)−th row minus h′k+1/h

′

k times the (k + 1)−th row; then we obtain

det
(
M

(
f
))

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 h′1F′ ... h′kF′ h′k+1F′

h′1F′
(
h′1

)2
F′′ + h′′1 F′ ... h′1h′kF′′ h′1h′k+1F′′

...
... ...

...
...

h′kF′ h′1h′kF′′ ...
(
h′k

)2
F′′ + h′′k F′ h′kh′k+1F′′

0 0 ... −
h′k+1h′′k

h′k
F′ h′′k+1F′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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=
h′k+1h′′k

h′k
F′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 h′1F′ ... h′k−1F′ h′k+1F′

h′1F′
(
h′1

)2
F′′ + h′′1 F′ ... h′1h′k−1F′′ h′1h′k+1F′′

...
... ...

...
...

h′k−1F′ h′1h′k−1F′′ ...
(
h′k−1

)2
F′′ + h′′k−1F′ h′k−1h′k+1F′′

h′kF′ h′1h′kF′′ ... h′k−1h′kF′′ h′kh′k+1F′′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+h′′k+1F′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 h′1F′ ... h′kF′ h′kF′

h′1F′
(
h′1

)2
F′′ + h′′1 F′ ... h′1h′kF′′ h′1h′kF′′

...
... ...

...
...

h′k−1F′ h′1h′k−1F′′ ...
(
h′k−1

)2
F′′ + h′′k−1F′ h′k−1h′kF′′

h′kF′ h′1h′kF′′ ... h′k−1h′kF′′
(
h′k

)2
F′′ + h′′k F′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣︸                                                                                   ︷︷                                                                                   ︸
−(F′)k ∑k

j=1 h′′1 ...h
′′

j−1

(
h′j

)2
h′′j+1...h

′′

k

= h′′k+1

− (F′)k+1
k∑

j=1

h′′1 ...h
′′

j−1

(
h′j

)2
h′′j+1...h

′′

k

 (2.7)

+
h′k+1h′′k

h′k
F′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 h′1F′ ... h′k−1F′ h′k+1F′

h′1F′
(
h′1

)2
F′′ + h′′1 F′ ... h′1h′k−1F′′ h′1h′k+1F′′

...
... ...

...
...

h′k−1F′ h′1h′k−1F′′ ...
(
h′k−1

)2
F′′ + h′′k−1F′ h′k−1h′k+1F′′

h′kF′ h′1h′kF′′ ... h′k−1h′kF′′ h′kh′k+1F′′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

The determinant from the formula (2.7) can be calculated by replacing the (k + 1)−th row by the (k + 1)−th
row minus h′k/h

′

k−1 times k−th row,

|B| not
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 h′1F′ ... h′k−1F′ h′k+1F′

h′1F′
(
h′1

)2
F′′ + h′′1 F′ ... h′1h′k−1F′′ h′1h′k+1F′′

...
... ...

...
...

h′k−1F′ h′1h′k−1F′′ ...
(
h′k−1

)2
F′′ + h′′k−1F′ h′k−1h′k+1F′′

h′kF′ h′1h′kF′′ ... h′k−1h′kF′′ h′kh′k+1F′′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
h′k+1h′′k

h′k
F′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 h′1F′ ... h′k−1F′ h′k+1F′

h′1F′
(
h′1

)2
F′′ + h′′1 F′ ... h′1h′k−1F′′ h′1h′k+1F′′

...
... ...

...
...

h′k−1F′ h′1h′k−1F′′ ...
(
h′k−1

)2
F′′ + h′′k−1F′ h′k−1h′k+1F′′

0 0 ... −
h′kh′′k−1F′

h′k−1
0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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=
h′k+1h′′k

h′k

h′kh′′k−1

h′k−1

(F′)2

·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 h′1F′ ... h′k−1F′ h′k+1F′

h′1F′
(
h′1

)2
F′′ + h′′1 F′ ... h′1h′k−1F′′ h′1h′k+1F′′

...
... ...

...
...

h′k−2F′ h′1h′k−2F′′ ...
(
h′k−2

)2
F′′ + h′′k−2F′ h′k−2h′k+1F′′

h′k−1F′ h′1h′k−1F′′ ... h′k−2h′k−1F′′ h′k−1h′k+1F′′

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

By similar calculations, we finally obtain:

|B| =
h′k+1h′′k

h′k

h′kh′′k−1

h′k−1

h′k−1h′′k−2

h′k−2

...
h′4h′′3

h′3

h′3h′′2
h′2

(F′)k−2
·

∣∣∣∣∣∣∣∣∣∣
0 h′1F′ h′k+1F′

h′1F′
(
h′1

)2
F′′ + h′′1 F′ h′1h′k+1F′′

0 −
h′2h′′1

h′1
F′ 0

∣∣∣∣∣∣∣∣∣∣ (2.8)

=
h′k+1h′′k

h′k

h′kh′′k−1

h′k−1

h′k−1h′′k−2

h′k−2

...
h′4h′′3

h′3

h′3h′′2
h′2

(F′)k−2 h′2h′′1
h′1

F′
(
−h′1h′k+1 (F′)2

)
= −h′′1 h′′2 ...h

′′

k

(
h′k+1

)2
(F′)k+1 .

From (2.7) and (2.8) , we get:

det
(
M

(
f
))

= −h′′k+1

(F′)k+1
k∑

j=1

h′′1 ...h
′′

j−1

(
h′j

)2
h′′j+1...h

′′

k

 − h′′1 h′′2 ...h
′′

k

(
h′k+1

)2
(F′)k+1

= − (F′)k+1
k+1∑
j=1

h′′1 ...h
′′

j−1

(
h′j

)2
h′′j+1...h

′′

n ,

which completes the proof.

F being strict monotone, F′ , 0; then, by the Allen Determinant Formula, it follows immediately

Corollary 2.1. The singularity of Allen’s matrix for quasi-sum production function f = F(h1 (x1) + h2 (x2) +
... + hn (xn)) depends only on the functions h1, ..., hn.

Next result completely classifies quasi-sum production functions whose Allen’s matrices are singular.

Theorem 2.2. Let f be a twice differentiable quasi-sum production function, f (x) = F(h1 (x1) + h2 (x2) + ... +
hn (xn)). Then the Allen’s matrix M

(
f
)

is singular if and only if f is one of the following forms:
(1) f = F (c1x1 + c2x2 + h3 (x3) + ... + hn (xn)) , where c1, c2 are nonzero constants and F, h3, ..., hn are strict

monotone functions;
(2) f = F

(∑n
i=1 ci ln |xi + di| + ei

)
, where ci are nonzero constans and di, ei are some constants.

Proof. Let us consider the twice differentiable quasi-sum production function given by

f = F (h1 (x1) + h2 (x2) + ... + hn (xn)) . (2.9)

Hence F, h1, ..., hn are continuous strict monotone functions. Applying the Allen Determinant Formula for
(2.9) , we get

det
(
M

(
f
))

= − (F′)n+1
n∑

j=1

h′′1 ...h
′′

j−1

(
h′j

)2
h′′j+1...h

′′

n . (2.10)
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If the Allen’s matrix M
(

f
)

is singular, then by (2.10) it follows that:

n∑
j=1

h′′1 ...h
′′

j−1

(
h′j

)2
h′′j+1...h

′′

n = 0. (2.11)

Case 1. One of the h′′1 , ..., h
′′
n vanishes. We may assume that h′′1 = 0. Hence we get from (2.11)

h′′2 ...h
′′

n = 0, (2.12)

because h′1 , 0, h1 being strict monotone. From (2.12) , we may assume h′′2 = 0 and thus we have for k = 1, 2

hk (xk) = ckxk + dk,

where ck are nonzero constants and dk are some constants. Therefore the production function takes the
form:

f = F (c1x1 + c2x2 + h3 (x3) + ... + hn (xn)) ,

where c1, c2 are nonzero constants and h3, ..., hn are strict monotone functions. This gives first part of the
theorem.

Case 2. h′′1 , ..., h
′′
n are nonzero. Then from (2.11) , by dividing with the product h′′1 , ..., h

′′
n , we write(

h′1
)2

(x1)

h′′1 (x1)
+ ... +

(
h′n

)2 (xn)
h′′n (xn)

= 0. (2. 13)

Taking partial derivative of (2.13) with respect to xi, we derive

h′i h
′′′

i(
h′′i

)2 = 2, i = 1, ...,n. (2.14)

By solving (2.14) we find hi (xi) = ci ln |xi + di|+ei,where ci are nonzero constans and di, ei are some constants.
If f has the form (1) or (2), it is easily seen that M( f ) is singular. This completes the proof.

3. An Application of Allen Determinants for Composite Functions

Theorem 3.1. Let F (u) be a twice differentiable function with F′ (u) , 0 and let

f = F

 n∑
i=1

bixci
i


be the composite of F and r (x) =

∑n
i=1 bixci

i , where bi (i = 1, ...,n) are nonzero constants. Then the Allen’s matrix
M

(
f
)

of f is singular if and only if one of the following conditions occurs:
(i) At least one of the c1, ..., cn vanishes;
(ii) At least two of c1, ..., cn are equal to one.

Proof. Under the hypothesis of theorem, we can write

hi (xi) = bixci
i , i = 1, ...,n. (3.1)

Thus the composite function f = F
(∑n

i=1 bixci
i

)
takes the form:

f = F (h1 (x1) + ... + hn (xn)) .
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From (3.1) , we have
h′i = bicixci−1

i and h′′i = bici (ci − 1) xci−2
i , i = 1, ...,n.

If we apply the Allen Determinant Formula for the composite function f = F ◦ r, then we get

det
(
M

(
f
))

= − (F′)n+1

·

n∑
j=1

{[
b1c1 (c1 − 1) xc1−2

1

]
...

[
b jc j

(
c j − 1

)
xc j−2

j

] [
b jc jx

c j−1
j

]2

·

[
b j+1c j+1

(
c j+1 − 1

)
xc j+1−2

j+1

]
...

[
bncn (cn − 1) xcn−2

n

]}
= − (F′)n+1

 n∏
k=1

bkckxck−2
k


 n∑

j=1

b j (c1 − 1) ...
(
c j−1 − 1

)
c j (c1+1 − 1) ... (cn − 1) xc j

j

 .
From the last equality, if M

(
f
)

is a singular matrix then either at least one of the c1, ..., cn is equal to zero or
at least two of the c1, ..., cn are equal to one.

The converse is easily verified.

4. Geometric Interpretations of Allen Determinants

Let Mn be a hypersurface of a Euclidean space En+1. For general references on the geometry of hyper-
surfaces see [3, 4] .

The Gauss map ν : Mn
−→ Sn+1 maps Mn to the unit hypersphere Sn of En+1. The differential dν of the

Gauss map ν is known as the shape operator or Weingarten map. Denote by TpMn the tangent space of Mn

at the point p ∈Mn. Then, for v,w ∈ TpMn, the shape operator Ap at the point p ∈Mn is defined by

1
(
Ap (v) ,w

)
= 1 (dν (v) ,w) ,

where 1 is the induced metric tensor on Mn from the Euclidean metric on En+1.
The determinant of the shape operator Ap is called the Gauss-Kronocker curvature.
Let

(
N, 1

)
be a Riemannian manifold. For more detailed properties of geometric structures on Rieman-

nian manifolds, see [12] . A Riemannian connection, also called Levi-Civita connection, on the Riemannian
manifold

(
N, 1

)
is an affine connection which is compatible with metric, i.e, ∇1 = 0 and symmetric, i.e,

∇XY − ∇YX = [X,Y], for any vector fields X and Y on N, where [, ] is the Lie bracket.
The Riemannian curvature tensor R is given in terms of ∇ by

R (X,Y) Z = ∇X∇YZ − ∇Y∇XZ − ∇[X,Y]Z.

A Riemannian manifold is called a flat space if its Riemannian curvature tensor vanishes identically.
Let σ be a two dimensional subspace of the tangent space TpN and let u, v ∈ σ be two linearly independent

vectors such that σ = Sp (u, v). Then the sectional curvature of σ at the point p ∈ N is a real number defined
by

K (u, v) = K (σ) =
1 (R (u, v) v,u)

1 (u,u) 1 (v, v) − 1 (u, v)2 .

The Ricci tensor of a Riemannian manifold N at a point p ∈ N is defined to be the trace of the linear map
TpN −→ TpN given by

w 7−→ R (w,u) v.

A Riemannian manifold is called Ricci-flat if its Ricci tensor vanishes identically.
The following result is well-known from [4, 7] .
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Proposition 4.1. For the production hypersurface of En+1 defined by

L (x) =
(
x1, ..., xn, f (x1, ..., xn)

)
,

we have:
(i) The Gauss-Kronecker curvature G is

G =
det

(
fi j

)
wn+2 ,

with w =
√

1 +
∑n

i=1 f 2
i .

(ii) The sectional curvature Ki j of the plane section spanned by ∂
∂xi
, ∂
∂x j

is given by

Ki j =
fii f j j − f 2

i j

w2
(
1 + f 2

i + f 2
j

) .
(iii) The Riemannian curvature tensor R and the metric tensor 1 satisfy

1

(
R

(
∂
∂xi

,
∂
∂x j

)
∂
∂xk

,
∂
∂xl

)
=

fil f jk − fik f jl

w4 . (4.1)

Corollary 4.2. The Allen’s matrix of a twice differentiable quasi-sum production function with more than two
variables is singular if its production hypersurface is a flat space.

Proof. Let f = F (h1 (x1) + ... + hn (xn)) be a twice differentiable quasi-sum production function, n ≥ 3. If
the production hypersurface of f is a flat space then, by Theorem 4.1 of [7], f is quasi-linear, namely at most
one of F, h1, ..., hn is a nonlinear function. This is a special case of statement (i) of Theorem 2.2. Therefore,
we obtain that the Allen’s matrix of f is singular.

Corollary 4.3. Let f = F (h1 (x1) + ... + hn (xn)) be a twice differentiable quasi-sum production function with
one of the h1, ..., hn linear function and F′′ , 0. Then the production hypersurface of f has vanishing Gauss-Kronocker
curvature if and only if the Allen’s matrix of f is singular.

Proof. Let us assume that the production hypersurface of f has vanishing Gauss-Kronocker curvature.
Then, by Theorem 5.1 of [7] , f is of the form:

f = F

c1x1 + c2x2 +

n∑
i=3

hi (xi)

 , (4.2)

where c1, c2 are nonzero constants and F, h3, ..., hn are strict monotone functions. It means from Theorem 2.2
that the Allen’s matrix of f is singular.

Conversely, under the hypothesis of the corollary, if the Allen’s matrix of f is singular, then, by Theorem
2.2, f is of the form (4.2) . Therefore, by Theorem 5.1 of [7] , we obtain that the production hypersurface of
f has vanishing Gauss-Kronocker curvature.

Theorem 4.4. Let f (x1, x2, x3) be a twice differentiable production function of 3 variables. If the production
hypersurface of f in E4 is a flat space then its Allen’s matrix M

(
f
)

is singular.

Proof. The Allen’s matrix for the production function f (x1, x2, x3) is given by

M
(

f
)

=


0 f1 f2 f3
f1 f11 f12 f13
f2 f21 f22 f23
f3 f31 f32 f33

 . (4.3)
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For the above matrix we find

det
(
M

(
f
))

= − f 2
1

(
f22 f33 − f 2

23

)
− f 2

2

(
f11 f33 − f 2

13

)
− f 2

3

(
f11 f22 − f 2

12

)
(4.4)

+2 f1 f2
(

f12 f33 − f13 f23
)
− 2 f1 f3

(
f12 f23 − f13 f22

)
+ 2 f2 f3

(
f11 f23 − f13 f12

)
.

On the other hand, if the production hypersurface of f is a flat space, then, by the statement (iii) of
Proposition 4.1, we have

fkn fml = fkl fmn, (4.5)

i.e. all brackets in the formula (4.4) are zero. From (4.4) and (4.5) we obtain det
(
M

(
f
))

= 0,which completes
the proof.

Remark 4.5. The Theorem 4.4 also holds in case the production hypersurface of f in E4 is a Ricci-flat
space or has vanishing sectional curvature function.
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